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Solutions.

1. Installing and playing with CVX: The objective of this exercise is to get you started with CVX—
the convex optimization solver on Matlab. Do the following;:

* Go throughhttp://cvxr.com/cvx/|and
http://web.cvxr.com/cvx/doc/intro.html#what-is-cvx

e Download and Install CVX on Matlab: http://cvxr.com/cvx/download/, http://web.
cvxr.com/cvx/doc/install.html

® Read the first four chapters pages of the CVX User’s Guide: http://web.cvxr.com/cvx/
doc/CVX.pdf| (till Page 25 of the PDF, it’s not much I promise).
Solutions.

Hope you did install CVX. And to quote from King’s The Shawshank Redemption, hope is a good
thing, maybe the best of things.



http://cvxr.com/cvx/
http://web.cvxr.com/cvx/doc/intro.html#what-is-cvx
http://cvxr.com/cvx/download/
http://web.cvxr.com/cvx/doc/install.html
http://web.cvxr.com/cvx/doc/install.html
http://web.cvxr.com/cvx/doc/CVX.pdf
http://web.cvxr.com/cvx/doc/CVX.pdf

2. Is the set S of all matrices of the form [311 b 3b

20 b ] a subspace of R?*??
Solutions.
Yes. It indeed is a subspace. Take two matrices S; = 2m b and S, = 2a3 by

’ pace. 1 3a;+b; 3b 2 3a; +by 3by

where both these matrices are in S.

Then you can see that
a3 b3

MS1+ 225, = 53 = |:3113 + by 3b3

Jes

for any choice of A; 5, meaning that the resulting matrix maintains the structure of all matrices in

S.




a—+2b

3. IsS = a+1|;abeR; asubspace of R3?

a
Solutions.

It is not a subspace of IR®. Similar to the previous problems, take two vectors S; and S, in S. You
can see that the addition of these two vectors results in a vector has an additional constant of 2 in
the second entry of the vector. You can prove this via a counter example.

242-1 1422
LetS1=| 241 | (@1 =2,b;=1)and S, = | 1+1 | (ap =1,by =2), then
2 1
5
S3=8514+5,= |5
3
5
For vector |5| = Sztobein &, and since 5 =5 = a+2b = a+ 1, then b = 0.5, meaning that
3

a+1 = 5ora = 4. However, the last entry in Sz is equal to 3, which is not equal to 4, hence a
contradiction and S3 € S.




4. You are given the following optimization problem

minimize 0.025P3, + 20Pg, + 0.05P3, +25PG, + 7
subjectto Pg, +Pg, = P
Pg, >0, PG, >0

(a) Solve the above optimization problem using CVX where P; = 250. Report the values for the
solutions.

(b) Plot the solutions for various P; = 150,200,250, 270, ....

(c) What happens as you change the coefficient for the quadratic terms in the objective function?
That is, what does changing 0.025 and 0.05 in the objective function result in?

(d) Add an upper bound Pg, > 200 to the optimization problem above and solve it again.
Report the values.

(e) Does the constant 7t play any role in the solution to the above optimization problem? What
is this role (if any)? And why? No math allowed. Just give me your intuition.

Solutions.
The problem can be generalized as a quadratic optimization problem, which can be written as

in(T).

minimize %XTQX +gx+r 1)
where Q = {O(()) > 02 O} (2)
p=[20 25] 3)

r=rm 4)

subjectto  [1 1]x= P (5)
1 0]x>0 (6)

0 1]x>0 )

Write the quadratic optimization in a CVX format as follows.

clear; clc;

Q= 1[0.05 0; 0 0.10];

q = [20 25];

r = pi;

%Dimension of the decision variable
n = 2;

%This term is flexible

L = 250;

cvx_begin

10 variable x(n);

1 minimize (0.5%quad_form(x,Q)+q*x+r);
1 subject to

13 [1 1]*X ==

14 [T 0]+*x >= 0

15 [0 1]*X >= 0

16 cvx_end
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(a) CVX result summary is posted as follows. Pg, = 200 and Pg, = 50 is the optimal solution,
and the minimal objective function value is 6378.14.

Calling SDPT3 4.0: 6 variables

num. of constraints = 2

dim. of linear var = 2

Status: Solved

Status: Solved

Optimal value (cvx_optval): +6378.14
x = 2x1

200.0044

49.9956
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(b) Figure(I) shows the change of P; and the related solutions.
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Figure 1: Solutions for various Pj, setting

(c) The change of the coefficient for the quadratic terms will have an impact on the result of the
decision variables as the matrix Q in Equation(T) will be different.



(d) The MATLAB code will be modified as follows if the upper bound Pg, > 200 is added.

clear;clc;

Q= 1[0.05 0; 0 0.10];

q = [20 25];

r = pi;

%Dimension of the decision variable

n = 2;
%This term is flexible
L = 250;

cvx_begin

variable x(n);

minimize (0.5%quad_form(x,Q)+q*x+r);
subject to

[T 1]*x ==L

% Modification term

[T 0]=x > 200

[0 1]*x >= 0

cvx_end

The result is nearly the same as the original one. With the increase of P;, this constraint will

make more difference in the result.

x = 2x1
200.0083
49.9917

(e) The constant 7t has no relationship with the solution to the above optimization problem.

Because no matter what it is, the constant term is independent on the decision variables.

lear;clc;

[0.05 0; 0 0.10];

[2@ 25];

pi;

2;

250;

vx_begin
variable x(n);
minimize (@.5%quad_form(x,Q)+q¥x+r);

subject to
[1 1]*x

4
Q
q
r
n
L
G

cvx_end

Calling SDPT3 4.8: 6 variables, 2 equality constraints
For improved efficiency, SDPT3 is solving the dual problem.

num. of constraints = 2
dim. of socp war = 4, num. of socp blk = 1
dim. of linear var = 2

SDPT3: Infeasible path-following algerithms

version predcorr gam expon scale_data
NT 1 e.000 1 0

it pstep dstep pinfeas dinfeas gap prim-obj dual-obj

8]0.000|0.000|1.2e+00|1.2e+00|6.0e+03| 2.500000e+03 0.0000002+00 |
110.741|0.738|3.0e-01|3.1e-01|1.7e+03| 4.288201e+02 -2.702087e+02 |
210.54510.54511.4e-8111.4e-0119.3e+02|-1.506029e+02 -2.854228e+02 |

X =
200.0044
49,9956

Figure 2: This is the CVX code and the corresponding screenshot.
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5. Prove that the hypeplane H = {x € R" |aTx = 0} is a subspace.

Solutions.
For any x,y € H require: a’x = 0 and a’y = 0, for any A, u € R, the following equations are
satisfied. .
Aa‘x =0
{ paly =0 ®

Hence, a’ (Ax) + a (uy) = 0 is always satisfied. To extract common factors a, the equation can
be transformed as follows.
a’(Ax+py) =0 )

Equation(@) indicates that the vector Ax + uy € H. The hyperplane H = {x € R" [aTx = 0} is
hence a subspace, by satisfying the properties of subspaces.




6. Prove that the halfspace S = {x € R" | a’x < 0} is a convex cone.
Solutions.

For any x,y € S require: a’x < 0 and a’y < 0, for any A, 4 € R, the following equations are
satisfied.

{ AaTx <0 (10)

paly <0

Hence, a” (Ax) < 0 and a’ (Ax) + a” (py) < 0 is always satisfied, the halfspace S is a cone can be
proved. To extract common factors a, the equation can be transformed as follows.

al(Ax+py) <0 (11)

Equation(TI) indicates that the vector Ax + py € S. The hyperplane H = {x € R"|a’x < 0} is
hence a convex cone by satisfying the properties of convex cones.




7. Show that a slab, i.e., a set of the form S = {x € R" | « < a’x < B} is a convex set.
Solutions.

Many ways to prove this to be true, but here’s one way to do so. For any x,y € S require:
x<a'x<panda < aly < B, forany @ € R, the following equations are satisfied.

{ fa < fa’x < 6B (12)

(1-0)a < (1—0)aly < (1-0)p
So we now need to prove that the point z = 6x 4 (1 — 0)y € S and that it saifies the condition of
a slab. To that end, we can write:

fa+ (1—0)a < 0a"x+ (1—0)aTy < 08+ (1—0)B (13)

by adding the corresponding LHS and RHS (and what’s in between) of ({I2). This inequality can
be reduced to:

v<al(Ox+ (1-0)y) <B (14)
Equation(T4) indicates that 6x + (1 — 6)y € S, hence a slab is a convex set.




8. Show that the set Q) given by Q = {y € R ||y||2 < 4} is convex, where ||y||2 =y Ty.

Hint: Show that if z = Bx + (1 — B)y, then [z[3 < 4. You might find the submultiplicative
matrix-vector property to be useful too.

Solutions.

The set Q) is convex if x,y € Q, then z = Bx + (1 — B)y is a point on the line joining x and y should
also be in (), where 0 < B < 1. Hence, the problem reduces to showing thatz = fx + (1 — B)y €
Q. Plugging in what z actually is, we obtain:

H2 = z'z

= (Bx+(1-B)y) (Bx+(1-p)y)

= Blxl?+2801—p)xTy+ (1)l

via the submultiplicative matrix-vector property =

B Il +28(1 = )l lyll + (1 = B)*llyl?

via knowing that the norms of x and y can at most be 2 =
4% +8p(1— B) +4(1-B)°

4B% + 8B — 8% + 4+ 4p> — 8B

4

2

I[1?

IN

IA

Hence ||z||? < 4, which proves that z is in Q and that Q) is a convex set.
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X1 X2 X3
9. For a positive semidefinite matrix A = |x, x4 x5|, give an explicit description of the positive
X3 X5 Xg
semidefinite cone in terms of the matrix coefficients and ordinary inequalities.
Solutions.

The positive semi-definite cone means that the principle minors are nonnegative, then the equa-
tion can be derived as follows:

x1 2 0,x>0,x3 >0
X1 X2 2
det =x1x4 —x5>0
( Xo  Xa ) 1144 2 =
X1 X
det(|2} P =xx—23>0
X3 X (15)
X4 X
det(|* 5):x4x6—x§20
X5 X6
X1 X2 X3
det(|x2 x4 X5|) = x1xaXe + 2x2X3X5 — X1 X2 — X3%6 — X34 > 0
X3 X5 Xe

11



10. For the following function, find the set of values for 8 such that the function is convex.

f(x1,%2,%3) = X3 4 x3 + 5x3 — 2x1x3 + 2Bx1 %2 + 4x2%3.

Solutions.

The function f(x1, x2, x3) can be written as follows.

f(x) = %xTQx +gxT 47 (16)
Here, Q can be written as follows.
2 28 2
Q=128 2 4|>0 17)
-2 4 10

The function is convex when Q is semi-definite or definite, as stated in Equation(17). The follow-
ing inequalities should be satisfied.

2>0
2>0
10 >0
det({zzﬁ 22/3})—4—4[&220
clet([fL 1"6}):420 (18)
det({_z2 iﬂ):lézo
2 28 -2
det([Zﬁ 2 4]):40—16/3—16/3—8—32—40,8220
-2 4 10

Arrange the inequalities well, then the following two inequalities can be calculated:

pr<1
{ 582+4B8 <0 (19)

As a result, the set of values for p € [—0.8, 0] entails that the function is convex in that range.

12



11. For each of the following functions determine whether it is convex, concave or neither:
(@ f(x)=e*—1onR.
(b) f(x1,x2) =x1x0onR .
Solutions.

Second-order condition is applied in this case as the two functions are continuous in the defined
domain. Meanwhile, the domain are convex sets.

(@) V2f(x) = ¥ > 0 is always convex in R. Hence, f(x) is a strictly convex function as given
function includes an affine transformation of ¢*. But you can also use the second order
derivative (e*) which is also always positive, meaning the function itself is convex.

(b) VZf(x) = [(1) ﬂ is positive definite for all x;,x, € R%,. Hence, f(x1,x7) is a strictly

convex function.

13



12. Consider the optimization problem:

minimize

subject to

fO(xlrx2)

2x1+x >1
X1 +3x >1
x1 >0, xop >0.

Make a sketch of the feasible set. For each of the following objective functions, give the optimal

set and the optimal value using CVX.

@) fo(x1,x2) =x1+x2

(b) fo(x1,x2) = —x1 — x2

(© fo(x1,x2) = x;

(d) fo(xq,x2) = max{xy, x2}.
(e) fo(x1,x2) = x3 +9x3

Solutions.

(@) x1 =04, x2 =02, f(x,x) =06

1 n=2

2 cvx_begin

3 variable x(n);
4 minimize [1 1]=x;
5 subject to

6 [2 1]+#x >= 1

7 [T 3]+x >=1

8 [T O]*x >= 0

9 [0 1]+x >= 0
10 cvx_end

11 X

(b) x1 =10, x =0.0, f(x1,x2) =-1
1 n=2
2 cvx_begin
3 variable x(n);
4 minimize [-1 -1]*x;
5 subject to
6 [2 1]*x >=1
7 [T 3]+x >=1
8 [T O]*x >= 0
9 [0 1]+*x >= 0
10 cvx_end
11 X

14



() x1 =0, x=6.0, f(x1,x)=0

1 n=2

2 cvx_begin

3 variable x(n);
4 minimize [1 0]xx;
5 subject to

6 [2 1]+x >= 1

7 [T 3]+*x >=1

8 [T O]*x >= 0

9 [0 1]+*x >= 0
10 cvx_end

11 X

(d) x; =033, xp =033, f(x1,x) =033

1 n=2

2 cvx_begin

3 variable x(n);
4 minimize max(x);
5 subject to

6 [2 1]+x >=1

7 [T 3]+x >=1

8 [T O]*x >= 0

9 [0 1]+*x >= 0
10 cvx_end

11 X

(e) x; = 0.500, xp =0.167, f(x1,%) =05

1 n=2

2 Q=12 0, 0 18];
3 q=1[0 0]

4 r = 0;

5 cvx_begin

6 variable x(n);

7 minimize (0.5*quad_form(x,Q)+q*x+r);
8 subject to

9 [2 1]+x >=1

10 [1 3]*X >= 1

11 [1 0]*X >= 0

12 [0 1]*X >= 0

13 cvx_end

14 X

15



13. A first-order necessary optimality condition states the following:

All points xx € C satisfying V fo(x*) T (x — x%) > 0 for all x € C will be minimizers of fo(x) over C,
when fy is a convex function and C a convex set.

Use this condition to prove that x* = [1 1/2 —1]" is optimal for the optimization problem.
Once you're done, prove that this point is the optimal solution via a different approach (perhaps
via solving the problem via the KKT conditions or any other method of your choice). Verify the
solution via CVX.

minimize 1/2x" Px + qTx +r
subject to —-1<x<1, i=1,23,
where
13 12 -2 —22.0
P=|12 17 6|, g=|-145|, r=1.
-2 6 12 13.0
Solutions.
Proof #1: According to the definition, calculate the 1st order derivative for the objective function
fo(x):
Vfo(x) =Px+q (22)
As a result, V fo(x*) can be written as follows.
13 12 -2 1 —22.0
Vi(x*)= 1|12 17 6 3|+ |—145 (23a)
-2 6 12| (-1 13.0
—[-1 0 2" (23b)

Assume that x = [x1 x, x3] ', then calculate the term V fo(x*) T (x — x*):
Vi) (x=x") = =(x1 = 1) +2(x3 + 1) (24)
Considering that —1 < x; < 1, the terms, —(x; —1) > 0 and 2(x3 +1) > 0. As a result,

Vi(x*) T (x —x*) > 0 for all x € C. Accordingly, fo(x) is convex as the matrix P is definite
positive. C is a convex set as the inequalities are all linear. Thus, according to the definition: x* is

the minimizer of fy(x) over C.

Proof #2: KKT condition The KKT condition requires a Lagrangian function £(x, ) for con-
straint optimization problems, g(x) refers to the inequality constraints of the optimization prob-
lem, g(x) : R®* — R°.

L(x,p1) = fo(x) +p'g(x) (25)
= [p1 po 43 pa pis pe) (26)
1 0 0 1
1 0 0 1
0 -1 0 1
g(x) - 0 1 0 x+ _1 (27)
0 0 -1 1
0 0 1 1

As a result, VL(x, ) can be calculated as follows and two equations for the KKT condition are
stated.

-

{ VL(x,u) =Px+q+[~p1+pus —ps+ps —ps+pe) =0 (28)

pHigi(x) =0

1.56j11 — 1.56p15 — 1.5213 4+ 1524 + 1025 — 1.02p16 — 0.98 (29)

—1.68471 + 1.68ju3 + 1.5613 — 1.5614 — 10635 + 1.06}16 — 0.56
X = —
—1.0631 + 1.06j13 + 1.02p3 — 1.02p14 — 0.77p5 + 077116 + 1.48

16



Initial guess. It is impossible that 4 = 0, asif y = 0, x* = [0.56 0.98 —1.48]

T¢c.

Guess from the outlier. Guess from the outlier one x3, guess x3 = —1, so g = 0.

Assume that i1 534 = 0, then x* = [1.22 0345 —1] ¢C.

Guess again! Guess from the outlier one x;, guess x; = 1, so pt; = 0. Assume that 34 = 0,

thenpp =1, us=2,x*=[1 05 —1]T eC.

Check SONC.
VZC(X,P!) =P=0

Hence, x* = [1 05 —1] T is the optimal solution.
Verification: CVX

(30)

clear; clc;

P=1[13 12 -2; 12 17 6; -2 6 12];
q=[-22 -14.5 13];

r = 1;

n = 3;

cvx_begin

variable x(n);

minimize (0.5%quad_form(x,P)+q*x+r);
subject to

[T OO -100;,010,0-10,001;,00 -1]*x
+[-1 ;-1; -1; -1; -1; -1] <=0
cvx_end

X

CVX output is consistent with that of KKT one and the proved one.

® N W R W N =

Status: Solved
Optimal value (cvx_optval): -21.625

X =
1.0000

0.5000
-1.0000

17



14. Using the KKT conditions discussed in class, obtain all the candidate strict local minima for the
following nonlinear optimization problem:

max —x} —2x3
subjectto x1+xp >3
Xy — x% >1

There are many cases to consider. Make sure that you don’t miss any.
Solutions.

Transform the original optimization problem to the standard statement.

min x% + ZX%
subjectto —x; —x2+3 <0
x% —x+1<0

Write down the Lagrangian function of this optimization problem. That is:

L(x,p) = x7 + 255 + py(—x1 — 2+ 3) + pa (3] — 22+ 1) (31)
= (14 p2)x] — prx1 +2x5 — (1 + p2)x2 + 341 + pia (32)
2(1 + yz)xl — “Ml]
VXE y == == 0
{ G ) [49‘2 — (H1+m2) (33)
Higi(x) =0
1 T
x= | ] (34)

e =pup=0,x=[0 0] . In this case, inequality cannot be satisfied.

*up=0,x2-x+1=0x=[0 1] T In this case, inequality cannot be satisfied.

*uy=0,—x—x+3=0x=[-2 —1] " In this case, inequality cannot be satisfied.
. x% —x2+1=0, —x1 — x2 +3 = 0. The function has two solutions.
(@) x=[-2 5] Tu= (28 —8] T In this case, inequality cannot be satisfied.
(b) x=[1 2] "= 6 2] T In this case, inequality can be satisfied and x* = 1 2] T
¢ Check SONC.
VRL(x ) = [2(1 1) 2] = [3 ﬂ = (35)

Hence, x* = [1 2] T is the candidate strict local minima for the problem.
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15. Using the KKT conditions discussed in class, obtain all the candidate strict local minima for the
following nonlinear optimization problem:

min X1+ x3
subjectto  x; —xp =5
x24+9x3 < 36

There are many cases to consider. Make sure that you don’t miss any.

Solutions.

Write down the Lagrangian function for this optimization problem. That is:
L(x p,A) = pxi + (A +1)x1 + (9p +1)x3 — Axy — 574 — 36 (36)

2uxy + (A +1
VL (x p) = [2(%;1+ 1()x2 - )A] =0

H(x2 +9x2 —36) = 0 (37)
X1 —x—5=0

* y=0,and x; =45, xp = 051 = -1
. x% + 9x§ — 36 = 0, and x can be two solutions:
(a) x = [5.572 0.572] T u = —0.183 < 0. Then this solution will be dropped.

(b) x = [3.428 —1.572] T, 1= —0.100 < 0 Then this solution will be dropped.
¢ Check the SONC.

VLo A) = [ZOV 2(9;40+ 1)] = [8 g} =0 (38)

Hence, x* = [45 —0.5] T is the candidate strict local minima for the problem
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16. Consider the function
f(xl,)Q) = 0.53(% + X% —x1—x+7

Use the Newton’s method to minimize f(xj, xp) with fixed time step size t = 1 and with initial
guess x(0 = [0 1]T.

Solutions.

f/(X) = [29;12__11:| (39)
&=y 5 (40)
w0 =g 4] @)

e For x(0) = [O %]T,f(x(o) = 6.75, f’(x(o)) = [—1 O]T, then:
xV = xO — (V2 () Oy = [1 3] (42)

e ForxV =1 %]T,f(x(o) =625, f'(xV) = [0 O}T,then:

x? = xV — (V2 (x)) () = [1 4] (43)

o [|x® — x| = 0, the convergence criteria is satisfied.

Hence, x*) = [1 1] s the optimal solution to f(x).
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17. Consider an unknown function whose gradient is given as follows

8x1 —4x
Vi = [ Bt

Compute the first two iterations of the steepest descent algorithm for the above function with a
given gradient. You can consider that the starting point is x(?) = [2 3]". Since f(.) is unknown
you are not allowed to use any closed form expression for f(.). Use only its gradients. Test this
algorithm with various step sizes t.

Once you are done, test different values for ¢ (ie., t = 1,0.95,0.9,...,0.1) via automating this
procedure via a for loop. What is the optimal value of ¢ that results in the best convergence

towards a stationary point or a local minimum? A figure showcasing this would be nice.

Solutions.

(a) We follow the steepest descent algorithm for different values for ¢.

x® =12 31", VFx®)=[4 4] .

x® =x© _ v f(x©@) = 24t 3-4]" (44)
Assume Vf(x(1) = 0, then t = 0.25.
e xW =1 27, Vi) =0 4.
x@ =xM _ v fx®)y =1 241" (45)
Assume V f(x(®)) = 0, then ¢ = 0.25.
e x® =1 1), VFx@)=[¢ 0.
x® =x@ _ v fx®@) = [1—4 1" (46)
Assume Vf(x(®)) = 0, then t = 0.125.
e x® =105 1], vfx®) =[0 2]".
x® = x® _1vFx®) =05 1-21" (47)
Assume V f(x(*)) = 0, then ¢ = 0.25.
e x® =105 05", VFx®)=[2 0] .
x®) = x® —vf(x@®) = [05-2t 05]" (48)
Assume Vf(x(®)) = 0, then t = 0.125.
e x® =025 05", Vfx®)=1[0 1] .
x® =x® —vf(x®) = [025 05—+ (49)
Assume V f(x(®)) = 0, then ¢ = 0.25.
« x® =025 025]".
It can be summarized that x2") = [(1)»=1 (1)—1] " from the previous iteration when
neNt.
lim x =0 o]" (50)

n—+00

Hence, x* = [0 0] " is the optimal solution to this problem.
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(b) Figure(@) shows the convergence curve of different ¢ settings. Figure(3(a)) and Figure(3(b))
show two convergence cases while Figure(3(c)) and Figure(3(d)) are two representative cases
for non-convergence ones. t = 0.2,0.25,0.30, ..., 1.0 can not meet the requirements for con-

vergence.
1 import numpy as np
2 opx = []
3
4 t=0.1
5
6 x= np.array ([2,3])
7 matrix = np.array ([[8,-4],[-4,4]])
8 for i in range(100):
9 i+=1
10 df = np.dot(matrix,x)
1 x1 = (x — df *t).copy()
12 dx = df=t
13 opx.append ([i,x[0],x[1]])
14 x = x1.copy ()
15
16 if (np.linalg .norm(dx) <=0.000001):
17 break
200 2.00
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Figure 3: Convergence curve of different ¢ settings
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18. Consider the function

f(x1,x0,x3) = (x1 — 4)* 4 (xp — 3)% + 4(x3 +5)*

Use the steepest descent method to minimize f(x1,xp) with exact line search and with initial

point x(0) = [4 2 —1]T. Perform three iteration and leave a comment with what you notice.

Once you are done, we want you to write a simple for loop that simulates steepest descent.
How many iterations does it take to reach a solution with an error tolerance of 107%? The error

tolerance is defined herein as
|2+ — x®)|| < tol = 107°

where || - || is the norm of the error between two successive iterations of the steepest descent

method.
Solutions.

(a) First three iteration computed manually:.
F(x) = [4(x1 —4)® 2(x,—3) 16(x3+5)%] "

o 15 jteration:

Fx@y=[0 -2 1024]"

XD = xO _t(xO@) = [4 (2+42t) (~1—1024t)]"
F(xM) = 4(1024t — 4)* + (2t +2)?
f; = argmin F(xM)(t) = 0.00397

xM = [4 2008 —5.065]

e 2 jteration:

Fx®)y=1]0 —1.984 —0.004394] "

x@ = xO —tf/(xM) = [4 (2.008+1.984t) (—5.065+0.004t)] "

F(x®) = 4(0.004t — 0.065)* + (1.984t — 0.992)2
t; = argmin F(x®)(+) = 0.50000
>
x® =14 3 -5.067]
e 3" jteration:
Fx@)y=10 0 000481] '

x® = x@ _tf(x@) = [4 3 (-5.067+0.005t)] "

£(x®) = (0.005t — 0.067)?

* i (2 -

f3 argrtn>1(r)1f(x )(t) =13.4
x® =4 3 —5"

x*=xC) =4 3 -5 " is the optimal solution to the objective function.

(51)

(52)
(53)

(54)
(55)

(56)

(57)
(58)

(59)
(60)

(61)

(62)
(63)

(64)
(65)

(66)

(b) It takes the algorithm eight iterations to reach a solution with an error tolerance of 10~°. The

optimal solutionis x* = [4 3 —5] . Python-generated solution:
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import numpy as np

from scipy.optimize import minimize_scalar
opx = []

x= np.array ([4,2,-1])

def gradient(x):
return np.array ([4*(x[0] -4)**3 , 2x(x[1]-3) ,
16+(x[2]+5)%%3])

def f(x):
return (x[0]—4)*+4 + (x[1]-3)#*2 + 4=*(x[2]+5)=*=4

for i in range(100):

i+=1

df = gradient(x)

def ft(t,x=x):

return ((x[0] — (4%(x[0]—-4)*%3)*t)—-4)*=4 +
((X[1] = (2#(x[1]=3))*t)=3)*x2 +

((x[2] = (16%(x[2]+5)#%3)*t)+5)*=+4

res = minimize_scalar (ft, method='"brent’)
t = res.x

x1l = (x = df =t).copy()

dx = df=t

opx.append ([i,x[0],x[1],x[2]])

x = x1.copy ()

if (np.linalg .norm(dx) <=0.000001):
print (i)

print(x1)

break
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