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@ Optimization problems in standard form
@ Optimality conditions
@ Duality and KKT Conditions

@ Convergence
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Part lll — Optimization problem in standard form
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Optimization problem in standard form

minimize  fo(z)
subjectto fi(z) <0, i=1,...,m (inequality constraints)
hi(z) =0, i=1,...,p (equality constraints)

@ z =[z1,29,...,2,] is a vector of unknowns, also called variables
@ fo(z) : R™ — Ris the objective function, also called cost function

@ fi(z):R" >R (i=1,...,m)and h;(z) : R” — R are the constraint
functions

@ The set of points that satisfy the constraints is called the feasible set
C={zeR"|fi(z) <0(=1,...,m)and hi(z) =0(i=1,...,p)}

@ If there are no constraints (m = p = 0), the problem is called
unconstrained
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Implicit and explicit constraints

Explicit constraints: fi(z) <0(¢t=1,...,m)and h;(x) =0 =1,...,p)
Implicit constraints: z € D, where D is the domain of the problem

D =dom(fi)N...Ndom(fm)Ndom(hi)N...Ndom(hpy)
For example, the problem

minimize — logx1 — log x2
subjectto z1 +22—1<0

has implicit constraint

€D ={(x1,22) € R*|z1 > 0,22 > 0}
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Feasibility and optimal value

The optimal value of the problem is

fF=min{fo(z) | fi(z) <0(G=1,...,m)and h;y(z) =0(i=1,...,p)}

@ If one can find at least one z satisfying the constraints (that is, fi;(z) <0
foralli=1,...,m,and h;(z) =0, forall< = 1,...,p), the problem is
called feasible.

@ If no such x can be found, then the problem is called infeasible.

In this case, the feasible set is empty and we can write f* = co.

@ If the problem is feasible, there are two possibilities for f*.

@ f* = —oo. This means that we can stay in the feasible set and move to a
direction that fo(z) becomes smaller without bound.
We say the problem is unbounded.

@ £* is anumber.
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Optimal points

C={zeR"|fi(x)<0@G=1,...,m)and hi(z) =0 (i=1,...,p)}
fr=mf{fo(z) | fi(z) <0 (i = ,M) and hi(z) =0(i=1,...,p)}

@ Evenif f* is a number, we don’t know if there is an =™ that gives
fo(@™) = f*
@ Consider minimizing fo(z) = e~ *; we have f* = 0, but there is no =*

@ Ifthere an z* € C that gives fo(z*) = f*, we say that z* is an optimal
point and that the optimal value is achieved

@ There may be more than one optimal point
@ The set of all optimal points is called the optimal set and is

Xopt = {z €R™ | fi(z) <0 (i=1,...,m)and hi(z) =0 (i =1,...,p), fo(z) = f*}
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Feasibility problems

minimize 0
subjectto fi(z) <0, i=1,...,m
hi(z) =0, i=1,...,p

The problem is really to find an x that satisfies the system of inequalities and
equalities given by the constraints.
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Convex optimization problem in standard form

minimize  fo(x)
subjectto fi(z) <0, i=1,...,m

a,-Tmfbi:O, t=1,...,p

@ fo, fi,..., fm: convex functions

@ Linear equality constraints

@ The feasible set of a convex optimization problem is a convex set

@ The equality constraints can be organized in matrix form Az = b where

alT bl
A= a; 7 b= b2
a; bp

Module 03 Part 02 — Introduction to System Optimi
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Maximization problems

maximize  go(z)
subjectto  fi(z) <

The problem is equivalent to minimizing —go () over the feasible set.
The problem will be convex if

@ go(z) is a concave function
@ fi,..., fm are convex functions
@ hi(z) =ax — b

Likewise, a constraint g(x) > 0 can be equivalently written as —g(x) < 0.
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Optimality properties of convex problems

minimize  fo(x)
subjectto =z € C

Introduction to System Optimization
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Can a convex optimization problem have more than one solution?

Solve this problem:

max 4x1 + 622
subject to 1+ 22 <8
2x1 +x2 < 15
2x1 4+ 3x2 < 21
1,220

2 +ax2=15

2x1+3x2=21
C

-2 QO] 2 4 s Dg % 12 14

-2

@ Why does this happen? Well: lack of strict convexity...
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Optimality criterion for unconstrained optimization

minimize  fo(x)
subjectto z € R"
Suppose fj is differentiable.

o If ™ is a local minimum of fo, then
Vfo(l‘*) =0

@ If in addition fy is convex, then the previous condition is sufficient for
optimality

This is a system of n equations with n unknowns. When are these equations
linear?
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Restriction and relaxation

Original problem with optimal value f*

f* = minimize  fo(z)
subjectto z € C

New problem, with optimal value f*

f* = minimize  fo(z)

subjectto = € C

New problem is

@ Relaxation of original if C' > C, in which case, f* < f*

@ Restriction of original if C' C C, in which case, f* > f*
Example: If fo(z) is convex, C' is nonconvex, and C' = conv(C), then the
relaxation is a convex problem, and gives a lower bound for the original one.
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Part V — KKT Conditions
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Solving Unconstrained OPs
Obijective:

minimize f(z)

Necessary & Sufficinet Conditions for Optimality

z* is a local minimum of f(x) iff:
@ Zero gradient at z*:
Vaf(z") =0

@ Hessian at z* is positive semi-definite:

Vif(z*) =0

@ For maximization, Hessian is negative semi-definite

@ Example:
min f(z) = 433% —dx1x0 + 2x§

@ Another example:

min f(z) = 4x% —4x120 + 2w§ +10x1 — 722 + 8
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Solving Constrained OPs

@ Main objective: find/compute minimum or a maximum of an objective
function subject to equality and inequality constraints

@ Formally, problem defined as finding the optimal z*:
min f(x)
subject to  g(z) <0
h(z) =0

-z eR”

— f(=) is scalar function, possibly nonlinear, possibly nonconvex, possibly
convex

— g(x) € R™, h(x) € R! are vectors of constraints

Main Principle

To solve constrained optimization problems: transform constrained
problems to unconstrained ones. How? Augment the constraints to the
cost function.
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KKT Conditions
min f(z)
subject to  g(z) <0
h(z) =0
@ Define the Lagrangian: £(z, \, 1) = f(x) + ATh(z) + p"g(z)

Optimality Conditions

The constrained optimization problem (above) has a local minimizer z* iff
there exists a unique p* such that:

Q@ V.L(z" N, u")=Vaf(x)+ )\*vah(m*) + ,u*Tng(m*) =0

Q p>0forj=1,...,m

Q ujgi(x*)=0forj=1,...,m

Q gi(z")<0forj=1,...,m

@ hi(z*)=0fori=1,...,1(if =*, u*, \* satisfy 1-5, they are candidates)

© Second order necessary conditions (SONC): V2L (z*, \*, u*) = 0
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KKT Conditions — Example

Find the minimizer of the following optimization problem:
minimize f(z) = (z1 — 1)® + 2o — 2

subject to  g(z) =x1 +x2—2<0
h(z)=22—21—1=0

@ First, find the Lagrangian function:
LA p) = (x1— 1) +22— 24 Nao — 1 — 1) + p(x1 + 22 — 2)
@ Second, find the conditions of optimality (from previous slide):
Q VoL@ 3 ut)=[22; —2- X +p 14N +p] =0 0]
Q u*(a} +a3-2)=0
Qu >0
Q i +a3-2<0

Q i —27—1=0
Q VIL(z* N p*) = VEf(a®) + A VZh(a*) +p*Vig(z*) = 0

2 0], [0 0], .0 0
=l o oo oo o] o
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Example — Cont'd

@ To solve the system equations for the optimal =™, \*, ™, we first try
w* > 0.
@ Given that, we solve the following set of equations:
@ 227 —2-XN+4p =0
Q1+ 4pu =0
Q z] +25—-2=0
Q2;—a1-1=0
= z¥ =05,z =15 " =—-1,p"=0
@ But this solution contradicts the assumption that ©* > 0
@ Alternative: assume u* =0= 27 =0.5,25 = 1.5, \* = -1, " =0
@ This solution satisfies g(z*) < 0 constraint, hence it's a candidate for
being a minimizer

@ We now verify the SONC: L(z*, \*, u*) = [2 O] =0

e Thus, 2" = [0.5 1.5]T is a strict local minimizer
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Other examples

Solve the following optimization problems

C . . 2 2
minimize zi1z2 subjectto z]+ 23 <2, z122>0

minimize x1 + T2 + a:§ subject to =1 =1, —i—x? + wg =1

Introduction to System Optimization
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Part VI — Convergence
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Optimization algorithm

Rule to provide a sequence z(© 2V 2@ ..
2D F(k)(x(k))

and a termination criterion.
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Desirable properties of the algorithm

@ If the algorithm is started at the problem solution, then it should not move

@ Convergence
Convergence can be expressed in several ways, e.g.,

lim f(z®) = f(")
k— o0
lim #® = 2*
k— o0

@ Convergence speed

How fast does the algorithm converge?

How many iterations does it take to guarantee that | f(z*)) — f*| < &?
@ Complexity analysis

How many operations (additions, multiplications, ...) does it take to

converge, as a function of the problem size (number of variables,

number of constraints)?
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Unconstrained minimization algorithms

@ Algorithms to solve
minimize f(x)

Interpreted as methods to solve V f(z) =0
If the problem is convex, convergence to the global minimum

If the problem is not convex, convergence to a point satisfying V f(z) =0
(which may or may not be local minimum)

Points satisfying V f(z) = 0 are called stationary points
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Descent algorithms

a® T = 2 B AP with fz*D) < f(®)

o Az®: Search direction (vector in R™)
e 1 > 0: Stepsize

General descent algorithm:
Require: Starting point z € dom(f)
repeat
Compute search direction Ax
Line search: Compute step size ¢
Update: 2T := z + tAx
until convergence criterion is satisfied
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Search directions for descent

To guarantee descent, it is necessary to choose Az* so that
Vi")TAz® <0

You can see this geometrically for a simple function f(z) = 2>

@ For a nonconvex function, use Taylor’s 1st-order approximation

f(x(k"'l)) _ f(x(k> + t(k>Am(k)) ~ f(ac(k)) + t(k)Vf(x(k))TAx(k)

Bottomline: If V£ ()T Az® < 0 and t™* is sufficiently small,
descent can be guaranteed (even if the function is nonconvex)

t(®) sufficiently small is not enough for convergence
Proper value of t*) must be selected through line search
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Solve this using steepest descent: min f(z) = 42% — 4x122 + 213
@ Start with initial guess: z(® = [2,3]”

@ Compute gradient at this guess: V f(z(?) = { 81; ;4:; } = m
- 1 2

@ Find a ¢ that minimizes f(z(® — tVf(z(?)) = f ([; : iﬂ) or

t = argmin (4(2 — 4t)> — 4(2 — 4t)(3 — 4t) + 2(2 — 4t)?)

t>0

g(t)
@ To compute an optimal ¢, take derivative of ¢'(t) = 0 to obtain
g(t)=64t—-32=0=t"=0.5, ¢"(t) >0
@ Compute next iterate: 2" = 2 — 1V f(2(?) = m

@ Go to Step 2 and repeat to get

0y _ 2 1 _ 0 2) _ 0.4 3) _ 0 4) _ 0.08
r _M’x _H’x _[0.6“” o2 T o2
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Search directions

@ Steepest descent: Az(®) = —Vf(z(*))
@ Newton’s method: Az® = —(V2f(z™))~1vV f(z®)
© DFP, BFGS, etc..
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DFP Method

The Davidon~Fletcher-Powell formula (or DFP; named after William C. Davidon, Roger Fletcher, and Michael J. D. Powel) finds
the solution to the secant equation that is closest to the current estimate and satisfies the curvature condition. It was the first quasi-
Newton method to generalize the secant method to a multidimensional problem. This update maintains the symmetry and positive
definiteness of the Hessian matrix.

Given a function f(z), its gradient (V f), and positive-definite Hessian matrix B, the Taylor series is

flwr+ sk

= floa) + VS s ¢ ol B,

and the Taylor series of the gradient tself (secant equation)
V(. + sx) = Vf(ax) + Bsp + ...

is used to update B.

The DFP formula finds a solution that is symmetri, positive-definite and closest to the current approximate value of By:
Bier = (= eyt ) B (I — wesutiy) + Wi »

where

ur = V(e + s) — Vf(ae),
1

yi sk
and By, is a symmetric and positve-definite matrix.
The corresponding update to the inverse Hessian approximation Hy. = Bj" is given by
Hyyyyl He
yi Hiyw

Bis assumed to be positive-definite, and the vectors 5] and y must satisfy the curvature condition

Hyy = Hp —

Ty = s] Bsy > 0.

The DFP formula is quite effective, but it was soon by the Broyden—Fletcher-Goldfarb-Shanno formula, which is its dual
(interchanging the roles of y and s).!"!
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Improved DFP: The BFGS Method

Consider the following unconstrained optimization problem
minimize  f(x),
xeR®
where f : R — R is a nonlinear objective function.

From an inital guess Xy € " and an inital guess of the Hessian matrix By € """ the following steps are repeated as X
converges to the solution

1. Obtain a direction py, by solving Bypy, = —V f(xx).

2. Perform a one-dimensional optimization (ine search) to find an acceptable stepsize ay, i the direction found in the firs step. If
an exact ine search is perlormed, then a, = argmin f(x;. + apy) . In practice, an inexact line search usually suffices,
with an acceptable a safisfying Wolfe conditions.

3. Sets;. = aypy and update Xy

4yi = VX)) = VI(x)

r

PR L Y

yise s Bis

Convergence can be determined by observing the norm of the gradient; given some ¢ > 0, one may stop the algorithm when
IV £(xt)|| €. 1t By is initialized with By = I, the first step will be equivalent to a gradient descent, but further steps are more
and more refined by B, the approximation to the Hessian.

The first step of the algorithm s carried out using the inverse of the matrix i, which can be obtained efficiently by applying the
‘Sherman-Morrison formula to the step 5 of the algorithm, giving

T T T
SKY] - YiS) SiS)
Bl = (1- =) B (-5 ) + ==
¥lse yise) s
This can be computed efficiently without temporary matrices, recognizing that I3, is symmetric, and that | B} 'y, and ]y, are
Scalars, using an expansion such as.

o g G YIB Y E]) Byl +syB,!
ki1 = Pk T - N

T ™

(sFye) siYi

Therefore, in order to avoid any matrix inversion, the Inverse of the Hessian can be approximated instead of the Hessian tself
g1

HEB1®

From an inital guess X and an approximate inverted Hessian matrix Hy the following steps are repeated as . converges to the
solution

1. Obtain a direction py, by solving p;, = — Hy V f(x)

2. Perform a one-dimensional o

ization (line search) to find an acceptable stepsize v, in the direction found in the first step. If
an exact line search is performed, then a = argmin f(x;. |- apy,) . In practice, an inexact line search usually suffices,
with an acceptable a; satisfying Wolfe conditions.

3. Sets; = aypy, and update Xy+1 = X, + Sj.

4.3, = Vi(xia) = VF(xi)

Sy + Yy (i) Haypsy +seyi Ha

(5ye)? SiVe

5 Hey = Hy+
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Stepsize selection methods

@ Exact line search: t solves min;~o f(x + tAx)

@ Inexact line search: Minimize a quadratic or cubic interpolation of
g(t) = f(x + tAx) with respect to ¢

@ Backtracking line search (Armijo rule)
o In contrast to exact line search, backtracking only needs function
evaluations
© Constant stepsize: t*) =t > 0forall k =0,1,2,...
e Simple choice: no need for minimization as with the exact line search, no
need for function evaluations as with backtracking
e Convergence to stationary point under certain conditions
e In practice, set t to a small value; in case of divergence, reduce ¢
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Backtracking line search

Parameters: 0 < 8 < 1,0 < a < 1/2

@ Startwitht =1
o If f(z +tAz) < f(x) + atV f(z)T Az, accept t and exit
@ Otherwise, set ¢t := ft, and check the condition again

@ Aslong as Vf(z)T Az < 0, the set of acceptable stepsizes ¢ will always
contain an interval of the form [0, 6], and the line search will finish in a
finite number of steps

©Dr. Ahmad F. Taha Module 03 Part 02 — Introduction to System Optimization



Optimization Formulation Optimality Optimality Conditions Convergence
00000 00000000 0000000 000000000000 e00000000000

Convergence of gradient methods

@ Generally, convergence to a stationary pointis guaranteed when
@ exact/inexact line minimization or backtracking line search is used, and
@ the search direction is chosen so that V f(z(*))T Az(¥) < 0
@ Additional conditions on f can guarantee convergence under the
(simpler) constant or dimishing stepsize rules.
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Convergence: Convexity vs. nonconvexity

@ The statements on the previous slide apply to convex as well as
nonconvex problems

@ For convex problems, stationary points (V f(z) = 0) are optimal

@ For nonconvex problems, convergence to a stationary point is
guaranteed (under conditions)

@ For nonconvex problems, the convergence point may be local minimum
and in general depends on the initialization point z:°

@ Running the algorithm with multiple initializations and selecting the
convergence point that yields the smallest objective value is an option in
this case
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Convergence (termination) criteria

@ Scale-free
o [Vf()| < e|VF(®)]
o [z — 2= < €|z

@ Scale-dependent

o IVF(a®)] < e
o le® — 2D < ¢

@ Scale-free are preferable to scale-dependent
@ Setting of e may require trial and error
@ Algorithm specific criteria also exist
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Newton’s method

@ Newton direction
Ax=—(Vf(z)) 'V f(z)

@ If V2f(x) = 0, then Ax is a descent direction
=V (@) (V2 (@) 'V f(z) <0

unless V f(x) = 0, which implies that z is a stationary point

Newton’s method:
Require: Starting point z € dom(f)
repeat
Compute search direction: Solve the linear system
V2f(x) Az = —V f(x)
Line search: Compute step size ¢ by line search
Update: 2T := z + tAx
until convergence criterion is satisfied
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Example: minimizing the Powell function

f(xh 1‘2,%3,:E4) = (:Cl + 10$2)2 —+ 5(%3 — IE4)2 + (mg — 2$3)4 —+ 10(1‘1 — 1‘4)4
2 =1[3,-1,0,1]"

Solution: We are going to do three iterations with fixed step size ¢t = 1. Note
that f(2°) = 215, and we have

2(x1 + 10:52) + 40(171 — 374)3
| 20(z1 + 1032) + 4(z2 — 223)3

Vf(x) B 10(m3 — m4) — 8(%2 — 2I3)3
—10(.’133 — 1134) — 40(1‘1 — 1‘4)3

And
2 4+ 120(w; — x4)> 20 0 —120(z1 — z4)?
V2 f(2) = 20 200 + 12(zo — 2z3)2 —24(zg — 2w3)? 0
0 —24(zp — 223)? 10 + 48(zg — 223)2 —10
—120(z1 — x4)2 0 —10 10 4 120(z1 — x4)2
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Iteration 1
Vf(z°) = [306, —144, —2, —310] "

482 20 0 —480
20 212 —-24 0

2 0y _
VIFE) =19 o4 58 10|
480 0 —10 490
1126 —0.0089 0.0154 0.1106
(ng(xo)),l _ —0.0089 0.0057 0.008 —0.0087 — MATLAB

0.0154 0.008 0.0203  0.0155
0.1106  —0.0087 0.0155  0.1107

Az = [1.4127,-0.8413, —0.254, —0.746] T, hence
o' =20 — Az® = [1.5873, —0.1587,0.254,0.254] T,
flzt) =318
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Iteration 2
Calculate Vf(z'), V2 f(z!), (V2 f(z'))
Az' =[0.5291, —0.0529, 0.0846,0.0846] ", Hence,
2? = 2' — Az’ = [1.0582, —0.1058,0.1694, 0.1694] ",

f(z*) =6.28

Iteration 3

Calculate Vf(z®), V2 f(z?), (V2 f(=@®))~!, Az®

2@ = 2@ — Az® =[0.7037, -0.0704,0.1121,0.1111] ",

f@®) =124
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Levenberg-Marquardt Modification of Newton’s method

@ Newton’s method can fail if V2 f(z) is singular (Newton direction is not
defined) or V2 f(z) < 0 (Newton direction is not a descent direction)

@ Newton’s method: z*+1) = () — () [¢2 £ ()71 f (M)
@ Levenberg-Marquardt modification:
D = ) O T+ 2 (™)) IV (25 with g, > 0
@ Search direction Az™ = — [T + V2 f(z¥)] 7'V f(=*) can always be
made to be a descent direction for sufficiently large ux
@ Method approaches the behavior of Newton’s method for pr, — 0 and of
a gradient method for i — oo
@ Implementation aspects
o Start with a small value of u; and increase it slowly until the iteration is
descent: f(z(*+1)) < f(x(k))
e Search direction computed as solution to (uf + V2 f(z))Az = —V f(x)
o Combine with line search
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Some observations

@ Newton’s method has several advantages over gradient and steepest
descent

Convergence of Newton’s method is rapid in general and quadratic near = *
Once quadratic convergence phase is reached, at most six or so iterations
are required to produce a solution

Newton’s method is affine invariant: it is insensitive to the choice of
coordinates, or the condition number of the sublevel sets of the objective
Newton’s method scales well with problem size: its performance on
problems in R19900 js similar to its performance on problems in R0, with
only a small increase in the number of steps required

The good performance of Newton’s method is not dependent on the choice
of algorithm parameters

In contrast, the choice of norm for steepest descent plays a critical role in its
performance

@ Main disadvantage: the cost of forming and storing the Hessian, cost of
computing the Newton step, which requires solving a set of linear
equations.

@ But you can exploit problem structure
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Conjugate Gradient Algorithms

@ How about an algorithm that is an intermediate between the method of
steepest descent and Newton’s method?

@ Solves quadratics of n variables in n steps
@ Requires no Hessian matrix evaluations
e No matrix inversion and no storage of an n x n matrix required

@ This method performs better than steepest descent, but not as well as
Newton’s

@ The crucial factor in the efficiency of an iterative search method is the
direction of search

@ Won't be covered here in this class
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Module Summary (wohoooo we're do

What did we learn?
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Questions And Suggestions?

Any questions?

Thank You!

Please visit
https://lab.vanderbilt.edu/taha/
IFF you want to know more ©®
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