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Domain of a function

@ Notations: scalar z € R or vector € R"™; functions and mappings

@ Domain of a function f : R™ — R is the set of values of = such that f(z) is
defined (that is, f(z) is a number in R)

dom(f) ={z € R"| — o0 < f(x) < oo}

o f(z) =aTz, dom(f) =R"
o f(z) = logx (the natural logarithm, In z), dom(f) = R+
@ More generally, we may have a function f : R™ — R¥ that returns a vector in R*

@ The domain is the set of all z such that every entry of f(z) is a number (not co or —oco
or undefined)
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Range; image and inverse image

Consider a function f : R® — R,
Range is the set of all possible function values f(z):

range(f) = {f(z) |z € dom(f)}
The image of a set S C R™ under f is defined as
J(8)={f(x)|z € S} CR”
The inverse image of a set T' C R* under f is defined as

JTHT) ={z €R"|f(z) e T} CR"
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Gradient vector and Hessian matrix

Consider a function f(z) : R — R

Gradient vector of f(z) at point y (column vector of length n)

9f(y)
Oz

Vi) =] :
9f(y)
Oy
Hessian matrix of f(z) at point y (symmetric matrix n x n):

% f(w) 9% f(y)
92z, Ox10xy
V3 f(y) = :
% f(y) 2’ f(w)
Oxp 0T 2z,
Examples
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Linear, affine, and quadratic functions

@ Example on linear and quadratic functions

@ Afunction f : R™ — R is called linear if it is written in the form

fl@)=aTx

o Vf(z)=a;V>f(z)=0
o Forscalar z: (az)’ = aand (azx)” =0

@ Afunction f : R™ — R is called affine if it is written in the form
f@)=aTz+0b
@ Afunction f : R™ — Riis called quadratic if it is written in the form

1
flx) = EITP(I? +q¢ z+r

o Vf(x)=Px+q;V3f(z)=P
(1 2 ! 1 2 ”
e For scalar z: (§Px +qI+r) = Px +gq, (§Pw +qw+r) =P
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Gradient of linear function

@ Consider the column vectors a € R", z € R"

z1

2
T
f@)=a"z=la; az ... an} =a1r1 +a2x2+ ... +anTy

Tn
@ Take partial derivative with respectto z (k =1,...,n)
o T
oNam) _
oxy,
@ Organize everything in a vector
T
V(aTz) =

a(aT z)
Oxn an
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Linear and quadratic approximations of a function

Consider a function f(z) : R — R
Linear approximation (1st-order Taylor approximation) of f(x) around point z¢

fin(®) = f(20) + V f(20)” (x — o)
Quadratic approximation (2nd-order Taylor approximation) of f(x) around point zo

Fauaa(®) = J(w0) + ¥ f(w0)" (& = 20) + 3 (2 — 20)7 V2 (20 (& — o)
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Example: Gradient computation

o Find the linear approximation of f(z1,z2) = 4 (1 — 1) + (22 — 2)? at [§:3]

@ Quadratic function

1 1 1 1
flri, @) = =(x1 — 12+ (22 —2)2 = a2 + a2 — 21 — 222+ 2.5
2 2 2 2
T T
1|z 1 0f |= -1 T 1
== | ! + ! +25=-2TPe+qTa+r
2 o 0 1 X9 -2 ) 2
@ Gradient vector
8f(z1.za) o1 —1 1 0| |z -1
Vf(z1,z2) = o = = + =Pz+gq

D @3 —2 0 1] |a2 -2

@ Gradient vector evaluated at x1 = 0.5, z2 = 0.5

of —0.5
V#(0.5,05) = | 71| =

of

ol -1.5
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Example: Linear approximation
Linear approximation around [ §:3 |

x1 — 0.5
xgo — 0.5

fiin(z1,22) = £(0.5,0.5) + V£(0.5,0.5)”

T
-0.5 z1 — 0.5

—1.5 xo — 0.5

=125+

1.25 — 0.5(z1 — 0.5) — 1.5(x2 — 0.5)

—0.521 — 1.5z + 2.25
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The norm of a vector z € R™ is a function ||.|| : R™ — R that satisfies the following
three properties for all x € R™, y € R™, and a € R.

@ PFositive definiteness: ||z|| > 0, and ||z|| = 0ifand only if z = 0
Q Scaling: |laz|| = |alllx||

@ Triangle inequality: ||= + yll < |lz|| + llyll

@ We will use the notation ||.|| for any norm satisfying the previous properties
@ We will use the notation ||.||,, for a specific norm, to be defined shortly

@ The norm is also called the length of the vector
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The distance, or metric, between two points in R™ is defined as
d(z,y) = llz -yl
The distance satisfies the following three properties.
@ PFositive definiteness: d(z,y) > 0,and d(z,y) =0ifandonlyifz =y

Q@ Symmetry: d(x,y) = d(y, x)

© Triangle inequality: d(x, z) < d(z,y) + d(y, z)
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T1
Forz = | © | andp > 1, the ¢, norm is defined as
Tn
n 1/p
lzllp = E |3 [P
i=1
@ p = 2: Euclidean norm |jzf|z = VaTa = /Y " «?
Z1
o Inner product z7z = [gcl xn] D =al el el = sl
Tn

Q p = 1: sum-abs-values ||z[1 = ), |z
© p = co: max-abs-value ||z|lcc = max;=1,....n |@i|

Examples
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Figure: Unit circles ||z||, = 1 in different p norms.
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Cauchy-Schwartz and Hoélder inequalities

Consider vectors z = [z1,...,2,]T andy = [y1,...,uyn]".
Cauchy-Schwartz inequality:
|27y < llzll2lyll2

Equality holds if and only if the vectors = and y are linearly dependent, that is, if there
are a € R and b € R, not both zero, such that az + by = 0.

Hélder'’s inequality: If % + % =1 withp > 1 (p =1 gives g = o0), then

n

> lwivil < el lylla

=1
Equality holds if and only if there are a > 0 and b > 0, not both zero, such that

alz;|P? = bly;|? for all .
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Matrix norm is a function || - || : K™*™ — R that must satisfy the following properties
for all scalars « and matrices A, B € K™*™

@ ||A|| > 0 (positive-valued)

@ ||A|| =0 <= A = 0m,n (definite)

@ ||aA| = ||| A|| (absolutely homogeneous)

@ ||A+ BJ| < ||A|l + ||B]| (sub-additive or satisfying the triangle inequality)
@ ||ABJ| < ||All||B]| (sub-multiplicative property—super useful)
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Specific Matrix Norms

@ Frobenius-norm:

Do el = forace (A7) =

lAllF =
i=1 j=1
m
@ 1-norm: ||A|l1 = max Z |aij|: max absolute column sum of the matrix
1<j<n
i=1

@ 2-norm: ||All2 = v/ Amax (A*A) = omax(A) where omax (A) is the largest

singular value of matrix A and A* denotes the conjugate transpose
1

m 2

n
o Note that [|Allz = omax(A) < [|Allr = § § lai;]?

i=1 j=1
n

@ Infinity-norm: ||Allcc = max E |a;j|: maximum absolute row sum of the matrix
1<i<
ssm j=1
@ Max-norm: ||Al|max = max;; |a;|
min{m,n}
@ Nuclear-norm: ||A||« = trace (VA*A) = Z oi(A)

i=1
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For matrix A € R™*" of rank r, the following inequalities hold

° [[Allz < [|Allr < V7llAll2
° [Allr < lAllx < VrllAllr
© [[Allmax < [[All2 < v/mn||Allmax

o = Allee < | All2 < Viml|Alloo

o —=lAllx < [lAll2 < VallAlly

o [|All2 < /Il All1l1Alloo
3 5 7

Example: A= |2 6 4/|,then
0 2 8

@ ||All1 = max(|-3|+2+0;5+6+2;7+ 4+ 8) = max(5,13,19) = 19,

@ ||A|loo = max(|—3|+5+7;24+6 4+ 4;0 + 2+ 8) = max(15,12,10) = 15.
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Eigenvalues and Eigenvectors

@ Evalues/vectors are only defined for square! matrices
@ For a matrix A € R™*", we always have n evalues/evectors
— Some of these evalues might be distinct, real, repeated, imaginary
— To find evalues(A), solve this equation (I,,: identity matrix of size n)
det(\, — A) =0 or det(A—A,)=0=ao\"+a;\" "1+ . +a, =0
a b
o Example: det = ad — be.
d

Cc

o Eigenvectors: A number A and a non-zero vector v satisfying
Av=X v = (A—-X,)v=0

are called an eigenvalue and an eigenvector of A

A is an eigenvalue of an n x n-matrix A if and only if AI,, — A is not invertible,

which is equivalent to det(A — Al,) = 0.

A square matrix has equal number of rows and columns.
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Matrix Inverse

@ Inverse of a generic 2by2 matrix:

-1
a b 1 d —b 1 d —b

c d :det(A) —c a  ad—be —c a

ATl =

— Noticethat A=1A = AA"1 =1,

@ Inverse of a generic 3by3 matrix:

1 T
b ¢ A B C
1
e f = D E F = 7det(A)
h 1 G H I

Q W =
SENC I
~ T Q@

a
A= g
g

D=—(bi—ch) G=(bf—ce)
B=—(di—fg) E=(ai—cg) H=—(af—cd)
C = (dh—eg) F =—(ah—bg) I = (ae — bd)

det(A) = aA+bB + cC. ‘

— Notice that A=1A = AA~! = I3
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Linear Algebra — Example 1

@ Find the eigenvalues, eigenvectors, and inverse of matrix

1 4
A=
3 2
T T
— Eigenvalues: \1,2 = 5, —2; evectors: v = [1 1} L, U2 = [73 1}
2 —4
- Inverse: A= = — L
-3 1

@ Write A in the matrix diagonal transformation, i.e., A = TDT~! where D is the
diagonal matrix containing the eigenvalues of A:

— Only valid for matrices with distinct, real eigenvalues
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Rank of a Matrix

@ Rank of a matrix: rank(A) is equal to the number of linearly independent rows or

columns
1 0 2
— Example 1: rank =?
-1 -1 0 -2
1 2 1
— Example 2: rank —2 -3 1 =7
3 5 0

@ Rank computation: reduce the matrix to a simpler form, generally row echelon
form, by elementary row operations

1

—2r14+r2 |0

[\
=
—

—
w
|
w
3
=
+
3
w
[e=]
—
w

3

ot
[e=]
[e=]

= rank(A) =2

1
1
0
12 1 [1 0 -5
—r2+r3 (0 1 3| > —2r2+71|0 1 3
0O 0 O _0 0 0
©Dr. Ahmad F. Taha
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Null Space of a Matrix

@ The Null Space of any matrix A is the subspace K defined as follows:
N(A) = Null(A) = ker(A) = {z € K|Az = 0}
@ Null(A) has the following three properties:

— Null(A) always contains the zero vector, since A0 = 0

If 2 € Null(A) and y € Null(A), then z + y € Null(A)

If z € Null(A) and cis a scalar, then cz € Null(A)

@ Example: Find N(A4)
a
2 3 5 2 3 5 0 2 3
A= = b| = = =
-4 2 3 -4 2 3 0 -4 2 3]0
c
a —1/16 -1
1 0 1/16 |0 1 13 _
>a=——c¢b=——c => b| =« —13/8 =a | —26
0 1 13/8|0 16 8
c 1 16
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Linear Algebra — Example 2

@ Find the determinant, rank, and null-space set of this matrix:

0 1 2
B=11 2 1
2 7 8

— det(B) =0
— rank(B) =2
3
-null(B)=a [-2]| ,YaeR
1
@ Is there a relationship between the determinant and the rank of a matrix?

Yes! Matrix drops rank if determinant = zero = 1 zero evalue
True or False?

— AB = BAfor all A and B—FALSE!

— A and B are invertible — (A + B) is invertible—FALSE!
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Symmetric matrices

@ Consider the n x n matrix

a1 @12 ... Gln
a1 a2 <. Q2n
A=
an1 an?2 e Ann
@ Matrix A is symmetric when
a1 a2 ... Glin a1l @21 ... Gnl
a1 Q22 ... G2n a2 @22 ... Gn2 T
A= = =A
anl Qap2 ... GQnn Aln Qa2n Ann
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@ We need a way to figure out if vector-valued functions f(x) are always positive or

negative...why?

For example, consider f(z) = 23 + x2 + 2z1x2. Is this function always positive?

Well f(x) = (z1 + 22)? so this function is always non-negative

But how do we assert that large-scale quadratic forms are positive/negative/etc..?

Need to learn about definiteness

A quadratic function f(z) € R™ — R is definite if the zero vector is the only value

where the form is zero (i.e., f(0) = 0)

A quadratic function is positive definite if it is definite and f(x) > 0 for all =

A quadratic function is negative definite if it is definite and f(z) < 0 for all =
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Positive/negative definite and indefinite matrices

@ Consider a symmetric n x n matrix A
@ In the following definitions, x is a vector n x 1 (z € R™)

@ A quadratic form is definite if the zero vector is the only place the form is zero

(i.e., f(0) =0)
Definition Eigenvalues
Positive semidefinite T Az > 0 forall = allare > 0
Positive definite 2T Az > 0forall z # 0 allare > 0
Negative semidefinite 2T Az < 0forall z allare <0
Negative definite xT Az < Oforall z # 0 allare <0
Indefinite 2T Az > 0 for some = and some are > 0 and
2T Az < 0 for some other x some are < 0
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Submatrices and minors

@ For an n x n matrix A, any matrix created by taking diagonal entries of A together
with the corresponding off-diagonal entries is called a principal submatrix of A,
and its determinant is called principal minor

@ The upper left & x k corner (fork = 1,2,...,n) of Ais called a leading principal
submatrix of A, and its determinant is called leading principal minor

Leading principal submatrices

a b ¢ d
Ao e f g h o b . a b C
‘ ] k ! a, “ b y | € f gl ¢ f g
m n o p e f Pk i 5 k1
m n o p
Other principal submatrices
J ; a ¢ d
a ¢ a g
a7f?k7p7 . ) ) . LA | 1/ k l b
ik m p ik
m o p
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Criterion on definiteness using min

@ A symmetric matrix is positive definite if and only if all its leading principal minors
are positive

@ A symmetric matrix is positive semidefinite if and only if all its principal minors are

nonnegative

@ A symmetric matrix is negative definite if and only if all its leading principal minors
of odd order (1 x 1, 3 x 3, ...) are negative and all its leading principal minors of

even order (2 x 2, 4 x 4, ...) are positive
@ A symmetric matrix is negative semidefinite if and only if all its principal minors of

odd order are nonpositive and all its principal minors of even order are

nonnegative
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Example
2 -1 0
@ Is this matrix positive definite? A= [—-1 2 —1
0 -1 2
2 -1 b
@ Forwhatvaluesofbis A= |—-1 2 —1| positive definite?
b -1 2
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A couple of reminders about the inverse matrix

Suppose matrix A is invertible
@ The transpose and the inverse can be taken in any order, so sometimes we write
the resultas A=7T
(A—I)T _ (AT)*l — 4T

@ If the eigenvalues of symmetric matrix A are );, then the eigenvalues of A~ are
1

Ai

@ Soif A is positive definite, then A~ is also positive definite

@ If Ais negative definite, then A~ is also negative definite
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More on k of a matrix

Consider a matrix A € R™*™,

rank(A) = maximum number of linearly independent rows of A
= maximum number of linearly independent columns of A
= number of nonzero eigenvalues of A, if A is symmetric

= number of (positive) singular values of A (more on this later)

rank(AT A) = rank(4AT)

@ For a rectangular matrix A € R™*"™, we have that rank(A) < m and rank(A) <n

@ A square matrix A € R™*™ is invertible if and only if rank(A) = n (full rank)
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Explicit solution of a linear system of equations

With A € R™*"™ and b € R™, consider the system of equations

Az =b

@ This linear system of equations is one of the most solved problems
@ Special case: m = n, i.e., A is a square matrix
e If Ais invertible (or non-zero determinant, or not rank-deficient), then z = A 'bisthe

unique solution
e If If A'is not invertible, no unique solution

@ General case (m # n), we need to create new matrix inverse

e That is, the Moore-Penrose inverse of A defined as A'

o If A has linearly independent columns (m > n) and hence A” A is invertible, then

/ leftinverse: AT = (ATA)_1 AT =
o Else if A has linearly independent rows (m < n), then

A'p

//right inverse: AT = AT (AAT)_1 =

©Dr. Ahmad F. Taha Module 2 — Mathematical Background
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First order ODE

@ Dynamic systems, things that move in space and time, play a great role in our
understanding of the universe

@ Examples: climate change models, energy, water, transportation, GPS,

epidemiology, zoology, and 100 other critical applications

@ Role of dynamic systems in the pandemic, climate change, systems biology,

infrastructure, etc...

@ Many ways to model dynamic systems (model-driven, model-free, data-driven,

etc...)
@ Arguably, best way to model dynamic systems is via differential equations
@ Ability to predict the future, plan, operate, control, foresee the unforeseen

@ We'll have an entire 4-5 lectures on this topic, but let's cover the basic math

fundamentals

©Dr. Ahmad F. Taha Module 2 — Mathematical Background
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ODEs 101

Let’s start with the first differential equation (or initial value problem IVP):

Autonomous-IVP :  i(t) = ax(t), z(to) = x(0) = given/known

Example: leaky tank/battery, mosquitos when it’s raining
@ Here, z € R, i.e., it’s a scalar not a vector

@ How do you solve this differential equation for =(t)?

What happens for z(t) as t — co?

What role does « play in the evolution of z(t)?

What happens if we have a control input and the IVP is replaced by:

Controlled-IVP :  @(t) = ax(t)+Bu(t), =x(to) = x(0) = given/known, wu(t) is given for all

©Dr. Ahmad F. Taha Module 2 — Mathematical Background
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ODEs 101 (Contd)

@ Solution of the Autonomous-IVP:
z(t) = e*tz(0)
@ Solution of the Controlled-IVP:
z(t) = e*tz(0) + 8 /t ="y (r)dr
0

@ In this class, we are not interested in simple scalar ODEs, but more so in network

or infrastructure of ODEs
@ Thatis, z € R™ and instead of the scalar ODE, we have something more general
i(t) = Az(t) + Bu(t)

@ Multi-input, multi-output dynamic system modeling an infrastructure, a network, a

system, etc...

@ Examples

©Dr. Ahmad F. Taha Module 2 — Mathematical Background
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Dynamic Models in Nature

@ Predator-prey equations are 1st order non-linear, ODEs
@ Describe the dynamics of biological systems where 2 species interact
@ One species as a predator and the other as a prey

@ Populations change through time according to these equations:
#(t) = ax(t) — fa(t)=(t)
2(t) = 6z(t)z(t) — yy(t)

— z(t): # of preys (e.g., rabbits)

z(t): # of predators (e.g., foxes)
— @(t), 2(¢t): growth rates of the 2 species—function of time, ¢

- «, 3,7, 0: +ve real parameters depicting the interaction of the species
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Mathematical Model

z(t) = az(t) — Bx(t)z(t)

2(t) = oz (t)z(t) — vz(t)

Prey’s population grows exponentially (ax(t))—why?

Rate of predation is assumed to be proportional to the rate at which the predators
and the prey meet (Bxz(t)z(t))

@ |If either x(t) or z(t) is zero then there can be no predation
@ x(t)z(t) represents the growth of the predator population
@ No prey = no food for the predator = z(t) decays

@ Is there an equilibrium? What is it?
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Dynamics in Epidemiology

o Epidemiology: The branch of medicine that deals with the incidence, distribution,
and possible control of diseases and other factors relating to health

@ In the past 10 years, mathematicians, biologists, and physicists studied

mathematical models of epidemics

@ Why is that important?

@ Various models focus on different things:

@ SIR Model: S for the number susceptible, | for the number of infectious, and R for the

number recovered
@ SIS Model: Infections like cold and influenza, do not possess lasting immunity
e SEIR: E for exposed
o MSIR: M stands for maternally-derived immunity

@ SEIS and many, many more
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@ Here, we present the dynamic model for the SIR model
@ We take flu as an example of the SIR model

@ Define variable S(t), I(t), R(t) representing the number of people in each
category at time ¢. The SIR model can be written as

s _ BIS

dt N

dr BIS

— = == I
dt N

dR
== = 4l

dt K

@ N is the total number of people, with S(t) + I(t) + R(t) = N
@ The force of infection F' can be written as F = SI/N

@ 3 is the contact rate, and + is the transition rate (rate of recovery)

©Dr. Ahmad F. Taha Module 2 — Mathematical Background



Functions and Sets Vector and Matrix Norms Linear Algebra and Matrix Decompositions Differential Eqns and Dynamic Systems
00000000 00000000 000000000000000 00000008000000

So who do these quantities vary?
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Blue represents Susceptible, Green represents Infected, and Red represents the
Recovered population.
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namic Systems and Infras

@ We will spend 4-5 classes on modeling infrastructure

@ But we shall all see that many infra models will be written as
z(t) = Az(t) + Bu(t)

where z(t) € R"™ is the state of the system and u(t) € R™ is the control input of
the system (more on that in the next slides)

@ Examples

@ Discussion on scale, number of states, inputs, etc..
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Dynamic System Models

@ Consider a multi-input, multi-output (MIMO) dynamic system with

o n internal states (z,(t), z2(t), . .., zn(t))
o m control inputs (uy (t), uz(t), ..., um(t))
o p measurement outputs (y1 (¢), y2(t), ..., yp(t))

@ An infrastructure modeler/engineer comes and gives you the relationship between
z(t),u(t), and y(t) as

n m
z;(t) = Zaijxj(t)Jerijuk(t), Vi=1,2,...,n
j=1 j=1
n m
y(t) = chjx]’(t)+2dlju]'(t), Vi=1,2,...,p
Jj=1 Jj=1
z;(0), Vi=1,2,...,n are all given

e Constants a;j, bij, ci;, di;: all given, model parameters of the dynamic system, can be
any real number; initial conditions z; (0) are given

@ Almost all dynamic systems can be written as above
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State-Space Representations

@ State-space (SS) theory: representing the system by a vector-form first order
ODE:

#(t) = Az(t) + Bu(t), Tinital = Tto, (1)

y(t) = Cxz(t) + Du(t), ()

y(t) € RP: output-vector and A, B, C, D are constant matrices from parameters
a;j,bij,cry,di;

- AeR"™" BeR"™™m C e RPX" D ¢ RP*™

The above two equations represent a relationship between the input and output of

the system via the internal system states

@ The above 2 equations are nothing but a matrix-vector first ODEs

These equations elegantly model infrastructure systems
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Explicit Analytical Solution

@ How do we solve this large-scale ODE?

@ For linear dynamic systems, solution is actually analytically obtained

Very elegant too, extends the case of scalar ODEs (like &(t) = ax(t)):

t

z(t) = eAt:v(to) +/ eA(t_T)Bu(T)d‘r

to

@ This means that the sensor data (output) can be predicted via plugging z(¢) into
y(t) = Cx(t) + Du(t)

Why is this important???

@ How do you implement this? A high-level picture
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Solving via Matlab/Discretization

@ You can still apply the analytical solution, but for large-scale systems you might

into issues (due to integration and matrix exponential)

@ Alternatively, you can go to Matlab and use ode45
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Any questions?

Thank You!

Please visit
https://ahmadstatespace.github.io//
IFF you want to know more ©
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