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What you should be able to do

@ Turn an infrastructure decision into variables, an objective, and constraints.
@ Recognize convexity and identify LPs, QPs, QCQPs, and SOCPs.
© Explain feasibility, optimality, and the value of extra capacity.

@ |Interpret an algorithm's progress and verify its final answer.

Our recurring question: what does the mathematics mean for the system?

All numerical infrastructure cases in this module use illustrative data.
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One module, five connected questions

Question Infrastructure connection

What are we deciding? Supply, flow, storage, and control
Is the model convex? Mixing feasible operating plans
Which problem class fits? LP, QP, QCQP, SOCP

How do we certify the answer? KKT and capacity values

G A W NN =

How do we compute it? Short, practical algorithm toolkit

Formulate — classify — solve — validate.
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Start with a decision, not an equation

A water utility must supply 80 ML/day. Plant A
® ¢4, qp: treatment plant outputs. $20/ML 74
e Cost: 20g4 + 35¢qp dollars/day. \ City
e Capacities: 60 and 50 ML/day. 80 ML/day
@ Demand must be met. Plant B 4’
$35/ML

min 20ga +35¢p st. ga+qp =380, 0<ga <60, 0<gp<50.

qA,9B

Use the cheaper plant first: (g%, ¢5;) = (60, 20).
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A feasible region changes the best answer

. _9\2 _1)\2
min - (21-2)"+ (22 - 1)

s.t. x% < x9,
1+ x9 < 2.

@ The unconstrained target (2,1) is
infeasible.

@ The best feasible point is (1,1), with
objective value 1.

Contours show cost; the shaded
region shows what is allowed.
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min  fo(x) performance measure

st. gi(z) <0, i=1,...,m limits
hj(x) =0, j=1,...,p balances / physics

x € R™: decision vector; data are fixed for a particular solve.
D: common domain of the objective and constraint functions.

°
°
e F: points in D satisfying every constraint.

o f* =inf,cr fo(x); an optimizer x* attains that value.

Write units, signs, and time intervals before choosing a solver.
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Feasible, infeasible, unbounded: different diagnoses

Status Water-supply example Interpretation

Feasible Demand 80; capacity 60 + 50 At least one plan exists; minimize

optimum its cost.

Infeasible Demand 120; capacity 60 + 50 No plan meets every constraint.

Unbounded Maximize sales revenue with no The model permits unlimited
supply limit or cost improvement.

A solver failing to find a feasible point does not prove infeasibility.
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Water systems: pressure, head, and flow

o Head is energy per unit weight, so its unit is meters:

h=z+42  p=pglh—2).
P9
@ z: elevation (m); p: gauge pressure (Pa). For water, p = 1000 kg/m? and g ~ 9.81
m/s?: 10 m of pressure head ~ 98.1 kPa.
@ Flow ¢ is volume per time: 1 L/s = 1072 m3/s. Hydraulic head h below omits
velocity head v?/(2g).

Reservoir | ¢ (L/s) Pump loss rq|q] (ml District

»

hr =30 m | gain H (m) “|hp > 40 m
g=d hp=hr+H —rqlq| .
N——
mass balance simplified steady energy balance

With » = 0.02 m/(L/s)?, ¢ =20 L/s and H = 18 m give hp = 40 m.
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Pump feasibility: formulate, solve, interpret

o Data: hr = 30 m, minimum district head 40 m, pump limit 30 m; » = 0.02
m/(L/s)? and fixed n = 0.8.

@ Decision: choose flow ¢, pump head H, and district head hp. At fixed demand,
minimizing H minimizes pump power.

Case A: demand 20 L/s Case B: demand 35 L/s
min H min H
¢,H,hp q,H,hp
s.t. q =20, s.t. qg=35,
hp =30+ H — 0.02¢?, hp =30+ H — 0.024°,
hp > 40, 0< H < 30. hp > 40, 0< H <30.
e ¢* =20, H* =18, h}, = 40. @ Would require H > 34.5 > 30 m.
e P* = pg(0.020)(18)/0.8 e Infeasible: no optimizer or valid
= 4.41 kKW. operating plan exists.

Substitute ¢ = d before solving: each case is an LP in H, hp. An infeasible status is not a usable solution.
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Demand versus capacity: where the pump runs out of head

——  optimal head
- - - required, infeasible

—  pump limit @ For0<d<31.62L/s:
g . ¢ =d, H* =10+ 0.02d
£ . % =40 m.
=
o o At d = 35, full pumping gives
2 18 only hp = 35.5 m.

o
E 10| o Capacity boundary:
o
30 —10
1 1 1 1 Admax = ~ 31.62 L/s.
0 10 20 30 35 e 0.02 /

demand d (L/s)

Above the boundary, add capacity or revise service requirements; more solver
iterations cannot help.
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From a line to a segment to a convex set

@ The line through distinct x,y is z(0) = 0z + (1 — 0)y, 0 € R.
@ Restrict 0 < # < 1 to obtain the line segment joining them.

o A set (' is convex if the entire segment stays in C' for every z,y € C.

80 +.
balance line
/f‘g ~~~N~

o Water plans: g4 + g = 80; § 50 3 T

0<q4<60,0< gp < 50. =
e x = (40,40), y = (60, 20). 8 9| midpoint
e 0 =1/2 gives (50,30): demand ..l

. ; 0 : : >
and limits still hold. 0 20 60 30

qA (ML/day)
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Why on/off equipment breaks this picture

A pump is either off, or runs between 20 and 50 L/s:
q € {0} U [20,50].

midpoint: infeasible

A binary variable represents the choice:

20z < q < 50z, z €40,1}.

Continuous equipment settings and discrete operating modes are different models.
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Affine sets, halfspaces, and polyhedra have physical meanings

Geometry Mathematical form Infrastructure meaning

Subspace Br =0 Balanced circulation without
external supply

Affine set Bqg=b Network flow with fixed
injections

Halfspace alz <b Budget, capacity, or emission
limit

Polyhedron Ax <b, Fx =d Intersection of finitely many

linear limits and balances

Intersections of convex sets are convex: adding convex limits preserves convexity.
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Subspaces and affine sets: specify the balance
Subspace: equal signed flows Affine set: deliver 4 flow units
B:[l —1}, Bg = 0. E:[1 1}, Eq=4.
4 |1
2 q1 = q2
S 0 & 2
72 O 1
2 0 2
q1
e Contains the origin; closed under sums @ A shifted subspace; need not contain
and scalar multiplication. Zero.
o Negative values mean reverse flow. @ Adding nonnegativity leaves a

segment.
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Halfspaces intersect to make a polyhedron
One capacity halfspace Intersect with physical flow limits
1 -1 0 0
a= , aTq < 4.
1 A= 0 -1 b= 0
1 0|’ 3
1 1 4
4 1
& 2
O 1 1
0 2 3 4
@ Shading continues beyond the plotting T

window.

Every face represents a specific balance or operating limit.

© Ahmad F. Taha Module 03 — Introduction to System Optimization



odeling Convexity LP QP QCQP / SOC Optimality Algorithms
0000000300000 0000000000 000000 00000000000000000

Why an intersection of convex sets stays convex

@ Choose any z,y € C1y N Ch.

@ Both points belong to each set. Convexity 8
puts 0z + (1 — )y in each set for every
0 €10,1].

© Therefore the entire segment belongs to
their intersection.

e HereC1={q>0:q1 +q <4} and Cy = {q: ¢1 < 3}.
@ Intersecting with Eq = 4 leaves the edge from (0,4) to (3,1): still convex.

The same argument works for any collection of convex constraints, even if the
intersection is empty.
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A transportation network becomes a matrix equation

Use +1 for an arc entering a node and —1 for
an arc leaving:

inflow D outflow D
-1 -1 0] [a -D
q1
A :@ 1 0 1]||@l=|D
0 1 -1 q3 0
B
q2 qs3

@ Add 0 < g < q for road capacities.

@ One balance row is redundant: total
inflow equals total outflow.

The same incidence matrix structure appears in water, gas, and power models.

© Ahmad F. Taha Module 03 — Introduction to System Optimization



Modeling Convexity LP

QP QCQP / SOC
,,,,, 0000000800000 I 0000000

Convex costs: the chord lies above the curve

A function f on a convex domain is convex

if
= chord
[0z +(1=0)y) <6f(x)+(1-0)f(y). T
I
Example: generator cost S
C(p) = ap* + bp +c, a > 0.
Strict inequality for distinct points and 1 2 3
0 < 0 < 1 defines strict convexity. output p
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Gradients and Hessians tell us about curvature

For differentiable f on an open convex domain:
f(y) > flx)+ Vi) (y—x) forallz,y <= fis convex.
If f is twice continuously differentiable:
V2f(x) = 0 everywhere <= f is convex.
For dispatch, C(p) = 0.025p3 + 20p; + 0.05p3 + 25ps:

0.05p1 + 20

Ve = [o.mpz +25

| VZC:lO'% 0 ] -

0 0.10

Positive definite curvature gives strict convexity here.
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Build larger convex models from simple pieces

Practice

Convexity-preserving Engineering example

operation

Nonnegative weighted sum >, w;(q; — qzref)z, w; >0

Affine substitution |Hz — y|)3: fit a linear sensor model
Pointwise maximum max; p:. peak electrical demand

Convex sublevel set {z: f(z) < c}: a convex resource budget

A product of decision variables is not automatically convex.
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Concavity: diminishing returns make a benefit flatten

@ A concave function reverses the 15 p
convexity inequality: S/ 12 | curve ,/"
- ,»" chord
Uba+(1-0)y) > 0U )+ (1-0U(). & .| '
[
(]
e Water-service benefit: U(q) = 8¢ — ¢2, -
0 < g <4, in illustrative benefit units. 0 | ; ; ;
e U'(q) = 8 — 2¢ decreases: each extra 0 1 2 _ 5 4
unit of water adds less benefit. water allocation g

e With unit supply cost 2¢, maximize U(q) — 2q = 6q — ¢*.
e Equivalently minimize the convex function ¢ — 6¢: ¢* = 3.

Maximize a concave benefit or minimize a convex cost over a convex feasible set.
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The convex model starter pack

min fo(x) sit. gi(x) <0, Az =b.

© The objective fj is convex on its domain.
@ Each inequality function g; is convex.

© Equality constraints are affine in this standard representation.

P? +Q? < S? fixed S Convex disk: equipment capability
P?+Q? =62 Circle: generally nonconvex
q®> < Ah/r, fixed >0 Convex inequality

¢ = Ah/r Nonlinear equality: generally nonconvex
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Local, global, and unique are different claims

,,,,,,,,,,,,,,,,,,,,,,, Practice

A local minimum beats nearby feasible points.

A global minimum beats all feasible points.

For a convex objective over a convex set, every local minimum is global.

Strict convexity gives at most one optimizer; it does not guarantee existence.

Infrastructure contrast:

@ Fixed mode convex dispatch: local optimality is enough.
@ Pump switching or nonlinear hydraulic equalities: local methods may depend on
initialization.

Convexity helps certification; model size, scaling, and sparsity still affect
computation.
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Four problem classes we will use

Class Defining structure Infrastructure example

LP Linear objective; affine constraints Supply allocation and min-cost flow

QP Quadratic objective; affine Economic dispatch and tracking
constraints control

QCQP Quadratic objective and inequalities Dispatch with a quadratic budget

SOCP Linear objective; affine and Robust capacity and facility location

norm-cone constraints

QP and QCQP labels alone do not imply convexity: inspect the quadratic matrices.
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LP: allocate limited infrastructure resources

min clx
x

st. Ar<b, Er=d, (<zxz<u.

For our two water plants:
min 20g4 +35gp st. ga+qe =80, 0<qg4 <60, 0<Lgp <50
Eliminate ggp = 80 — ga:

30 < qa <60,  C =2800— 15qa.

¢y =60, ¢ =20, and C* = 1900 dollars/day.
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A network LP: emergency water deliveries

Depot A gAN: cost 2 North
supply < 50 needs 30
Depot B | South
supply < 40 gps: cost 1 needs 40

Flow units: ML/day; costs: dollars/ML. No route-capacity limits in this example.

min 2gan + 95qas + 49BN + ¢BS-

What balances and capacity inequalities belong under this objective?
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r;l;g 2gaN + 5qas + 49BN + qBsS

s.t.  qan + qas <50,
gBN + qBs < 40,
qaN +gqpn = 30,
qas + qps = 40.

Cheapest routes can serve every district:

(gaN,q4s,qBN,qBs) = (30,0,0,40), C* = 100.

Discussion: if B loses 10 units of supply, the cost rises to 140. Why?

Answer: move 10 units of South’s delivery from B to A; extra cost 10(5 — 1) = 40.
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LP reformulations: slacks and absolute deviations

Slack = unused capacity Absolute error = two linear bounds
ale<b <= alz+s=0b s>0. lg—r| <t <— —t<qg—r<t.
@ Plant capacity: ¢ < 60 becomes @ Track target supply = 50 ML/day.

q+ s =060. e At g = 45, the smallest feasible ¢ is 5.
e Atgq = 45, s = 15 ML/day is unused e Minimizing )", t; models total
capacity. absolute deviation exactly.

@ A free variable can be written
r=z" —x with 27,27 > 0.

Aucxiliary variables make useful engineering costs fit a linear model.
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The epigraph: lift the cost into one extra variable

@ The epigraph of f is the region on or ’
above its graph: 1

epi f = {(z, 1) : t = f(x)}.

@ Minimize its height:

t> |z —2|

min f(z) < min{t: f(z) <t}.

e If t > f(x), lower ¢t without changing
x; at an attained optimum ¢t = f(z).

For f(z) = max;(al = + b;), impose every al x + b; < t: the reformulation is an LP.
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An epigraph LP balances two pumping periods

@ A tank shifts supply between two

one-hour periods; total pumped 100 |
volume is 100 m3. .
e Choose g1,z > 0 (m3/h) to minimize =
peak flow. £
min ¢ = 90y Pty
q1,q2,t § {50, 50)
s.t. q1+ g2 = 100, o /" s‘x\
@<t @<t 0 ke’ |
q1,q2 > 0. 0 50 100

1 (m*/h)
@ Since 100 = g1 + ¢qo < 2t, t > 50.
Equal pumping attains the bound.

One variable ¢ bounds both periods; minimizing it finds the lowest possible peak.

Assumes sufficient tank capacity and compatible initial /terminal storage; the next model includes those

constraints.
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Peak shaving with water storage is an LP

Over T one-hour intervals, choose pumping ¢
and tank volumes vy: qt Tank
Pump B
T bt
min Z Tk At + P
t=1
st. v = v + At(q — dy), l
kg <P, 0<q <q, demand d;
0<wv <V, wvpgy =01 o Fixed head and efficiency give power

bt = Kq.

@ T energy price.

@ : peak-charge coefficient for the
horizon.

v1 is given. Bound all storage states, including the terminal state. Flow in m®/h, volume in m*, and & in

KWh/m?3.

© Ahmad F. Taha Module 03 — Introduction to System Optimization



Modeling Convexity ~ LP QP QCQP / SOC Optimality Algorithms Practic

,,,,,,,, 0000000080 0000000 000000

Storage moves pumping away from the demand peak

—a— demand —e— pumping

80 1 Demand: (20, 60, 80, 40).
Pump a constant 50 m3/h; start

= 60 | with v1 = 20 m?3.
o o o o o
E/ 40 | N (v1,...,05) = (20,50, 40, 10, 20).
3
= 20 | A 60 m3 tank makes this feasible.

0 } } } } Peak pumping falls from 80 to

1 2 3 4 50: a 37.5% reduction.
one-hour interval

With equal energy prices and v > 0, 50 is the minimum possible peak: it equals average demand.
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An LP can have an entire edge of optimal solutions

max 4xq + 6x9
x>0

st. x1+x2 <8,
2x1 +x2 < 15,
2x1 + 3xo < 21.

@ The objective equals 2(2x1 + 3x3).

e Every point from (0,7) to (3,5) is
optimal, with value 42.

Non-strict convexity permits multiple
optima; it does not require them.
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QP: penalize deviations smoothly

mzin %xTQx +cle+r
st. Ax <b, FEzx=d.
Assume Q = Q7. Then Vf = Qz + c and V2f = Q.
e (Q = 0: convex QP.
@ @ > 0: strictly convex objective; at most one optimizer.
e Q=0:LP.

o Indefinite Q: generally a nonconvex QP.

QP costs naturally express tracking, smoothing, and increasing marginal costs.
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4| e Tracking: (h — h.t)? penalizes
pressure deviations in either direction.
>
= e Smoothing: (u; — u;_1)? discourages
c
o 27 abrupt pump or ramp-meter changes.
1+ o Marginal cost: ap2 +bp, a >0,
0 makes additional generation

progressively more expensive.

normalized error e

@ Doubling an error quadruples its squared penalty; gradients are smooth and linear in
the error.

@ A second-order Taylor model is locally quadratic. Use unit-aware weights; squared loss
is sensitive to outliers.

Quadratics combine useful behavior with simple derivatives and efficient convex
models when @ > 0.

© Ahmad F. Taha Module 03 — Introduction to System Optimization



Convexity =~ LP QP QCQP / SOCP ~ Optimality  Algorithms Practice

Economic dispatch: which generator should work harder?

Generator 1

Generator 2 /

p2 MW

Load D = 250 MW

min  Cy(p1) + Ca(p2)
P1,p2

s.t. p1+p2 =250, 0<p; <300,
C1(p1) = 0.025p% + 20py,
Ca(pa) = 0.05p5 + 25ps.

Costs are dollars/hour. This aggregate model ignores transmission losses and line constraints.

Module 03 — Introduction to System Optimization
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Dispatch solution: equalize marginal costs

Eliminate po = 250 — py:

C(p1) = 0.075p% — 30p; + 9375, 0 < p1 < 250.

C'(p1) =0.15p1 —30=0 = (pi,p5) = (200, 50).

Plan p1 (MW)  ps (MW) Cost ($/h)
Equal sharing 125 125 6796.875
Optimal dispatch 200 50 6375.000

C!(200) = 30 = C4(50) dollars/MWh.

Equal marginal costs, not equal outputs: savings of 421.875 dollars/hour.

© Ahmad F. Taha
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; Now cap Generator 1 at 160 MW.
g 7,200 | ' pr < 160 (p1,p3) = (160, 90),
= E C* = 6495.
[%2)
S 6,800 | :
= \  free optimum Marginal costs are unequal:
[e]
= 6,400 ¢ , Ci(160) =28,  C4(90) = 34.
160 150 260 250
One more MW of cheap capacity is
p1 (MW)

worth about 6 dollars/hour locally.
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A sensor-estimation QP for a water network

Two branch flows ¢, g2 have readings 9, 12;

the inlet meter reads 20. 9
0
10 9
11 20 —
min ||[Hg -yl
=0 q2
. . 12
Equal sensor weights give
All readings use the same flow unit. The
¢ = (26 35) meters disagree: 9 + 12 # 20.
373)°

A QP reconciles noisy measurements; weights express sensor confidence.
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Transportation control: ramp metering as a QP

Use a local linear prediction model:

freeway: density n;
Tiy1 = Axy + Buy + Edy, e = (1, 21).

Choose admitted ramp flow u;:

u T-1 9
min Z th — et 4+ r(ug — up_1)?
=0 @
ramp queue z; Add linear queue, density, and actuator limits;
Q=0 r>0.

Measure, optimize, apply the first control, and repeat: model predictive control.

2 T . . . . . . .
llello = e’ Qe; xo,u—1 are given. The linear model is a local approximation to traffic dynamics.
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QCQP: put quadratlc limits into the model

mxin %xTQox + coTac + 79
s.t. %xTQix—kciTa:erigO, i=1,...,m,
Az =b.

A sufficient standard-form convexity test is

Qi =0 i=0,1,...,m.

@ Quadratic objectives and constraints: a QCQP.
@ A QP has only affine constraints.

@ Quadratic equalities and indefinite matrices require separate analysis.

The direction of the inequality matters as much as the square.
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QCQP example: dispatch with an emission budget

Use normalized outputs p; + p2 = 10, with p1, ps > 0. Generator 1 is cheaper but more

emission-intensive:
min  p1 + 3p2

s.t. p1+p2 =10,
0.1p7 4 0.025p3 < 4.

Substitute ps = 10 — p1:

0.125p7 —0.5p; —1.5<0 = 0<p; <6.

(p},p3) = (6,4), cost 18, and the emission budget binds.

[llustrative convex emission proxy in normalized units; physical emission curves must be fitted to data.
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Visualizing the emission—cost tradeoff

Navy: dispatch plans satisfying both
demand and the budget.
Along the demand line,

C:30—2p1.

More output from Generator 1 reduces
cost, until the curved limit stops us.

Discussion: where does the
optimum move if the budget
increases?
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SOCP: Euclidean norms become constraints

The second-order cone is Q = {(t, 2) : ||z||, < t}.

t
A
min ¢’z
x
s.t. ||All‘+bl||2 < Clrl’dei,
o g l2ll < ¢
The right side must be nonnegative; the norm
inequality enforces this.
Affine inequalities may also be included. %

22

Conic modeling reference: MOSEK Modeling Cookbook, Chapter 3.
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Power example: inverter capability is a disk

An inverter's active and reactive power

satisfy 51 L
P? 4+ Q% < Shax 2| e
= z (4,3)
>
1P, Q)2 < Smax- s | |
For Smax = 5 MVA and required Q) = 3 5:
MVAr:
|P| <25 -9 =4MW. L — ;
-5 0 )
Reactive-power support uses capacity P (MW)

that could deliver active power.

This capability constraint can be written as a convex quadratic inequality or as an SOC constraint.
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Facility location: place an emergency service hub

Let a; € R? be district locations and w; > 0
their service weights.

. , 4 @ candidate hub
min 3 wils — aill. »\

Introduce a distance variable t;: .

Igjtnzwiti s.t. ”8 — aiHQ < t;. / \

Convex land-use constraints on s can be
added.

Euclidean distance gives an SOCP; road travel time may require a different model.
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A worked hub location example

Four equally weighted districts:

(0,0), (4,0), (0,3), (4,3) km. . o

Their center is s* = (2,1.5). Each distance h g
Y * 3 k

is 2.5 km, so total distance is 10 km. /\ m
Why optimal? Pair opposite corners. The ,// \\\
triangle inequality gives at least 5 km per "' \‘
pair. @ @
The center attains the lower bound 4 km
5+ 5 =10.
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Robust capacity: plan for uncertain coefficients

A feeder'’s approximate loading is a”'z, where x is a vector of controllable loads. Suppose
a=a+ Eu, l|lull, < 1.
Require the capacity limit for every allowed uncertainty:
(@+ Eu)’z <0 Vully < 1.
The largest uncertain contribution is

max u! ETg = HET:L'H .
flull,<1 2

The robust constraint is a’ z + HET:I:H2 < b: an SOCP constraint.

An ellipsoidal uncertainty set gives this exact reformulation. See CVXPY’s SOCP example.
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A nominally feasible charglng plan can fail the robust test

Two controllable charging loads x1, x5 > 0 share a normalized feeder capacity of 10:

a=(1,1), E = diag(0.2,0.1).

The robust condition is

T+ T2 + \/(0.2$1)2 + (0.1z9)? < 10.

Plan Nominal load Worst-case load Robustly feasible?
(5,5) 10.000 11.118 No
(4.4,4.4) 8.800 9.784 Yes

The uncertainty margin is decision-dependent, not a fixed percentage added
afterward.
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Convex QCQPs can be represented with cones

For a quadratic inequality with @ = RTR > 0,

t'Qr+adTs+b<0 <« |Rz|3<t, t=—-aTz—b

The squared-norm bound has an ordinary SOC representation:

Squaring gives 4 ||Rz||3 + (t — 1)2 < (t + 1)?, hence ||Rz||5 < t.

<t+1
2

t—1

l2Rx

Epigraph the quadratic objective too: LP C convex QP C convex QCQP C
SOCP-representable.

Use consistently scaled variables. The SOC also enforces t > 0. These are representation inclusions, not

solver speed rankings.
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Gas networks: a cone can relax nonlinear physics

A normalized quadratic pressure-drop model is

2
——— =k(m; —m;), k>0.
Node i q=0 Node j 1 (mi = mj)
T = p? Ty = pjz Relax the equality:

Slmpllfled 'steady passive pipe, fixed P < k(mi — 7)) = t.
flow direction, no compressor or
linepack.

This is conic-representable:

1(2g;t = Dl <t +1.

The inequality enlarges the feasible set; it is not automatically exact.

Teaching model: all variables in the cone are normalized. Pressure bounds are affine bounds on 7 when
pressures are nonnegative.
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A relaxation can pass optimization and fail physics

For a normalized pipe, take k =1, ¢ =2, and m; —7; = 9.

¢> =4 <9 passes the relaxation, but 4 # 9.

For a minimization problem:

* *
frelaxed < foriginal < fteasible plan-

@ A relaxation supplies a lower bound.

A plan satisfying the original equations supplies an upper bound.
o Check every original pressure-drop equality before using the plan.
@ A restriction, such as fixing pump modes, searches a smaller feasible set.

Small optimization residuals and small physical-model residuals are separate
checks.
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Choose the class from the equations

Model Class / qualification

Min-cost water deliveries, linear capacities LP

Quadratic dispatch, linear balances and bounds Convex QP

Linear dispatch cost, convex quadratic emission cap Convex QCQP

Hub location with Euclidean distances SOCP after epigraph
reformulation

Ellipsoidal robust feeder-capacity limits SOCP

Pump on/off modes or exact gas pressure-drop Generally nonconvex

equalities

The application name does not determine the optimization class.
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Two more convex families: GP and SDP

X — t+u v =0
e Geometric programs (GPs): positive A
variables; minimize a posynomial, with —  t>Vu2+2.
posynomial < 1 and monomial =1
constraints. A monomial is ¢[]; x;” c>0;a t
posynomial is a sum of monomials.
o With y; =logz;, GP becomes convex through --
log-sum-exp expressions. The original variables D
need not give a convex formulation.
e Semidefinite programs (SDPs): linear
objectives and affine constraints with a matrix "

inequality Fo + >, 2 F; = 0.
v

SDPs are convex, but large matrix variables can be costly. This 2-by-2 cone is
SOC-representable; larger PSD cones are richer.

MOSEK: GP and semidefinite modeling.
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Mixed-integer models: choose equipment and operation

min cq+ Fz st 202 <¢q<50z, ¢>d, =ze€{0,1}.
q?Z

Practice

@ MILP: linear costs and constraints; z starts a pump and incurs fixed cost F.

e MIQP / MISOCP: add a convex quadratic cost or conic equipment limit. Fixing the
integer choices leaves a convex subproblem.

e Mixed-integer nonconvex NLP: include exact nonlinear gas/water physics or
nonconvex continuous costs; fixing integers does not remove all nonconvexity.

Pump mode z

SN

z=0:q=0 z=1:20<¢q <50

Branch-and-bound uses continuous relaxation bounds to avoid checking every
combination.

With d > 0, the off branch is infeasible. Integer restrictions make the overall feasible set nonconvex.
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Common relaxations: enlarge the set, obtain a bound

e Continuous relaxation: replace z € {0,1} by 0 < z < 1. In ¢ < 50z, demand
q = 10 can use z = (0.2, paying only 0.2F.

e Conic relaxation: replace ¢°> = kA7 by ¢°> < kAx. This drops part of the gas
physics and gives an SOC constraint.

@ McCormick relaxation: for w = zy with z,y € [0, 1], use
w>0, w>r+y—1, w<lz, wly.
At z =y = 1/2, these allow 0 < w < 1/2; exact physics requires w = 1/4.
e SDP lifting: write X = 227, then relax it to X > zz’ using [j{r ﬂ > 0, retaining
the other lifted constraints.

For minimization: relaxed optimum < true optimum < cost of an original-feasible
plan.

A linear approximation is not automatically a relaxation: its feasible set must contain the original set.
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Unconstrained optimality: use the right implication

For twice continuously differentiable f at an interior point z*:
e Necessary for a local minimum: Vf(z*) =0 and V2f(z*) = 0.
e Sufficient for a strict local minimum: Vf(z*) =0 and V2f(z*) > 0.
e For convex differentiable f: V f(xz*) = 0 is sufficient for global optimality.
f(z) = —x*: f(0)=0, f"(0)=0, but0isa maximum.

A semidefinite Hessian at one point is not a sufficient minimum test.
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At a capacity limit, a nonzero gradient can be optimal

The water LP reduces to

lower cost
s 2800 = 1544 but infeasible
<qa<

At ¢ = 60, the derivative is —15, not zero.
. . —
For differentiable convex f on a convex 30 60 da

feasible set C, optimality is equivalent to

Vi) (@ —2*)>0 Vred. feasible direction

There is no feasible first-order descent direction.
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KKT: four pieces of an optimality certificate

For min f(x) subject to g;(x) < 0 and Ax = b, define

Lz, A\ v) +Z)\zg,, vT(Az —b).
Condition Equation
Stationarity VE(x*) + 3 \iVgi(z*) + ATv* =0
Primal feasibility gi(x*) <0, Ax*=0b
Dual feasibility Ar>0
Complementary slackness Afgi(x*) = 0 for each ¢

A nonbinding inequality has zero multiplier; a binding one may also have zero
multiplier.
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When do KKT conditions certify the answer?

o For differentiable convex problems with affine equalities, a feasible KKT point is
globally optimal.

@ Under a suitable constraint qualification, KKT conditions are also necessary at a local
optimum.

@ A useful convex condition is Slater’s condition: an appropriate relative-interior point
satisfies the equalities and strictly satisfies the convex inequalities.

@ For nonconvex problems, KKT points are generally only candidates. Multipliers need
not be unique.

State convexity and regularity assumptions before claiming a certificate.

Reference: Boyd and Vandenberghe, Convex Optimization, Chapter 5.
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KKT in dlspatch a bottleneck has a price

With p; < 160 and demand 250, the optimum is (160, 90). Use the balance sign
250 —p1 —p2 = 0O:

L = Ci(p1) + C2(p2) + A(250 — p1 — p2) + p(p1 — 160).
Other bounds are inactive, so their multipliers vanish.

28— A+pu=0,

A=34 =6
34— A=0 a

@ \: local extra cost per MW of demand, in dollars/hour per MW.

@ 1 local cost reduction per MW of additional Generator 1 capacity.

Complementarity: p(p; — 160) =6-0 = 0.
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For A > 0, define the dual function
d(\v) = igfﬁ(x, A, V).
It gives a lower bound for the primal minimization problem:
dAv) < f* < f(2) (% primal feasible).

certified gap

- O ® > cost
dual bound true optimum feasible cost

A small primal-dual gap certifies objective quality when the reported bounds are
valid.
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Algorithms: direction, step size, stopping rule

An iterative method constructs 20, 2!, . . .:

2 = 2F + agdF.

Evaluate Choose _ | Choose step
cost / residuals direction d* ~ | and update

A

A 4

repeat until verified

@ We use gradient and Newton methods to understand the mechanics.
e LP/QP/SOCP solvers use methods that also handle their constraints.
@ Compare computation time and certificate quality, not iteration count alone.
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A usable unconstrained optimization toolkit
Method Direction / update When to reach for it
Gradient descent dF = -V f(2¥) Smooth objectives; cheap
iterations
Damped Newton — V2f(2*)d¥ = -~V f(a¥) Moderate size; reliable
curvature
BFGS / L-BFGS d* = —H,V f(2"*); update a Smooth problems when exact
curvature approximation Hessians are costly
Mini-batch SGD R =2k — apgp Losses summed over many

training samples

o Full-gradient methods can use line searches; stochastic methods usually use a
learning-rate schedule.

@ Scale variables, supply derivatives, and return both the point and termination status.

Choose the method from derivative cost, curvature, and data size.

BFGS approximates inverse curvature; L-BFGS stores a short history of vector pairs.
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ot do
Algorithm 1: gradlent descent with backtracking

Inputs: differentiable f, gradient, 29, tolerance ¢, budget K; c = 1074, g = 1/2.

@ Fork=0,...,K — 1, evaluate g = Vf(z").
@ If ||gk|ly < e, return x¥ with status stationary.

© Set di = —gir and o = 1. While the trial point is outside the domain or
f(z® + ady) > f(2®) + cagl dy,
shrink o < Sau.
Q Set zFt! = 2% 4+ ad;, and continue.

o If the budget is exhausted, return iteration limit; if line search cannot make
numerical progress, return stalled.

o For convex f, stationarity certifies a global optimum in exact arithmetic. For
nonconvex f, investigate the stationary point.

This is a complete loop: compute a direction, choose a step, update, and report
why it stopped.
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Gradient descent on the dispatch example

For the reduced dispatch cost,
f(p) = 0.075(p — 200)? + 6375, f'(p) = 0.15(p — 200).
With step size a = 5:

PP =pF —5f %), Pt =200 = 0.25(p% — 200).

lteration k& p§ (MW) pk =250 — p¥  Cost ($/h)

0 100.0000 150.0000 7125.0000
1 175.0000 75.0000 6421.8750
2 193.7500 56.2500 6377.9297
3 198.4375 51.5625 6375.1831

For this quadratic, convergence requires |1 — 0.15a| < 1, or 0 < o < 13.33.. ..
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Step size controls speed and stability

—-—-o=1-ma=5—4—a=15
All curves start at p° = 100.

Ip* — 200 = 1007,
r = |1 —0.15q]|.
The divergent run eventually

leaves the physical dispatch
range.

|p* — 200] (MW)

A descent direction does not
make every step length safe.

iteration k

Exact iterates for the unconstrained reduced quadratic; bounds require a constrained method.
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Backtracking: accept sufficient decrease

For a descent direction d with V f(z)Td < 0:

@ Start with a trial step o = 1.

@ Accept if the trial point is in the domain and
flz+ad) < f(z) +caVf(z)ld.
© Otherwise replace o + Sa and repeat.
Use, for example, ¢ = 1074 and 3 = 1/2.

For smooth f and a descent direction, sufficiently small positive steps pass this
test.

This unconstrained line search does not by itself enforce network balances or equipment limits.
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QCQP
Newton's method uses curvature

Compute the direction by solving a linear system:
V2f(z?)d* = =V f(aF), Pt = 2F 4 agd”
For dispatch, f”(p) = 0.15:

0.15(p — 200)
0.15

d= =200 — p.

A full step reaches 200 in one iteration for this unconstrained quadratic.

@ Positive definite Hessian gives a descent direction away from stationarity.
@ Damping or Hessian modification may be needed for general nonlinear costs.

@ Solving the system can be expensive; exploit sparsity and avoid explicit inversion.

Newton trades more work per step for better use of local curvature.
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ot do
Algorithm 2: damped Newton with a descent safeguard

Inputs: f, gradient, Hessian, 2V, tolerance ¢, iteration budget.

""" 0000000 @000000000 0000000

© Evaluate g, = Vf(xk). Stop if [|gxll, < e.

Q@ Form B, = V2f(xk). If needed, add 71 so By = 0; increase 7 until a Cholesky
factorization succeeds.

© Solve Bid;, = —g;. If the direction is not numerically a descent direction, use
dp = —gk-

© Apply the same Armijo backtracking rule, starting with o« = 1; update
ol = 2k 4 ady,.

© Return the final gradient norm and a status: stationary, stalled, or budget exhausted.
o Positive definite By gives g,{dk = —d;{Bkdk < 0 for g # 0.

o For large models, L-BFGS avoids forming the Hessian; use a tested implementation
with its line search.

Near a regular local minimum, unmodified Newton steps can become fast; far
away, the safeguards matter.
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Constraints change both the step and the stopping test

Projected gradient for a closed convex feasible set C"
=Tle(a* —aVf(zh),  Tely) = arg min ||z — ylls-
For reduced dispatch with 0 < p; < 160:
pi* = min{160, max{0, pf — o f'(p})}}-

At p; = 160, f/(160) = —6, but the projected step is zero.

o Clipping handles a box; it generally does not preserve coupled balances.
@ Projection onto a network-feasible set may itself require a QP.

For constrained problems, check a projected-gradient or KKT residual, not just
IV
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Convergence claims need assumptions

Method / setting Assumptions What follows

Gradient descent Convex f, L-Lipschitz gradient, Objective gap O(1/k)
optimizer exists, « = 1/L

Gradient descent Also p-strongly convex Geometric objective-gap bound
(1 —p/L)*
Newton, full steps  Near optimum; Hessian positive Local quadratic convergence of
definite and locally Lipschitz iterates

@ For nonconvex f bounded below with a Lipschitz gradient, suitable steps drive
gradient norms toward zero.

@ Stationary points may not be minima.

Geometric convergence does not certify global optimality.
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Stop when the answer is accurate enough for the system

@ Feasibility: balance errors and limit violations are below chosen tolerances in physical

units.

@ Optimality: scaled KKT residuals, projected-gradient residual, or a valid primal—dual
gap is small.

© Progress and budget: monitor objective change, time, and iteration limits.

f primal — f dual
max{l, |fprima1|7 |fdual|}

Example relative gap =

Tiny steps alone may mean stagnation. An iteration limit is not an optimality
certificate.

Scale variables and residuals deliberately; a tolerance of 10 ' has different meanings for MW, meters, and

normalized pressure.
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Machine learning is often unconstrained optimization

. 1 N A2
52]%1}) F(0) N E 0(9:(0),yi) + B 19113, A=0

o Variables: model weights 6, rather than pump flows or generator outputs.

Data: historical features and labels; the training loss measures prediction errors.

Regularization: penalizes large weights without an explicit constraint.

@ Three examples: ridge regression for demand, logistic regression for failure risk, and
neural networks for nonlinear forecasting.

The optimizer learns model parameters; the learned model can later inform an
infrastructure decision.

Train on past data and evaluate on held-out data; low training loss alone does not demonstrate useful

forecasts.
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Learning example 1: ridge regression forecasts demand

Features a;: temperature, hour, and past
demand; target y;: next-hour water 8,
demand.

illustrative fit

A linear prediction is §; = al 0:

normalized demand
IS

. 1 2 A 2
— |48 — —16]|5 .
min o 140 = yll3 + 5 1613
2 i
@ This is an unconstrained convex QP:
1 0’ ‘ |
VF = NAT(AG —y) + 0. 0 2 4

normalized temperature

Solve a linear system or apply GD; for
large N, sample rows for SGD.

Plot illustrates a linear predictor, not a calibrated demand model. For A > 0, this fully regularized objective

is strongly convex.
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Learning example 2: logistic regression predicts failures

o Label y; € {0,1}: whether a pipe fails.

odeling  Convexity LP QP

Features a;: age, pressure, and past leaks. 14
e Predict probability p; = o(al0), with
o(s)=1/(1+¢e7%). :f‘
@ Fit the unconstrained convex loss: E’ 05 Fommmm e feeeeeeee o2
(]
main % EZ: [log(l + ea;'fg) - yialTG} -
0

)\ 9 T t t
+ 21612, N 4
T
score s =a'f
e Each sample contributes gradient (p; — y;)a;;
average for GD, sample for SGD.

A nonlinear prediction function can still lead to a convex training problem.

Boyd and Vandenberghe: statistical estimation, logistic regression. Use stable log-sum-exp evaluation in

code.
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SOCP
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Learning example 3: a neural network forecasts traffic

A
= Wy tanh(W1a; + b1) + be, min *Z 19 — will3 + 3 16115 -

Past flows | Hidden layer Next-hour
weather / time " | tanh(Wia + by) traffic flow
A

backpropagate loss gradients

o All weights and biases are unconstrained real decision variables.
@ The loss is generally nonconvex in the joint parameter vector 6.
@ Backpropagation computes gradients; mini-batch SGD uses them to update the

weights. Initialization and learning rate affect the result.

The update rule still works with gradients, but it no longer carries a
global-optimum guarantee.
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Algorithm 3: mini-batch stochastic gradient descent

Inputs: training samples, initial 0, batch size b, learning rates o, update budget K.

@ Sample a batch By, of b indices uniformly from {1,..., N}.

@ Compute a noisy estimate of the full gradient:

1 ok k
9 =3 Z Voli(0F) + N\0*.
1€B

Update 6%+1 = 0% — gy,

©

Periodically measure full training loss and validation loss. Save the best validation
checkpoint; stop at the chosen budget or validation rule.

©

@ Uniform sampling makes g unbiased; larger batches usually reduce its variance at
greater cost.

@ A constant learning rate can leave a noise floor. A decreasing schedule can reduce
noise effects under suitable assumptions.
A small batch gradient is not a stationarity certificate for the full training objective.

Optimization Methods for Supervised Machine Learning (2017). Validation stopping targets generalization,

not an optimality certificate.
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LP o O
GD versus SGD: smooth progress versus noisy updates

—e— GD ——SGD - - - optimum

@ Two samples: y1 =1, yo = 3;
F(0) = 15271 (0 — vi)*.
e VF=0-2,s0 0" =2.

@ Both start at 6, with o = 0.25.
SGD samples one y; per update.

parameter 6"

@ GD averages both gradients; SGD
fluctuates because individual
targets differ.

update k

Compare work as well as updates: one GD step uses all N samples; one SGD step
uses only its batch.

Exact toy-problem iterates with a fixed random seed. Constant-step SGD illustrates a noise floor, not
monotone descent.
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import cvxpy as cp

p = cp.Variable(2)
cost = (0.025 * cp.square(p[0])

+ 20 * p[o0]
+ 0.05 * cp.square(p[1])
+ 25 x p[1])

constraints = [cp.sum(p) == 250,

p >= 0, p <= 300]

problem = cp.Problem(cp.Minimize(cost),

constraints)
problem.solve()
print (problem.status)
print(p.value, problem.value)

Modeling layer

Expresses variables, objectives, and
constraints; converts the model into
solver form.

Numerical solver

Computes a candidate solution and
reports status and numerical
diagnostics.

Expected result: approximately
(200, 50) and 6375.

Requires CVXPY and a compatible installed solver. Official CVXPY QP documentation.
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Modeling Convexity QP QCQP / SOC Optimality Algorithm: Practice
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Validate the engineering answer after the solve

Check Questions to ask

Balances Do generation, withdrawals, storage changes, and flows
balance?

Operating limits Are capacities, pressure bounds, and queue limits respected?

Original physics Does a relaxed or linearized solution satisfy the original
equations closely enough?

Sensitivity Does the plan remain acceptable when demand or a

component changes?
Decision meaning  Are modes implementable? Are units and time intervals
consistent?

The optimizer solves the model you wrote. Validation connects that model to the
system.
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Practice
00 0080000

o QR S
Studio exercise: coordinate power and water

Generation | electricity | Water pump| water [ Tank
D Kt Ui

odeling Convexity

min Z(apf + bpy)
t

st. pr =Ll + Kaqr,
Vir1 = v + At(q — dy),
0<p:<p, 0<q¢<gq O0Z<y, <V

Given initial storage, impose vp11 = v1 and bound all storage states.

Classify this model. Then add an inverter capability limit or pump on/off mode.

a > 0; £; is non-pump electrical load. Fixed head/efficiency makes x constant.
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Studio debrief: one change can change the problem class

Modification Resulting model

Quadratic generation cost, fixed k, affine limits Convex QP

Linear generation cost instead LP

Add pf + Q% < S? with fixed S Convex QCQP:;
conic-representable

Add ellipsoidal uncertain-load capacity constraints SOCP-representable
convex model

Add binary pump modes Mixed-integer model

Replace fixed k with exact variable-head power physics Generally nonlinear and
nonconvex
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Five questions to take into the next module

@ What are the decisions, units, objective, and physical constraints?
@ Can | mix feasible operating plans and stay feasible?

© Is the model an LP, QP, QCQP, SOCP, or a nonconvex variant?
@ What certifies optimality, and which bottleneck has value?

© Does the computed answer satisfy the original system model?

Good infrastructure optimization combines a useful model, a suitable method, and
a checked answer.
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Reading and resources

@ Boyd and Vandenberghe, Convex Optimization. Chapters 2-5 and 9.
https://web.stanford.edu/~boyd/cvxbook/

o Nocedal and Wright, Numerical Optimization, 2nd ed. Chapters 2-3 and 12.

o MOSEK Modeling Cookbook, Chapter 3: conic quadratic modeling.
docs.mosek.com/modeling-cookbook /cqo.html

o CVXPY: worked quadratic and second-order cone examples.
Quadratic program | Second-order cone program
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Questions, discussions, and ideas

Which infrastructure decision would you optimize?

Choose a system, identify one controllable quantity, and name one constraint you cannot
violate.

Dr. Ahmad F. Taha

https://ahmadstatespace.github.io/

ahmad.taha@vanderbilt.edu
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