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module 06 overview

this module covers methods to fit curves (curve fitting) to discrete data

this allows obtaining intermediate estimates

there are two general approaches to curve fitting:

approach 1: data exhibits a significant degree of scatter:

— to derive a single curve that represents the general trend of data

@ approach 2: data is very precise

— to pass a curve or a series of curves through each of the points

@ in engineering, two types of applications are encountered:

— trend analysis: predicting values of variables—may include extrapolation
beyond data points or interpolation between data points

— hypothesis testing: comparing existing mathematical model with measured
data

o motivating example: three different approaches to find a good curve for
these five data points

o (a) least-squares regression. (b) linear interpolation. (c) curvilinear

interpolation.

fla) fl) flx)
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module 06 outline

data usually comes in discrete form
sometimes you wanna infer what happened between two data points
curve fitting: obtaining estimates when you don't have data points
interpolation: the insertion of something of a different nature into
something else
@ interpolation vs curve fitting—subtle differences:

o interpolation: precisely connects all data points with a curve

o curve fitting: finds a curve that best represents the overall trend of the data
@ this module covers different techniques for interpolation/curve fitting

e poly interpolation (newton, lagrange, error bounds)

o divided differences and data approximation

o splines (linear, quadratic, cubic)

o least squares and linear/nonlinear regression
@ heavily used to compute integrals/derivatives and solve ODEs

poly interpolation: divided differences hermite + splines interpolation

(a) 1%*-order (b) 2*d-order (c) 3"d-order
(linear) connect (quadratic/paraboli (cubic) connecting
2 points. connecting 3 points 4 points,
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regression and least squares

@ let's start with n data points (x;,y;) for i=1,...,n

@ objective: predict the value y,;1 when new input Xx,y1 is given

@ problem is called interpolation if new data point x,+1 is within the x; values

@ or extrapolation if it's outside the interval of x;'s

@ both yield a mapping or polynomial to describe the relationship between x
and y as y = f(x)

@ in this context, no mathematical difference between extra/interpolation

@ the first type of curve-fitting we'll learn isn't really data fitting

@ because occasionally you wanna fit a straight line to data that isn't
forming a straight line

@ to determine a polynomial of degree n, you need to find the n+ 1
coefficients of polynomial and then solve a linear system of equations
Az=0>b

@ where z is a vector that encodes the coefficients of the poly

@ what if there’s no line that fits all points? least-squares!

@ notion of error distance and optimization

o we did this before so we're not gonna spend much time here
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@ problem to be studied: approximating functions via a polynomial

@ why do we need that?

@ polys are nice, cute, easy to derive, integrate, manipulate, factor, etc...

o theoretical result 1: a continuous function can be approximated by a poly

o theoretical result 2: polynomials of degree n interpolating values at n+ 1
distinct data points are all the same

weierstrass approximation theorem
assuming that f(x) is a continuous function for x € [a, b] then for each € > 0,
there exists a polynomial p(x) such that

|f(x) — p(x)| <€, Vx € [a, b]
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appr bue

@ typical polynomial approximation: taylor series:

(a)
2l

£ (a)

f'(a)
| n!

pa(x) = f(a) + == (x—a) +

7 (x—a)+- -+

(x—a)

e example: to approximate f(x) = €* at xo = 0, we obtain these different
polys for different n:

Pyx) =1,
Pia) =1+,
)=t y=Piz)
P y=Pix)
Pr)=1+2+7,
2 y=P)
P =1 +a+
\(z) T+

y=Pyz)

2
z

Pix) =1 =

() ot = Pil)

= Ri(z)
y =Bl

@ observation: even for higher-degree polys, error becomes too large away
from the operating point

@ so taylor approximations are good polys only around xp

@ but a good approximation/interpolation is good in an interval, not just xo
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more theoretical results
jackson's inequality

if function f(x) is differentiable with a continuous kth derivative ), then we
can obtain the following error bound

™ 1
[|f — pal| < Emﬂf(k)H

where n is the order of the approximating polynomial

uniqueness of polys

Let xo, x1, . .., Xn be distinct real numbers, then for arbitrary values
Yo, Vi, ---,Yn there is a unique polynomial p, of degree at most n such that
pn(xi) =y fori=0,1,...,n.

¢

@ in simpler words, if you have n+ 1 input-output data points, there will
always be a unique polynomial

@ and this polynomial can be given via the lagrange and newton polynomials

@ interpolation has soooooo many applications in: engineering, comp sci,
filmography, graphics, encryption, etc..
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we will learn the first type of approximating polys: linear lagrange
assume you know two data points for function y = f(x): (xo, yo) and

(Xl,}/l)

x —
fi L —, L =
defining Lo(x) = a—— 1(x) = —_—

notice how Lo(x0) = 1, Lo(x1) = O, L1(X0) =0,Li(x)=1
then by definition we can write linear lagrange polys (llp) of y = f(x) as

X1 X — Xo

— X1 X — Xo

X
= vl L =
p(x) = yoLo(x) + y1L1(x) yOXo—X1 1X1_X0

what do you notice?

example: obtain an llp that passes through (2,4) and (5,1) (solution is
p(x) = —x +6)

Ip: unique polynomial of lowest degree that interpolates a given data set
how do we construct an nth order lagrange poly?

y

+
vy Z
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constructing nth order lagrange polys

@ consider we have n+ 1 (x;, f(x;)) data points (remember the theorem)
@ these data points are all different, i.e., xi # x;
@ we need to find the basis or coefficients of the lagrange polys
o first, define the basis as for each k =0,1,...,n:
Lok(x) = (x =x0)  (x—=x-1) (x=x41) (X —xn) _ H X — X
O =x0) (k= x-1) Ok = xee1) - (e =x) 22 X=X
i£k
@ notice how the basis L, «(x;) = 1if j = k and L, k(x;) =0 if j # k

Ly k()

1
VAN

unique lagrange polys

consider distinct n+ 1 (x;, f(x;)) points, then a unique poly p(x) of degree at
most n exists with f(xx) = pna(xk) for each k =0,1,...,n and this poly is:

Pn(x) = f(x0)Lno(x) + f(x1)Ln1(x) + ... + F(xn)Ln,n(x)
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example

@ given data points xp = 2, x1 = 2.75, xo = 4, find the second order lagrange
poly for f(x) = x~! and then approximate f(3)

o first, need to find the basis/coefficients:

X1 — Xj X2 — Xi
0<i<2 0<i<2 0<i<2
i#0 i#1 i#2
(x —2.75)(x —4) 2 (x—=2)(x—4)
L = "~ 1 - "(x-2 —4), L =
o) =G _a ~ 3 72—, L

T —2)(275-4)

La(x) = %(X —2)(x — 2.75)

@ we can now write:

— 1 35 .4
p2(x) = f(x0)Lo(x) + f(x1)L1(x) + f(x2)L2(x) = 2% ~ 8% + vl
@ then f(3) =~ P»(3) =29/88 ~ 0.329 and |f(3) — p2(3)| ~ 0.034
o exercise: find the poly fit using Ax = b starting with p(x) = ax* + bx + ¢

©ahmad f. taha
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another example

@ what happens if you wanna obtain the nth order lagrange poly for an nth
order polynomial?

o example: interpolate f(x) = x* for x =1,2,3

@ can computed as

x—2 x—-3

Lo(x) = 17— 1_3:§x2—§x+3,
_ -1 X*3_ 2
Li(x) = —{ 5-3= % +4x —3,
1 x—-2
Lg(x)—3_1 3_2:%x2—%x+1
and hence
p2(x):]_.X72.X73_|_4.X71.X73_|_9.X71.X72 2

1-2 1-3 2—-1 2-3 3—-1 3-2
@ we recovered the same function!! similar to taylor series approximation!

o (this exercise is practically worthless because we never approximate
polynomials with identical-degree polynomial)
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poly: error analysis

lagrange poly truncation e

the relationship between the function and its nth order lagrange poly
approximation can be written as

where xo, x1, ..., Xn, and £ are all in interval [a, b]

L FOER)

(n+1)! (x —x0)(x —x1) ... (x — xn)

@ what do you notice?

@ how does it compare to taylor series truncation error?

well recall that for taylor series approximation, the remainder has the form

f(n+1)(£(x)) (x— %

(n+ 1)! )n+1

which method produces bigger errors?

error in taylor approx. decreases as higher derivatives are considered
for lagrange polys, error depends on the distribution of data points
remember: lagrange produces global approx, whereas taylor gives local
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example on error analysis

o example: compute the error with the interpolation of f(x) = x~1 with
x; = 2,2.75,4 and consider that [a.b] = [2, 4]

@ via the above theorem

f(n+1)(€)

h+1)! =67 (x — 2)(x — 2.75)(x — 4)

h(x)

[f(x)=pa(x)| =

(x =x0)(x = x1) ... (x — xn—1)

e maximum value of £™* is %6

@ how to determine the max of |h(x)|? high-school calculus!!

@ compute derivative, find critical points, etc..

@ you will find that max|h(x)| happens at the critical point x* = 3.5 and
h(3.5) = —9/16 then

19 9
F(x) = pa(x)| € — — = —— ~ 0.0351
[F(x) = (¥ < 7676 = 35 ~ 0-035

@ consistent with the previous example |f(3) — p2(3)| ~ 0.034 < 0.0351
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hermite + splines interpolation

poly interpolation: divided differences

consider that you have already constructed the nth order lagrange poly
given n+ 1 data points

what happens if you now have an additional data point?

unfortunately, you need to recompute all lagrange poly coefficients again
is there a more efficient way for accommodating incoming new data?
the nth order interpolation p,(x) can be written as

pn(x) = ao+ai1(x—xo0)+ax(x—x0)(x—x1)+. . .4+an(x—x0)(x—x1) - - - (x—Xn—1)

how to compute coefficients ax? notice: for pn(x0) = f(x0) so

and pn(x1) = f(x1) = ai(x1 — x0) = f(x1) — f(x0) then

_ fa) = f(x0)
! X1 — Xo

what's a,?

fe) —fla)  fla)—f(xo)
X2 — X1 X1 — Xo
X2 — X0

ay =

so basically you can derive divided difference points from lagrange polys
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o definitions: divided differences of function f(x) are defined as
@ zeroth divided difference of f(x) at x;:

flxi] = £(xi)
@ first divided difference of f(x) at x; and xj;1:
flxi+1] — flxi]
Xit+1 — Xi

fxi, xiy1] =
© second divided difference of f(x) at x;, Xjt1, Xi+2:

flxit1, xi+2] = flxi, xi+1]

flxi, Xit1, Xi2] =

Xi42 — Xj
@ kth divided difference:
p _ flxirs X2, - Xiek] = FIXi Xit, - Xipk—1]
[Xis Xit1, Xi425 - -5 Xipk] =
Xitk — Xi

@ you can now see that ag = f[xo], a1 = f[xo, x1], or more generally:
ak = fxo, X1, -« Xk]

@ outcome: the lagrange polys pn(x) for data points xo,1,...,» can be written
as

pn(x) = fxo] + Z flx0, X1, .« oy xk](x — x0)(x — x1) ... (X — Xk—1)

k=1
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divided d ces table

pn(x) = flxo] + Z flxo, X1, -« oy xk](x — x0)(x — x1) ... (X — Xk—1)
k=1

x  flx]  First divided differences Second divided differences Third divided differences

2o flwo]

S 0 PO 1 1)

o

v flol flon) = LA g gy S =Sl
2= o T2 —To

vy flos] flamas) = TEAIE g g 2 el = Sevad g Sesan i = Sl zna)
no e 3 — a0

vo Sl flawad = TEVIEL g gy = Sl = Senad gy ean e = Sl a2
o o= e

w5 flas] flanas) M Frsn ] = L) {E,‘.,,] P

wo Jleo] - flws.ze] Slea,asze) = 12 Sles.zs] flws,za,5, 2]

(37 1)5 (17 73)7 (5a 2)7 (67 4)
@ to automate this, construct the table (called newton tableau of div.
diff.):

pn(x) = fx0] + f[x0, x1](x — x0) + i | 7w | fred | Ao | e sz
f[XO,X17X2](X — XO)(X — Xl) + ? 1; -

flxo, xa,00, 6] (x—x0) (x—xa)(x—x) = ST T3 T
1+2(X—3)—§(X—3)(X—1)+ 36| 4 2 3/20 A
Sx=3)(x—1)(x —5) = ...
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example

@ comparing linear and quadratic interpolation of y = f(x) = In(x) from
x=1ltox=4

@ the boundaries or used data points make a big impact on how accurate the
interpolation is

@ comparing the two, you get:

f&)

2 —

E True
1~ value

Quaderatic estimate
A \Linear estimate

0 | | | | | |

0 5 x
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comments, discussions

divided difference poly error

f(n+1)
£(x) = pa(x) + ﬁ(x —x0)(x = x1) ... (X — xa)
Rn
where xo, x1, - .., Xn, and & are all in interval [a, b]
V.
@ but this requires knowing f(x) AND that f(x) is differentiable n+ 1 times!
@ one can prove that R, = f[x, Xn, Xn—1,. .., X0](x — x0)(x — x1) ... (X — X»n)
@ but this is not useful because it's a function of x
@ solution: with an additional point x,+1 we can estimate error R,:
Rn & f[Xn41, Xny Xn—1, - - -, X0] (X — %0) (X — x1) . .. (X — Xxn)
@ basically divided differences allow you to pick the order of the polynomial
given n+ 1 points—can pick a linear, quadratic, cubic polys
@ more data comes in? awesome!
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more discussions

o if the function f(x) is of degree k, then f[xo, xi1,...,xs] =0 for all n > k
@ why?? well, look at the divided difference table and assume f(x) is linear

@ in general, we can relate the nth divided difference with the nth derivative:

£(n)
f[Xny Xn—1, - - .y 0] = X0, X1, ..., Xn] = #

where x;, § € [a, b]

@ btw, why couldn’t we apply least squares to obtain
pn(x) = a0 + aix + ... apx"?

@ the least squares problem can be written as Az = b where z is the vector
of the coefficients a;...basic curve fitting item well, fundamentally, least
squares interpolation /fitting versus lagrange/newton do completely
different things

o least squares yield polys that do not necessarily pass through all data points

o least squares only useful when dealing with noisy data (good and bad)

o least squares can be more accurate, btw

o least squares requires solving Ax = b hence more computational time than
lagrange/divided diff

least squares is actually very ill-conditioned

o divided difference can automatically accommodate new data points to refine
the approximation; least squares can't
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more discussions x 2

so we learned lagrange versus newton (divided difference) interpolation

again, as we said before, newton’s polys can be updated as new data
points arrive

so they are more accommodating
lagrange polys are directly computed via a specific equation

whereas divided diffs are recursive equations that build the polynomial
term by term

can derive detailed result when the data-points are equally spaced

divided diffs are more efficient to compute, less prone to errors and
rounding off issues

lagrangian interpolation is praised for analytic utility and beauty but
deplored for numerical practice*

but this is not actually true, because there are other forms to lagrange
polys
yes yes why are you so surprised??

LF. S. Acton, Numerical methods that usually work. American Mathematical Society, July 31

2020.
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academics and shit-posting

don't be fooled into thinking that academics don't enjoy some shit-talking:?

Barycentric Lagrange
Interpolation*

Jean-Paul Berrut’
Lloyd N. Trefethen®

Dedicated to the memory of Peter Henrici (1923-1987)

Abstract. Barycentric interpolation is a variant of Lagrange polynomial interpolation that is fast and
stable. It deserves to be known as the standard method of polynomial interpolation.

Key words. barycentric formula, interpolation
AMS subject classifications. 65D05, 65D25

DOL. 10.1137/S0036144502417715

I. Introduction. “Lagrangian interpolation is praised for analytic utility and
beauty but deplored for numerical practice.” This heading, from the extended table
of contents of one of the most enjoyable textbooks of numerical analysis [1], expresses
a widespread view.

In the present work we shall show that, on the contrary, the Lagrange approach
is in most cases the method of choice for dealing with polynomial interpolants. The
key is that the Lagrange polynomial must be manipulated through the formulas of
barycentric interpolation. Barycentric interpolation is not new, but most students,
most mathematical scientists, and even many numerical analysts do not know about
it. This simple and powerful idea deserves a place at the heart of introductory courses
and textbooks in numerical analysis.®

2Berrut, Jean-Paul, and Lloyd N. Trefethen. Barycentric lagrange interpolation. SIAM review
46.3 (2004): 501-517. https://epubs.siam.org/doi/pdf/10.1137/S0036144502417715
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hermite interpolation: derivatives matter

@ in the previous methods, we only cared about matching x; and f(x;)

@ but in many applications, derivatives/rates/accelerations are more
important than matching the data

@ that is we want p,(x) to match f'(x)

o problem statement: find p,(x) such that for n+ 1 data points (x;, f(x)),
we have

HERMITE-INTERPOLATION: pa(x;) = f(x;), pn(x) = f'(x), i=0,1,...,n

o example: say you have two data points xo and xi, then now you have to
satisfy four conditions:

Pa(x0) = f(x0), pa(31) = f(x1), pa(x0) = f'(x0), pa(x1) = f'(x1)

@ so we have four equations...so what order should p(x) be?
@ desired polynomial is in degree 3, since it's parameterized by four
parameters

@ what if we have n + 1 data points as before? how many conditions do we
obtain? 2n + 2 conditions

module 06 — curve fitting, interpolation, and polynomial approximation theory
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hermite interpolation (cont'd)

@ one possible interpolation:
p3(x) = a+ b(x — x0) + c(x — xo)2 +d(x — xo)2(x —x1)
and hence p3(x) = b+ 2¢c(x — x0) + 2d(x — x0)(x — x1) + d(x — xo)2
@ why this polynomial? why not p3(x) = a + bx + cx? + dx*?
o because this makes finding a, b, ¢, d so much easier:
@ so given the four equalities/conditions, we obtain (h = x1 — xo):

f(xo) = a, f'(x0) = b, f(x1) = a+ bh+ ch®, f'(x1) = b+ 2ch+ dh’

hermite interpolation theorem

given n + 1 distinct data points (x;, f(x;)), the hermite poly of degree 2n+ 1 is

n

Panea(x) = Y FO)Pnilx) + D £/ (x)Bni(x)

i=0 i=0

Poi(x) = (1= 2(x = xi)Lni0x)) Lai(x), Bai(x) = (x = xi)L7i(x)
where L, i(x) is the ith lagrange poly of degree n

@ home exercise: to see how this works, show that p2n41(x) actually
satisfies the conditions given the data points

©ahmad f. taha module 06 — curve fitting, interpolation, and polynomial approximation theory
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hermite poly: an example

@ obtain the hermite poly for the following data points:

f(xo) f(x1)

~ =~ =
i,fiqf/i: 1717_1727_372
{xi, F(xi), £ ()} = {(L ). (2 L2}
X0 (x0) x1 ' (x1)
@ in this case, n = 1 and hence we have
1 1
ps(x) =D Fa)pLi(x)+ Y Fxa)BLi(x) = F(x0)protF(x1)pritf (x0)BrotF (x1)ps
i=0 i=0

@ need to compute
pro(x) = (1 —2(x —x0)L1,0(x)) LT0(x), Pro(x) = (x — x0)LT0(x)
pra(x) = (1= 2(x —x)L11(x)) La(x), Pra(x) = (x —x)Lia(x)
@ remember that L o(x) = —(x — 2), L1,1(x) = x — 1 then we have:
pro(x) = (1-2(x = 1)(-1))(x = 2)* = (2x = 1)(x = 2)*, pra(x) = —(2x — 5)(x — 1)°

Pro(x) = (x = 1)(x —2)*, pra(x) = (x —2)(x — 1)°
@ hence

p3(X) = p1,0 — 3p171 — 1[’\)170 =+ 2f)171 = 9X3 — 39X2 -+ 50x — 19

©ahmad f. taha module 06 — curve fitting, interpolation, and polynomial approximation theory
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divided diff table

you can also obtain the hermite poly via the divided difference table

way less tedious than writing the equations down
since each data point x; corresponds with two values f(x;) and f'(x;), we
denote zo; = zpi+1 = X; for i = 0, 1, R}

we can construct the divided difference table using zo, z1, 2o, . . ., Zont1
_ _ . . _ flziz1]—flzi] -
note that for z; = zi11 = x;, div. diff. f[zz;, z2i41] = ﬁ is
undefined so we replace it with f[z, z2i41] = ' (x;)
and the hermite divided diff poly can be written as:
2n+1
pant1(x) = flzo] + E flzo, z1,. .., z](x — 20)(x — z1) . .. (X — Zk—1)
k=1
First divided Second divided
2 e differences differences

20=10 flzol = (o)
2= L] = f(xo) flz0.21] = f'(w0)

ne=n flal= @)

sen Sl @) Fleazal = ')
asn fll= S Sl = 20
S Sy Slasvan] = Faz)
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example + error bound

@ obtain the hermite divided difference poly for the following data points:

{Xi7 f(Xi)v f,(Xf)} = {(15 1, 71)7 (2’ -3, 2)}

@ result should agree with the lagrange-based hermite poly
@ solution:
20 =1, flz] =1 flzo, z1] = —1, flz0,21,2] = -3, flz0,21,22,235] =9
Z1 = ].7 f[Zl] = ].7 f[21722] = —4, f[21,22723] =6
Zy = 2, f[ZQ] = —3, f[22,23] =2
z3 =2, flzs] = -3
@ hence

p3(x) =1—(x—1) =3(x — 1) +9(x — 1)*(x — 2) = 9x> — 39x° +50x — 19

error bounds: the hermite polys incur error

Ro = £(x) — panea(x) = 2;+§5)Hx—x.
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splines
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poly interpolation: divided differences hermite + splines interpolation
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in the previous discussions, we approximated n + 1 data points with a
single poly of degree n

in reality, overshoot (large oscillations) + round off errors can happen
resulting in large errors for the single poly of degree n

solution: obtain lower-order polys for subsets of data points
example: third-order curves are called cubic splines

need the connections between splines to be smooth

duck example: a 20th order lagrange polynomial isn't good enough

1 2 3 1 5 6 T 8 9 10 11 12 13 x
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hermite + splines interpolation
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example

@ where we show that two connected, simple linear interpolation performs
better than higher order polynomials:

f

x)

)

~
T E

= =

P

=
77

R
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poly fit via least squares poly interpolation: lagrange
[e]e]e} 000000000

deriving splines

@ we could derive first-order (piece-wise linear) splines, quadratic, cubic
splines, etc..
@ basically time-varying lower order polys approximating subsets of data
points
@ so the objectives are that the splines be:
o piecewise lower-order polys
e continuously differentiable over domain to ensure smoothness
e no derivative information of the original function are required

@ one more example before we talk about the methods
e for function = (1 +25x)~!, x € [—1,1] and points x; sampled uniformly,
lagrange/divided difference approximations diverge:

A 2

1.54
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o defining partitions: a partition of interval [a, b] is an ordered sequence
{x;} for i =0,1,...,nsuch that a=xp < x1 < %2 < ... < X, = b where
x; are all known and called nodes

defining splines
an approximating function s(x) is a spline of degree k on [a, b] if:

@ domain of s(x) is [a, b] (domain of the spline is consistent with the data
points)

@ there exists partition {x;} for i =0,1,...,n in [a, b] such that on each
sub-interval [xi—1, x;] we have s(x) is polynomial of order k (each
approximating poly is at most of degree k)

0 5(x),s'(x),...,s*V(x) are all continuous on (a, b) (they're smooth)

linear splines

.

@ most widely used splines are cubic splines but let’s first learn about the
linear and quadratic ones
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linear and quadratic splines
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o linear splines: given n+ 1 data points (x;, y;), the linear splines /(x) are:

I(x) =yi-1+ %(X = Xi-1), X € [xi—1,xi]

@ does this linear spline satisfy the conditions? why does it make sense?
o example: construct linear spline for this data:

(xi, 1) = {(0,1.3),(0.2,3)(0.5,2), (0.8,2.1), (1,2.5)}

28 134850, x<02,
26 !
24 L 2<05,
22 " <08,

2 . otherwise.
18
16
14

error analysis of linear splines

the error for first degree splines is given by this bound

maXxye(a,b) |f//(X)| FRER (X‘ — 5% 1)2
- i i—

() = 1)] < . max
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quadratic splines

a second order spline g(x) is a piecewise quadratic function

its derivative is continuous on interval (a, b)

given by: qi(x) = aix* + bix +¢, x € [x—1,x], i=1,2,...,n

how many parameters for g(x)? 3n is the answer! how to determine the
coefficients?

well for each i or interval, spline has to satisfy the following conditions:

unknown

=
qi(xi-1) = yi-1, (%) =y, gi(x)=gi(x)= "z

i=1,...,n i=1,...,n—1
this hence results in 3n unknowns, 3n — 1 equations
to make the system of equations consistent, we can add an additional
constraint such as ¢'(a) = f'(a), ¢'(b) = f'(b), or ¢’(a) =0
because g/(x) is a linear, then gj(xi—1) = zi—1, qj(x;) = z;, and:
i — Zj—1 (

z
X —Xi—1), X € [xi—1,xi]
Xi — Xi—1

q,{(x) =2zi1+

integrating the last equation w.r.t x, and using gi(xi—1) = yi—1, we obtain

Zj — Zj—1

2(x,-—x,-_1)(x Xi—1)" + zi—1(Xx — xi—1) + yi-1

yi =qi(x) =
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quadratic splines (cont'd

hermite + splines interpolation
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. _ Zi — Zj—1 o 2 ) . .
y = qi(x) 72(x,-—x,<,1)(x Xi-1)" + zi—1(x — Xi-1) + yi-

@ need to determine z; now so you can compute q,-(x):

yi=qi(x) = ﬁ(& Xij— )2+Zi—1( —xi—1)4yi-1 = (xi—xi— 1)H721+yi—1
oorz,-:2w—z,-_1, i=12...,n
Xi Xi—1

@ note that zp = q{(xo) but this value is unknown, so we need to
approximate it to compute z; and hence g;(x)

e example: construct g(x) for {(0,1.3),(0.2,3),(0.5,2),(0.8,2.1),(1,2.5)}

@ approximate zp = 2= y° = 8.5 then obtain z1, 34 then construct y = gi(x)

3
2.8
2.6
24
2.2
2
181 [
16 )¢
14§
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cubic splines
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@ most common piecewise-polynomial approximation: cubic spline

@ from the name, we note that this uses cubic interpolations that are
time-varying but still continuous and second-order differentiable

@ looks like this:

S()

Snf2
Sn—]

Sj(@j+1) = f(wj41) = Sj1(wj41)
!
S]l‘/(fjﬂ) = S};fl(xﬁl)
S5 (@) = S (wj41)
t } } } t t t +—t x
Zo €1 ] ot X Tjp1 Tji2 e Tp—2 Tp-1Tn
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constructing cubic splines
e given n+ 1 data points (x;,y;) (i =0,...,n), the objective is to construct
¢i(x) (cubic spline) in every interval [x;, xj11] for j=0,...,n—1
@ the following conditions hold
O (%) = f(x), ¢ilx541) = f(XJ+1) 170"1 =0,. -1
Q C+1(Xj+1)—C(XJ+1) forj=0,...,n—2
o C+1(XJ+1) (XJ+1) for j=0,...,n—2

@ boundary conditions: c(x0) = c”(x,,) =0
@ the last boundary conditions ensures the spline is natural
@ this means that the function becomes a straight line at the end-points

@ how many conditions in terms of n? total is 2n+2(n— 1) + 2 = 4n for 4n
coefficients of the n cubic polynomials with 4 coefficients each

o can you derive the individual cubic polys ¢;(x) = ajx® + bjx* + ¢;x*d; for
all intervals?

@ to work with conditions (3) and (4) above, you start with the knowledge
that ¢’/(x) is a straight line then integrate twice to get c(x)

@ how to compute these parameters?
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cubic splines computation

@ to obtain c(x), we use this expression for hi = x; — x;—1 for i =1,...,n

zi_1(xi — x)® | zi(x — xi_1)® (y:' 1 ) (}’i—l 1
i(x) = = — —zjh; - Xi— — —zi—1h; ) (xi —
ci(x) oh + oh —+ ™ & (x — xi—1) + I 52 1h>(X x)

@ only missing thing in the equation are the z's which are the ¢”(x)

@ with zp = z, = 0, we can solve Az = b for z = [z1, 2z, ..., z,—1] where

2(h1 + h) hy _
ho 2(h2 + h3) h3 gi o l;;
A= : W b=
hn72 2(hn72 + hnfl) hnfl '
hn—l 2(hn—l + hn) bn - bn—l

6
and b = —(yi — yi-1)
hi
o this is an easy linear system (Az = b) to solve for, relatively speaking
@ always solvable? is A always full-rank??

@ after computing the z's, can construct the n — 1 cubic polynomials ¢;(x)
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example

o the way we derived the functions relies on specific format of ¢;(x)
@ but you don't have to stick with this

@ construct a natural cubic spline for data points: {(1,2),(2,3),(3,5)}
without following the procedure in the previous slides

@ how many cubic polynomials to derive? only two since n = 2: ¢1(x) for
{(1,2),(2,3)} and () for {(2,3),(3,5)}
@ two cubic polys can be written as

C1(X) = al+b1(x—1)+cl(x—1)2+d1(x—1)3, CQ(X) = az+b2(X—2)+C2(X—2)2+d2(x—2)3

@ we have 8 unknowns and we can obtain 8 conditions as outlined before
o first four conditions/equations are:

a(l)=a =2, a(2)=3—= bi+a+di =1, (2)=a =3, &(3) =5— bht+ot+d =2
o last 4 eqns. are (interior 1st/2nd derivatives are equal & natural spline):
cl(2) = c3(2) = bi+2a+3di = by, ¢’ (2) = &' (2) = 2c1+6d1 = 22,0 = 2¢1,0 = 2¢+6d>
@ solving 8 eqns, 8 unknowns, you get:

a(x) = 2+43/4(x—1)+1/4(x—1)*, c(x) = 3+3/2(x—2)+3/4(x—2)*—1/4(x—2)*
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final notes

@ colloquially, when folks say splines they almost always mean cubic splines

@ another type of cubic splines, are called clamped cubic splines

@ in clamped cubic splines, the derivative evaluations at the end points are
given:
cl(x0) = f'(x0), cp1(xa) = f'(xn)

o this adds two equations but now the zy and z, are not equal to zero,
meaning we end up getting a system of n+ 1 equations with n+ 1
unknowns

o this depends whether the user has provided these additional data points

module 06 — curve fitting, interpolation, and polynomial approximation th



poly fit via least squares poly interpolation: lagrange poly interpolation: divided differences

hermite + splines interpolation
000 000000000 00000000

0000000000000 0000e

module summary

@ we learned methods to perform interpolation given data points

@ some methods require re-computation of the parameters as new data
comes

@ other methods can be updated continuously to produce a better
approximating of black-box models of input-output mappings

o lagrange/divided differences are simple and effective

@ but splines and hermites allow you to do cooler things + impose
constraints on the smoothness/continuity
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