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module motivation and outline

we’ve reached the penultimate chapter of this course: solving ordinary
differential equations (odes)
whatever we’ve learned before will be useful in solving odes or initial value
problem (ivp) of the form

ivp : ẏ = dy(t)
dt = y ′(t) = f (t, y), t ∈ [a, b], y(a) = ya initial conditions

note 1: here we focus on the case when y(t) ∈ R and not y(t) ∈ Rn

note 2: we can write any higher order ode/ivp with higher order
derivatives as the ivp above. how?
hence, it’s important to study methods to solve the above ivp
this ivp models 1000s of dynamic systems present in cee applications
energy, traffic, hydraulics, hydrology, water quality, air quality, power flow,
epidemics, political opinions, misinformation spread, etc...
a lot of odes can be solved analytically for a unique solution, but this isn’t
how these odes are typically solved
computers and ode solvers such as ode45, ode15, ode233 use numerical
methods that we will learn about in this module
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ivp/ode theory 101

before we actually get to the numerical methods, it’s important to
understand whether an ode/ivp has a solution
because if you simply go and test a numerical method, that solution might
be trash like elon musk’s ideas
this topic, existence and uniqueness of solutions to odes, is indeed rich
to do so, we need to talk about uncle rudolf lipschitz

uncle lipschitz
a function f (t, y) is called lipschitz continuous in y in a set y ∈ Y if there’s a
constant K such that for all y1 and y2 ∈ Y the following property holds:

|f (t, y1)− f (t, y2)| ≤ K |y1 − y2|

where K > 0 is called the lipschitz constant of f (·)

existence + uniqueness of ode solutions
if f (t, y) is continuous in its domain and it is lipschitz with constant K , then
then the IVP y ′ = f (t, y) has a unique solution
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how to verify lipschitzness?

so for any y ′ = f (t, y) and a given initial condition y(0) = y(a), to verify
uniqueness, you gotta find that constant K
example 1: does the ivp y ′(t) = 3ty(t) in the region y ∈ [−3, 4] and
t ∈ [1, 2] have a unique solution?
applying lipschitz definition, we get

|f (t, y1)− f (t, y2)| = 3t|y1 − y2| ≤ 6|y1 − y2|

hence the ivp is lipschitz and a unique solution exists
example 2: y ′(t) = y 2(t) for y ∈ [−2, 2]

example 3: system of ODEs ẏ(t) =
[

ẏ1(t)
ẏ2(t)

]
=
[

ay1(t) + by2(t)
1− cos(cy1(t))

]
the topic of computing lipschitz constants is so deep and still interesting1

1Sebastian, Taha, and Hoang. “Nonlinear dynamic systems parameterization using
interval-based global optimization: Computing lipschitz constants and beyond.” IEEE Transactions
on Automatic Control 67.8 (2021): 3836-3850.
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alternate definitions

the previous lipschitz definition is hard to work with. why?
alternatively, another way to compute K is via this result

alternate result

if a function f (t, y) satisfies ∂f (t, y)
∂y ≤ K for a K > 0 then f (t, y) satisfies

the above lipschitz continuity definition

example 4: use the above result to show that this ivp
y ′(t) = 1 + t sin(ty) for t ∈ [0, 2]
example 5: y ′(t) = et−y(t) for t ∈ [0, 1] and y(0) = 1
next we will learn the first class of methods to numerically solve odes: the
one-step methods

©ahmad f. taha module 08 — solving odes 5 / 30



taylor series-based methods runge-kutta methods multi-step methods higher order odes

one-step methods: an intro

to solve the ode/ivp ẏ(t) = f (t, y), we will first resort to one-step
methods that can all be formulated as

yti+1 = yti + hφti or yt+1 = yt + hφt

where h is the sampling time or step size and φ is the direction
different methods propose different φ’s with different properties and error
bounds and we will study these in this module
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euler’s method, again

ivp : ẏ = dy(t)
dt = y ′(t) = f (t, y), t ∈ [a, b], y(a) = ya initial conditions

we have to talk about forward euler and forward approximations
to solve the ivp via euler’s method, we divide the interval into n segments
with step size h = (b − a)/n
then we can write ti = a + ih for i = 0, 1, . . . , n and obtain the taylor
series approximation for y ′(t) = f (t, y(t)) as

y(ti+1) = y(ti )+(ti+1−ti )y ′(ti )+ (ti+1 − ti )2

2 y ′′(ξi ) = y(ti )+hy ′(ti )+ h2

2 y ′′(ξi ), ti ≤ xi ≤ ti+1

which gives us the simple forward euler method to solve any ode/ivp:

ti+1 = ti + h, yi+1 = yi + hf (ti , yi ), i = 0, 1, . . . , n − 1
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example on euler

solve this ivp y ′(t) = y(t)− t2 + 1 for h = 0.5, y(0) = 0.5 and for t ∈ [0, 2]
first determine the segments/intervals t = {0, 0.5, 1, 1.5, 2}
then compute y1 = y0 + hf (t0, y0) = 0.5 + 0.5(0.5− 02 + 1) = 1.25
similary, y2 = y1 + hf (t1, y1) = 1.25 + 0.5(1.25− 0.52 + 1) = 2.25
actual solution for the ivp is y(t) = (t + 1)2 − 0.5et

results can be plotted as follows

clearly this method is trash for this h = 0.5...why?
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pick a smaller h

if we picked a smaller h in the previous problem, error gets substantially
smaller
for h = 1/10, 1/20, 1/50 we get

error bounds for euler
for the ivp discussed earlier, and for a lipschitz f (t, y) defined over t ∈ [a, b]
with constant K , assume that |y ′′(t)| ≤ C then the error from euler’s method
can be bounded as follows

|y(ti )− yi | ≤
Ch
2K (−1 + (1 + Kh)i ) ≤ Ch

2K (−1 + e−K(b−a))
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more on errors in forward euler

|e(ti )| = |y(ti )− yi | ≤
Ch
2K (eK(ti−a) − 1))

notice that error in this method is order of h, not good at all
how is this result derived? why does it make sense?
you can also see that the error grows substantially as ti increases with the
constants being the same
this error by the way, is different from the truncation error in the taylor
series approximation
we call e(ti ) as the global truncation error (gte) because it accumulates
the errors as t increases
this suggests that there is local truncation error (lte) which is computed
from the first order taylor series approximation

y(ti+1) = y(ti ) + hy ′(ti ) + h2

2 y ′′(ξi )︸ ︷︷ ︸
lte of order h2

, ti ≤ xi ≤ ti+1

clearly, the gte is greater than the lte which actually makes sense
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clearly, we can improve the error

how could we reduce the order of the error in both lte and gte?
higher order taylor series approximation can help with that:

y(ti+1) = y(ti )+hy ′(ti )+ h2

2 y ′′(ti )+ h3

3! y ′′′(ti )+ hn

n! y (n)(ti )+ hn+1

(n + 1)! y (n+1)(xi ), ti ≤ xi ≤ ti+1

notice that y ′(ti ) = f (t, yi ), y ′′(ti ) = f ′(t, yi ), . . . which can all (i.e., the
derivatives) be computed analytically
this method works then by computing ti+1 = ti + h then finding
yi+1 = yi + hf (ti , yi ) + h2f ′(ti , yi ) + h3/3!f ′′(ti , yi ) + . . .

if using taylor’s approximation with order n, we get lte order of hn+1

but this method requires evaluations of higher order derivatives
in general, this method can be written as yi+1 = yi + hφo(ti , yi ) where

φo(ti , yi ) = f (ti , yi ) + h
2 f ′(ti , yi ) + . . .+ ho−1

o! f (o−1)(ti , yi )
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example on higher order taylor for solving odes

solve this ivp y ′(t) = y(t)− t2 + 1, y(0) = 0.5 and for t ∈ [0, 2] using 2nd
order taylor and using n = 10 segments
the iteration can be written as follows where h = 2/10 = 0.2

yi+1 = yi +hf (ti , yi )+ h2

2! f ′(ti , yi ) = yi +h(yi−t2
i +1)+ h2

2 (yi−t2
i +1−2ti )

similarly, we can apply or compute a 4th order taylor approximation
results can be tabulated as follows:
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computing intermediate values

from the previous example, 4th order taylor series was nearly perfect
what if we wanna evaluate the ode/ivp solution at a specific point
t = 1.52 for example?
well, remember that taylor series-based ivp solution yielded a literal
function evaluation at the specific discrete data points yi

in the previous example, we have access to y(ti = 1.4) = 3.732 and
y(tj = 1.6) = 4.283 so we can use n = 1 (two data points) lagrange
interpolation p1(t) to construct a linear line between these two points:

p1(t = 1.52) = y(1.4) 1.52− 1.6
1.4− 1.6 + y(1.6) 1.527− 1.4

1.6− 1.4 = 4.0823

the actual solution evaluated at t = 1.52 is y(1.52) = 4.0835
the error here is not so bad but it is > 30 times worse than the error at
1.4 or 1.6
how can you improve this result? by now we should all know
any other (and better) interpolation technique: hermites, splines, etc..
cubic hermite poly can be computed as such via the divided diff tableau:

h3(t) = 3.732 + 2.772(t−1.4)−0.0846(t−1.4)2−0.376(t−1.4)2(t−1.6)

yielding h3(t = 1.52) = 0.00005, similar to the errors for 1.4 and 1.6
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rk methods

ivp : ẏ = dy(t)
dt = y ′(t) = f (t, y), t ∈ [a, b], y(a) = ya initial conditions

runge-kutta (rk) methods achieve the accuracy of a taylor series approach
without needing higher order derivatives
let’s see how this actually works for the second order rk method, that uses
second order taylor series approximation
taking the derivative of the ivp above yields:

y ′′(t) = ft(t, y) + fy (t, y)y ′(t) = ft(t, y) + fy (t, y)f (t, y)

where ft (fy ) is the time (or y) derivative of f (t, y)
recall that the second order taylor series can be written as follows

y(t+h) = y(t)+hy ′(t)+ h2

2 y ′′(t)+O(h3) = y(t)+hf (t, y)+ h2

2 (ft(t, y) + fy (t, y)f (t, y))

+O(h3)
we will see how this can be used without knowing the derivative of f (t, y)
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rk method derivation

y(t + h) = y(t) + hf (t, y) + h2

2 (ft(t, y) + fy (t, y)f (t, y)) + O(h3) (*)

i dont know if you remember but first order taylor series in two variables
can be written as follows

f (t + ah, y + bh) = f (t, y) + ahft(t, y) + bhfy (t, y) + O(h2)

and for a = 1, b = f and multiplying both sides by h/2, we get:

h
2 f (t + h, y + hf ) = h

2 f (t, y) + h2

2 (ft(t, y) + f (t, y)fy (t, y)) + h
2 O(h2)

plugging this into (∗), we get

y(t + h) = y(t) + h
2 f (t, y) + h

2 f (t + h, y + hf (t, y)) + O(h3)

yielding this lovely rk formula/approximation

y(t + h) ≈ y(t) + h
2 f (t, y) + h

2 f (t + h, y + hf (t, y))

with error order of h3 and DOES NOT require any derivative evaluation
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rk summarized

we can rewrite rk method as follows:

modified euler: yi+1 = yi +
1
2

hf (ti , yi )︸ ︷︷ ︸
k1

+ hf (ti + h, yi + hf (ti , yi ))︸ ︷︷ ︸
k2=hf (ti +h,yi +k1)

 , i = 0, 1, . . . , n−1

the previous procedure basically boils down to matching these two
equations:

y(t + h) = y(t) + hf (t, y) + h2

2 (ft(t, y) + fy (t, y)f (t, y)) + O(h3)
y(t+h) = y(t)+a1f (t+α, y+β) = y(t)+a1f (t, y)+a1αft(t, y)+a1βfy (t, y)+hot
this yields a1 = h, α = h/2, and β = h/2f (t, y)
this matching produces another second order method, different from the
euler (which still matches these two equations)
this other second order method can be written as:

midpoint rk method: yi+1 = yi + hf
(

ti + h
2 , yi + h

2 f (ti , yi )
)
, i = 0, 1, . . . , n − 1

can be written as yi+1 = yi + k2 where k2 = hf
(
ti + h

2 , yi + 1
2 k1
)

with
k1 = hf (ti , yi )
midpoint and modified euler produce lte of h2 and gte of h3
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examples

given this ivp: y ′(t) = f (t, y) = y − t2 + 1, t ∈ [0, 2], y(0) = 0.5,
h = 0.2, n = 10
let’s see how modified euler and the midpoint methods work here
for modified euler, we have k1 = hf (t0, y0), k2 = hf (t0 + h, y0 + k1), so

y1 = y0 + 1/2(k1 + k2) = 0.5 + 0.5(0.3 + 0.352) = 0.826

then for i = 2, y2 = y1 + 1/2(k1 + k2) = . . . = 1.206
simiarly, for the midpoint rk method we obtain k1 = hf (t0, y0) = 0.3 and
k2 = hf

(
t0 + h

2 , y0 + 1
2 k1
)

= 0.328 hence y1 = y0 + k2 = 0.828
then for i = 2, y2 = y1 + k2 = . . . = 1.2113...results tabulated:

conclusions?
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rk-4 + rk-5 (butcher’s) methods

in practice, the default ivp/ode solver is the rk-4 (runge-kutta method of
order 4 or four stages)
which can be written as follows:

rk-4 method: yi+1 = yi + 1
6 (k1 + 2k2 + 2k3 + k4)

k1 = hf (ti , yi ), k2 = hf
(

ti + 1
2 h, yi + 1

2 k1

)
, k3 = hf

(
ti + 1

2 h, yi + 1
2 k2

)
and k4 = hf (ti + h, yi + k3)
this method yields lte of h5 and gte of h4 and requires 4 function
evaluations at each step i
applying this for the previous example yields

k1 = 0.3, k2 = 0.328, k3 = 0.3308, k4 = 0.358, y1 = y0+ 1
6 (k1+2k2+2k3+k4) = 0.829

butcher’s or rk-5 method is given as follows:

rk-5 method: yi+1 = yi + h
90 (7k1 + 32k3 + 12k4 + 32 + k5 + 7k6)

frankly there isn’t a point of using anything more than rk-4 method
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discussions

obviously there’s no free lunch: as you go higher in the order of the
method, you will require more function evaluations
this results in higher computational cost because advanced/complex
functions take longer to evaluate (in higher dimensions too)
for basic euler, we only needed one evaluation, for modified euler/midpoint
methods, we required two and for rk-4 we required four evaluations
what happens if you can only evaluate the function only k times?
you’d have to then change the sampling time/step-size so that you only
are using k evaluations
for the previous example, we’d need h to be 0.05 for euler, h = 0.1 for for
modified euler, and h = 0.2 for rk-4 if only k = 40 evaluations
remarkably, even when rk-4 uses far fewer evaluations, it is still superior:
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why not use past data?

the methods covered previously revolve around single-step methods
that is, given time ti and evaluations at time ti (f (ti , yi ), f (ti + α, yi + β)),
we computed yi+1
mth order multi-step methods utilize historic data: yi−m, yi−m+1, . . . , yi to
compute yi+1
because we already know past information, we can utilize it
caveat here is that you need to know the initial m conditions for the
ivp/ode whereas for the classic ivp/ode, you only needed a single initial
condition y(t0) = y(0)
in general, these m-step multi-step methods can be written as

m-step method: yi+1 = a>y i|m + hb>f i|m+1

where
a =

[
am−1 am−2 . . . a0

]>, y i|m =
[
yi yi−1 . . . yi−m+1

]>
b =

[
bm bm−1 . . . b0

]
, f i|m =

[
fi+1 fi . . . fi−m+1

]>
i = m − 1, m, m + 1, . . . , N − 1 and fi = f (ti , yi )
vectors a and b are constant vectors defining the title of the m-step method
as we will discuss soon
if bm = 0, method is called explicit; otherwise implicit
to perform the m-step method, you need m initial conditions y0, . . . , ym−1

©ahmad f. taha module 08 — solving odes 20 / 30



taylor series-based methods runge-kutta methods multi-step methods higher order odes

examples on the m-step method

consider m = 4, with m initial conditions y0,1,2,3 and hence
i = 3, 4, . . . , n − 1
various studies have derived explicit forms for the m-step methods
for m = 4, we have two versions: explicit and implicit

for the explicit 4-step method, we have the adams-bashforth method:

yi+1 = yi +
h
24

(55f (ti , yi ) − 59f (ti−1, yi−1) + 37f (ti−2, yi−2) − 9f (ti−3, yi−3))

for the implicit 4-step method, we have the adams-moulton method:

yi+1 = yi + h
24

(9f (ti+1, yi+1) + 19f (ti , yi ) − 5f (ti−1, yi−1) + f (ti−2, yi−2))

what are vectors a and b for these two methods?
the word implicit here means that that you have to solve for the unknown
rather than just obtaining it via the forward equations
we will next see how some of these multi-step methods are actually derived
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deriving multi-step methods

ivp : ẏ = dy(t)
dt = y ′(t) = f (t, y), t ∈ [a, b], y(a) = ya initial conditions

we can integrate the above ivp between ti and ti+1 to obtain

y(ti+1) = y(ti ) +
∫ ti+1

ti

f (t, y(t))dt ≈ y(ti ) +
∫ ti+1

ti

pn(t)dt

where pn(t) is an nth degree interpolation of the function f (t, y(t)) which
can be obtained via any of the methods we learned previously
note that we couldn’t have integrated f (t, y(t)) because we do not know
y(t) so that integral is not possible to be computed
whereas pn(t) is just an nth degree polynomial that resembles f (t, y(t))
starting with the linear lagrange poly p1(t) between ti and ti+1, and
defining fj = f (tj , yj ), we can now write

adam-bashforth 2-step explicit method yti+1 := yi+1 = yi + h
(3

2 fi −
1
2 fi−1

)
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what if we use quadratic lagrange polys?

so let’s try to derive a three-step, multi-step method n = 2
for quad lagr. polys, we have 3 points: {ti−1,i,i+1, yi−1,i,i+1}
basically you have to integrate∫ ti+1

ti

(L2,0(t)fi−1 + L2,1(t)fi + L2,2(t)fi+1) dt = h
( 1

12 fi−1 −
2
3 fi + 5

12 fi+1

)
can we verify the above computation?
this results in the adam-moulton two-step implicit method

adam-moulton 2-step implicit method yi+1 = yi + h
( 1

12 fi−1 −
2
3 fi + 5

12 fi+1

)
comparative results for solving this ivp : y ′(t) = f (t, y) = y − t2 + 1,
t ∈ [0, 2], y(0) = 0.5, h = 0.2, n = 10
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notes and discussions

how do you find initial conditions if only y(a) = y(t0) = y(0) is given?
well you can always run the classic rk-4 method and compute y1,2,3,... from
y0 (so apply a single-step method like rk-4 or even modified euler)
now that you have access to the initial conditions, you can simulate the
explicit adam-bashforth method of any step order m
what about implicit methods? well for some ivps/odes, applying them is
so difficult and actually cumbersome, especially if f (t, y) is nonlinear
example: f (t, y) = y ′ = et then via adam-moulton (am) implicit 2-step
method we get

yi+1 = yi + h(γeyi+1 + ηeyi + ρeyi−1 )
for some constants γ, η, ρ
so while we have y0,1,2, we still need to solve for y3 through solving the
above nonlinear equation (remember module 3?)
so this becomes cumbersome and computationally intractable
implicit methods can perform well though so we should not discount them:
they are more numerically stable + larger h can be used
the final class of methods is based on predictor-corrector methods:

use rk-4 or modified euler to compute m initial conditions
compute ỹi+1 via the explicit ab method
use this value ỹi+1 in the rhs of am method and the lhs will be yi+1
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summary of the methods
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ode models in infrastructure

as you will see in the homework, and as we discussed in the classroom
numerous, dynamic models in infrastructure are in reality complex
and a function of many variables, not just one y(t)
the majority of advanced models in infrastructure can be written as

ivp/ode model: ẏ(t) = f (y , u, t), y(t0) = y0, u(t) is a given input

where y(t) ∈ Rny , u(t) ∈ Rnu , f (y , u) : Rny × Rnu × R+ → Rny

examples in traffic networks, power grids, water quality, stormwater
systems, flood control dynamics, global positioning system, etc...
we will now focus on solving system of odes, interlinked via the
vector-valued mapping f (·)
we will specifically focus on numerical methods to solve this ẏ(t) = f (y , t)
with y(t0) = y0 as the initial conditions
this will allow us to actually predict the behavior of the system for any
time-instant t in the future and hence predict deviations from nominal
system state
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analytical solution for linear odes/ivps

consider now a special case of the nonlinear ode:

ẏ(t) = Ay(t) + Bu(t)

we can solve this numerically or analytically
analytically, and using the Leibniz integral rule

the solution can be written as follows:

linear-ivp-solution: y(t) = eA(t−t0)y(t0) +
∫ t

t0

eA(t−τ)Bu(τ)dτ

this analytical solution is unfortunately cumbersome because it involves
computing a matrix exponential but also integrating a complicated term
example: solve the following coupled ivps:

ẏ1(t) = −y1(t) + 2y2(t) + u1(t), ẏ2(t) = y2(t) + 0.1u1 + u2(t)
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analytical solution for nonlinear odes/ivp

to solve the nonlinear ivp ẏ(t) = f (y , t), we can integrate the above
vectorized

y(t) = y(t0) +
∫ t

t0

f (y(τ), τ)dτ =


y1(t0)
y2(t0)

...
yn(t0)

+


∫ t

t0
f1(y(τ), τ)dτ∫ t

t0
f2(y(τ), τ)dτ

...∫ t
t0

fm(y(τ), τ)dτ


you can obtain discretization of this model through numerical methods to
individually integrate via methods of integration that we learned about
before
alternatively, we can apply the same methods we learned about before,
while noting that the derivations are now for vectors and not scalars
for example, forward euler can now be written as

ti+1 = ti + h, y i+1 = y i + hf (y i , ti ), i = 0, 1, . . . , n − 1

apologies for the confusion in the notation
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runge-kutta method for a system of odes

as mentioned before, the default ivp/ode solver is the rk-4 (runge-kutta
method of order 4 or four stages) even for a system of odes
which can be written as follows:

rk-4 method: y i+1 = y i + 1
6 (k1 + 2k2 + 2k3 + k4)

k1 = hf (ti , y i ), k2 = hf
(

ti + 1
2 h, y i + 1

2 k1

)
, k3 = hf

(
ti + 1

2 h, y i + 1
2 k2

)
and k4 = hf (ti + h, y i + k3)
example: solve the following system of equations

ẏ(t) = f (y , t) =
[

y1(t) + 4x2(t)− et

x1(t) + y2(t) + 2et

]
, t ∈ [0, 1], y(0) =

[
4
5
4

]
, h = 0.1

solution:
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more complicated nonlinear odes

how do you solve higher order, nonlinear coupled odes?
let’s see via these examples
example 1:

sin(t)y ′′′(t)+cos(ty(t))+sin(t2+y ′′(t))+(y ′)3 = log(t), t ∈ [2, 3], y(2) = 7, y ′(2) = 3, y ′′(2) = −4, h = 0.1

example 2:

x ′′(t)+tey(t)+y ′(t) = x ′(t)−x(t), y(t)y ′′(t)−cos(x(t)y ′(t))+sin(tx ′(t)y(t))−x(t) = 0

with initial conditions and time-span given as follows:

t ∈ [1, 2], x(1) = 1, x ′(1) = 2, y(1) = 3, y ′(1) = 4, h = 0.1

solutions:
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