CE 4240: Intro to Infra. Sys. Eng’g Midterm Exam Fall 2023

Your Name: Your Signature:

Exam duration: 2 hours.

This exam is closed book, closed notes, closed laptops, closed phones, closed tablets, closed
pretty much everything. You are allowed only one A4-sized sheet of paper.

Solve whatever problems you can solve. The exam is long but (mostly) straightforward.
If you've been studying, you'll find it a breather. If you haven'’t, then I hope the agony is
bearable.

No calculators of any kind are allowed.
In order to receive credit, you must show all of your work.
If you need more room, use the back of the pages and indicate that you have done so.

This exam has 11 pages, plus this cover sheet. Please make sure that your exam is complete,
that you read all the exam directions and rules. Good luck! I hope you do well.

Question Number Maximum Points Your Score
1 15
2 25
3 15
4 15
5 15
6 15
Total 100
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1. (15 total points) You are given the following linear optimization problem:

minimize xq + 7xp + 4x3
subjectto x1 +3xp +4x4 =7
2xy +4x4 =2
X1+ x4+ x3>0
X1+ 2x2 +3x3 <10
x1 >0
X3 Z 0

(a) (15 points) Write this linear program as a standard LD, i.e., formulate it as

minimize CT]/
subjectto Ay =10
y=0

where y is the new optimization variable, and matrix A and vectors c and b are to be
determined (by you). DO NOT SOLVE this optimization problem.
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2. (25 total points) Answer the following unrelated questions: Convexity-and-Linear-Algebra
Quick Hits, Taylor’s Version.

(a) (5 points) Let S be the set of symmetric positive semi-definite matrices of size n. Prove
that S” is a convex set.

-

Solution. Define two matrices in S%, i.e., X,Y € §'. You simple need to prove \
that the convex combination of X and Y, aX + (1 — a)Y is also in S”. Well,
since & > 0 (or between one and zero), then the matrix Z = aX + (1 — )Y will
also be a positive definite matrix with non-negative eigenvalues, hence the set
S'! is indeed convex.

o

(b) (5 points) Is the quadratric form

J

1
f:f(x1/x2/x3) - xT 0

o

O~ N

SN
=

positive definite, negative semidefinite, or indefinite? Justify your answer carefully.
Note that this quadratic form is not symmetric. Symmetrize it first.

-

Solution. First, we’ll have to transform the above quadratic form into a \
symmetric quadratic one. To do, we can write

1 2 2 1 1 2 2 1 2 2
f=flx,x,x3)=x"10 1 2|x==xT| |01 2[+[0 1 2 x
000 2 \looof [000
which is equal to
1 11
f=xT111 1|«
110

This matrix has positive and negative and zero principal minors, meaning that
this quadratic form is actually indefinite. Also, you can verify that by checking
the eigenvalues of A (one is zero, one is negative, and another is positive).

o J
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(c) (5 points) Show that the function f(x1,x2) = \/x2 + x5 = (x3 + x%)% is convex. If I were

you, I'd use the second order condition.
x—1

Hint: In case you forgot, for g(x) = x*, ¢'(x) = ax
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(d) (10 points) Compute the eigenvalues and eigenvectors of A = {_21 ﬂ .
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3. (15 total points) The objective of this problem is to show you how linear matrix inequalities
can be written as standard optimization problems. To that end, consider this problem:

OP-LMI minimize trace(P) = p; + p3
subjectto  —AP —PA' =0

P=P' >0
o -1 -2] . . P p2| . . .. .
where A = 0 o| 152 constant matrix and P = py p is the matrix optimization
- 2 P3

variable.

(a) (15 points) Define a new optimization variable x = [p1 p» p3] " € R that essentially
includes all the variables of matrix P. Given that, write the above optimization problem
in standard form as follows:

minimize f(x)
subjectto g(x) <0,

where f(x) is a scalar cost function and g(x) are a multiple constraints to be determined
by you. To do so, you need to translate the two constraints in OP-LMI into a bunch
of (linear/nonlinear) inequality constraints via evaluating positive semi-definiteness
of the two constraints. If I'm guessing correctly, you should obtain six inequality
constraints (three for each of the two constraints).
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4. (15 points) The following optimization problem is given:

minimize  f(x) = %7 + 4x3
subjectto  g1(x) =5—x1 —x2 <0
@) =1-x+x7<0

(@) (15 points) Via formulating and solving the KKT conditions, find a solution to the above
problem.
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5. (15 points) You are given the following quadratic minimization problem:

1 _
minimize f(x)= ExT E g] x —xT [ 11}

x€R?

(@) (15 points) Apply unguarded Newton’s method (i.e., with step size t; = 1) for the above
optimization problem given that the starting point is xo = [0,1]7. Only compute a
maximum of two iterations.
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6. (15 points) Consider the function

flx1,x2) = 0.5x% + x5 —x; —x0 + 7.

(@) (15 points) Use the method of steepest descent with step-size ty = 1 to minimize

f(x1,x7) starting with this initial guess x(0) = 0 %} T Only compute a maximum of
two iterations of this method.




