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It takes about 24 hours to finish this assignment.

1. Solve Lab 1 (available here: https://ecal.berkeley.edu/files/cel191/Labl.pdf) from my col-
league’s optimization class at UC Berkeley. I was gonna copy the problem herein, but I see no
point in doing so. The problem seems too long, but it isn’t once you formulate the linear program.
Most of the other exercises are basic analysis and changes in parameters for the original problem
formulation.

Solutions:

(a) The guess is super simple. See Table 1 below for more details. Based on the analysis of the
demand and the supply, it is impossible to fulfill the requirements without Source 3, the
quality of which is the lowest. I tried to balance Source 3 with other sources to meet the
requirements for water quality. I find the mixture of Source 3 and 4 with the proportion of
3:7 can meet the requirements for the water quality.

Town Appletown | Berrytown | Cherrytown | Grapetown | Mangotown | Supply Sum
Source 1 9 0 0 6 0 15
Source 2 8 0 0 2 0 10
Source 3 13 3 15 2 12 45
Source 4 0 7 35 10 28 80

Demand Sum 30 10 50 20 40 +0
Quality 1125 1180 1180 675 1180 Not Satisfied

Table 1: Initial guess for the feasible solution

However, the common pipe for Source 1 and 2 can only hold 20 ML water. Hence, the guess
is not satisfied.

(b) The problem can be formulated as follows.

i. The notations of the variables are stated in Table 2.

Table 2:

Notations

Meaning

fi,j

water flow from Source i to Town j

Si

water supply limit for Source i

dj

water demand of Town j

Q

water quality (hardness) requirement

Ci,j

cost for the water flow from Source i to Town j

qi

water quality of Source i

m

number of the water sources

n

number of the towns

Notations of the decision variables and constraints of the problem



https://ecal.berkeley.edu/files/ce191/Lab1.pdf

ii. LP formulation.

mmn
min Y ¢;jifi; D
ij=1
n
subject to 2 fij <si (2)
j=1
m
Y. fij > d; (3)
i=1
m
i—149ifi,
= 4
Y fy S Q 4)
2.n
Y, fij<20 (5)
i=1,=1
fij=>0 (6)

In the formulation above, Equation 1 represents the objective function, which is the
total cost of the water program. Equation 2 to Equation 5 are the four constraints for the
problem:

Equation 2 represents the supply constraint, meaning that the supply of each source
cannot exceed the supply limit.

Equation 3 represents the demand constraint, meaning the sum of the water deliv-
ered to town j should be greater than or equal to the demand.

Equation 4 represents the water quality constraints, meaning that the water quality
of each town should satisfy the lowest standard.

Equation 5 represents the sum of the water flow from Sources 1 and 2 cannot exceed
the limit of the common pipe.

Equation 6 represents water flow from Source i to Town j is greater than or equal to
0.

iii. Write the x,c,A,b.
Write the vector x first as follows,

F={[fix -~~~ fij - fin] ER" )

x=[F -~ F -+ Fu] eR™ (8)
Then, write the vector ¢ as follows,

Ci=lcn -+ «¢ij -+ Cin €R ©9)

c=[C - G - Cm] € R™ (10)
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In the matrix A, A,; can be written as follows:
Di=[1 0,4] e R"
D,=[0 1 0,5 €eR"

D, = [On,1 1] e R"

- 4T
51

b= c ]R(m-i-2n+1+mn)

Then the LP can be written in the format as follows:

c ]R(m+2n+1+mn) xmn (11)

(16)



T

min ¢ X (17)
subjectto Ax <b (18)
(c) Solution:

Town Appletown | Berrytown | Cherrytown | Grapetown | Mangotown | Supply Sum
Source 1 0 0 0 0 15 15
Source 2 0 0 0 0 5 5
Source 3 9.375 3.125 15.625 6.25 18.281 52.656
Source 4 20.625 6.875 34.375 13.75 1.719 77.344

Demand Sum 30 10 50 20 40 +0
Quality 1200 1200 1200 1200 1199.99 Cost: 199,251

Table 3: Optimal solution for the formulated LP

The MATLAB code can be found in the attached file. Please find Table 3 for the optimal
solution. All the constraints are active.

(d) Demand sensitivity analysis.

i. 5% lower than forecast. See Table 4 for the details.
The total cost is 6.01% less than before. Water flow from Source 4 to Mangotown drops
to 0.344 ML. Other links keep the same trend (about 5% drop).

Town Appletown | Berrytown | Cherrytown | Grapetown | Mangotown | Supply Sum
Source 1 0 0 0 0 15 15
Source 2 0 0 0 0 5 5
Source 3 8.906 2.969 14.844 5.938 17.656 50.313
Source 4 19.594 6.531 32.656 13.062 0.344 72.187

Demand Sum 28.5 9.5 47.5 19 38 +0
Quality 1199.99 1199.99 1199.99 1199.99 1199.99 187,271 (-6.01%)

Table 4: Optimal solution for the scenario of 5% lower than forecast

ii. 5% higher than forecast.
No feasible solution. I tested different scenarios with the increase in demands. 2.9%

is the highest feasible increasing range. I guess probably the water quality constraints
cannot be satisfied.

iii.

the daily supply limits for sources 3 and 4 are 95 and 75 ML respectively.

No feasible solution. I think the reason is quite understandable. The average hardness
for Source 3 and 4 is 1594 kg/ ML, probably the main contributor to the infeasible issue.

(e) KiwiInc. will add water demand to Berrytown. The county of Orchard should NOT accept
the conditions. Add a decision variable y, representing the water flow sold to Kiwi Inc., to
the raw program. Only need to make a slight change to the raw LP and run the LP. The
optimal solution keeps the same and the optimal y = 0. However, if the price is increased to
$1700/ML, the county of Orchard could accept the conditions. And the maximum capacity
to serve Kiwi Inc. is 4.091 ML per day.




¥

0

0
3.864
3.864
4.091

4.091

Price

1500
1600
1700
1800
1900

2000
3000+ | 4.091

Table 5: The relationship between price and the ability to serve Kiwi Inc.

(f) Investment. Assume that the limit of Source 1 has been increased to 17 ML per day. The

$199,246 < $199,251. Hence, the county

should choose the option. It can save $1825 per year.

optimal cost is $199,232 per day. $199,232 + $14
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2. You are given the set of all 2 x 2 matrices with diagonal elements (1,2) which we can write as
1 x
R_Hy 2]’x’y€]R}'

(b) Are rank constraints on matrices convex or nonconvex?

(a) Is the set R convex?

(c) Defining a subset of R as R1 C R to be the set of rank-one matrices. Derive conditions on x
and y that allow for all matrices Rq C R to be rank-one.

(d) Is the set Rq convex?
(e) Write the following optimization problem

minimize ||A||? subjectto A€ Ry

as an explicit optimization problem, where ||A||F is the Frobenius norm. Is this problem
convex?

Solutions:

(a) According to the definition: For any R and R, € R,

1 X1
Ry = ,x1,y1 € R 19
e (19)
R _[1 xz] X,y2 € R (20)
2 o 21 2, Y2
1 fx1 + (1 —0)x,
6R 1—-0)R, = 21
1+( ) 2 [9y1+(1_9)y2 2 ( )
xl/y11x2/y2 €eR (22)
= Ox1+(1—0)x,01 +(1—-6)y, € R (23)
Hence, the set R is convex.
(b) The rank constraints would be xy —2 = 0 or xy —2 # 0.
* xy —2 = 0. It is the rank-1 constraint.
(0x1+ (1= 6)x2)(0y1 + (1 — 0)y2) — 2 (24)
= 202 4+2(1—-0)>+60(1—0)(x1y2 + x2y1) =2 #0 (25)
It is a nonconvex constraint.
e xy —2 # 0. It is the rank-2 constraint.
(0x1 + (1 = 0)x2) (Oy1 + (1 — 0)y2) (26)
= x4+ (1—0)%x0y2 + 0(1 — 0) (x1y2 + x21) # 0 (27)
It is a convex constraint.
() xy—2=0.
(d) The subset R is nonconvex. See Equation 25 for the proof.
(e) Write the optimization problem as an explicit one.
min  x24+y*+5 (28)
subjectto xy —2=0 (29)

Obviously, it is a nonconvex problem (the constraint is nonconvex).
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3. (Reading Section 4.6.2 from the textbook can help in solving this problem.) Consider the follow-
ing primal SDP:

xX+vy

¥ e .
p* = minimize x subject to L‘ Yy oy

]EO, x,y€R

(a) Show that this SDP is strictly feasible.
(b) Find the dual of the primal SDP. This will be an SDP in standard form.
(c) Show that the dual SDP is infeasible.

(d) Since the primal SDP is strictly feasible we know that strong duality holds. However, the
dual SDP is infeasible. What does this say about the primal value p*? Can you directly
justify this?

Solutions:

(a) According to the constraint, the following inequalities can be satisfied.

1>0 (30)
y>0 (31)
y—(x+y)? 20 (32)
Hence, x is bounded as follows:
N R LR (33)

This SDP is strictly feasible since p* = —y — \/¥.
(b) SDP in standard form. Write the SDP in inequality form firstly,

min  [1 0] [x y] (34)

. 0 -1 0 -1 1 0
subject to  x {_1 0 } +y {_1 0} = [0 O] (35)

Then write the dual standard form SDP.

max —tr( [_01 8] Z) (36)
subjectto 1+ tr( {_01 01} Z)=0 (37)
Z=0 (38)

(c) However, Z is a diagonal matrix, which means that t7( {_01 01} Z) = 0. As aresult, Equa-

tion 37 is not satisfied since 1 # 0. The dual SDP is infeasible.

(d) Since the primal SDP is strictly feasible, we know that its optimal value, denoted by p*,
is finite. Strong duality then implies that the optimal value of the dual SDP is also equal
to p*. However, since the dual SDP is infeasible, it does not have an optimal value. The
reason why the primal problem has optimal value while the dual problem NOT is that the
complementary slackness condition is not satisfied.




4. Consider the well-known constrained, least-squares problem:

minimize ||Ax —b||3 subjectto Gx =h

where A € R™", b € R™,G € RP*" and h € RP. Assume that rank(A) = n and rank(G) = p.

(a) Using the KKT conditions, determine the optimal solution of this optimization problem.

Solution: .
LetG=1[g1 & -+ & -+ &p| ,whereg; € R". The Lagrangian is:

p
L(x,p) = [|Ax = bl[F+ ) (g x — i)
i=1

= (Ax=8)(ax =)+ Ll x =)
i=
= (Ax—b)" (Ax—b) + " (Gx —h)
=xTATAx+ (GTu—24Tb) W ThtbTh
The KKT conditions are stated as follows:

Gx* = h (equality constraint)
2ATAx* + G p* —2ATb =0 (1% order condition)

Since rank(A) = n, A" A is then invertible.
Xt = %(ATA)‘l(—GTy* +2A7D)
Then put the equation back to Equation 43.
G(%(ATA)*(—GTV* +2ATH)) = h
Also, rank(G) = p, G is invertible.
. T e T A\ L AT
pr=—2 G(A A) G h—G(A A) ATb

Put the optimal u* back to Equation 45.

(39)

(40)
(41)

(42)

(43)
(44)

(45)

(46)

(47)

Xt = (ATA) - (ATb el <G (ATA) B GT) o <h e (ATA) B ATb)> (48)

Here, x* is the optimal solution for primal problem, p* is the optimal solution for the dual prob-

lem, and the strong duality holds (See Equation 43).




5. Let p(l), . ..,p(’) and q(l), .. .,q(s) be different vectors in RY, where r,s > 1. Let P denote the
polytope defined as the convex hull of the p\)’s, and Q the polytope defined as the convex hull
of of the g())’s (check the textbook definition on what constitutes a convex hull and polytope).

Define a new matrix C € R?*" whose i-th column is p() for all 1 < i < r and whose (r + j)-th
column is —q(f) foralll1 <j<s.

(a) Given the above, formulate an optimization problem of computing the minimum £, squared
distance between points in P and Q. The problem should be written as a QP with an objec-
tive function ||Cx||3 where x € R".

(b) Let y = Cx. Demonstrate that the previous QP formulated in the previous part of this prob-
lem can be written as a QP with the objective function ||y||3, with two optimization variables
x and y of appropriate dimensions.

(c) Derive the dual of part b) and showcase that the dual objective function maximization can
be written as

1

d* = maximize ( ATA 4 minimize )\Tp(i) — maximize )LTq(j)) .
A 4 i=1,..r j=1,...8

Solutions:
(@) According to the definition of the convex hull, every point in P can be written as:
r . r

P=<) xip®, st
i=1 =

Similarly, Q can be defined as follows:

X;i = 1, Xj > 0} (49)
i=1

s . n
Q= {Zx,+jq<f>, st Y x=1, x> o} (50)
j=1 j

j=r+1

Write the C as stated.

e R (51)

x = [xl X; Xy xr+1 xj xn] ER” (52)

Then the function Cx can be written as follows:

r i S i
i=1 j=1

The optimization problem can be written as follows then.

10



min (Y xip” = Y x40 T xip = Y xyqY)
i=1 j=1 i=1 j=1
.
subjectto ) x; =1
i=1

n
Z .’)Cj =1

j=r+1
X; > 0

(54)

(55)

(56)

(57)

(b) QP with decision variables as (x,y) € R"4, The QP with (x,y) can be written as follows

then.
min yTy
subjectto v = Cx

r
inzl
i=1

n
Z X]‘Zl

j=r+1
Xj > 0

(c) To derive the dual of part 5b, the Lagrangian can be written as:
r

n
Ly e, BA) =y y+p (y—Cx)+a(yx—-1)+p( Y x-1)—A"x
i=1 j=r+1

(58)
(59)

(60)

(61)

(62)

(63)

where the variable y € R, a € R, B € R,A € R’ are the dual variables. The dual problem

can then be written as follows:

1‘1’111’1 ﬁ(x,]/; ]’l/“l,BIA)
subjectto A >0

The KKT conditions for optimal solution (x*, y*) are stated as follows:

o, L(x,y,u,0,B,A) =0 (1% order condition for x, n equations)
ayjﬁ(x, yua,B,A)=0 (1% order condition for y, d equations)
y=Cx (equality constraints for Equation 59)
;
Y xi=1 (equality constraints for Equation 60)
i=1
n
Z xj=1 (equality constraints for Equation 61)
j=r+1
Aixi =0 (complementary slackness, n equations)

Solve the Equations 67, which are in the quadratic form without constraints,

«_ M
E/j—*j

11

(64)
(65)

(66)
(67)
(68)

(69)

(70)

(71)

(72)



The Lagrangian objective function can then be written as:

L= —%LVT]J—]JTCX (73)
1 r NS .
=—gn'- #T(Z%xm(’) - Z%xrﬂq(”) (74)
i= j=
L7 T ()Y T 0 Vv
S —gip—p min(pt) }oxi+p max () ) x (75)
i=1 i=r+1
1 . l ;
=~ 1= p min(p®) + " max(q") (76)
Here, min(p()) and max( ) e vectors € RY. Take min(p())) as an example, assume
min (pg )), ’ sz)), Tty PY)))_
min(p()) = min(Pzgl))w . ,pg‘)), . ,plg’))) e R? (77)

i (2, 0,

Same for the notation max(q()). Hence, the upper bound of the Lagrangian objective func-

tion can be written as follows:

1 oy .
sup L(p) = — "t —p min(pt) + " max(q") (78)

Hence, d* = max;, (sup L(i)).
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6. You are given the following optimization problem:

minimize f(x) = x7 + x5 subjectto (x; —1)>+ (2 —1)2 <2, (x;— 1)+ (2 +1)*> < 2.

(a) Draw the feasible region of this problem on Matlab. Furthermore, on top of the figure sketch

the level sets of f(x).

(b) Is this problem convex? Verify that strong duality holds for this problem via Slater’s condi-
tion.

(c) Solve the problem via deriving the KKT conditions. There are a few cases to consider for the
multipliers. List them all. Trivial solutions without justifications are not accepted.

Solutions:

(a) See the attached figure (Figure 1) for details.
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Figure 1: Feasible region of this problem

(b) Convex. Write the Lagrangian function as follows.

L(x,pu,A) =23+ x5 — u(x3 + x5 —2x1 — 2x0) — A(x3 + 13 — 2x1 + 2x3) (79)
The primal problem is convex, and the dual problem is strictly feasible (seen from Figure 1).

Then the strong duality holds for the problem according to Slater’s condition.

(¢) KKT conditions are stated as follows.

0Ly, =2(1—A—p)x1 + (2u+2A) = (18! order condition) (80)
0Ly, =2(1—A—u)xa+ (2u —2A) = (18! order condition) (81)
p(x3 4 x3 —2x; —2x3) =0  (complementary slackness) (82)
AMx? 4+ x5 —2x; +2x) =0  (complementary slackness) (83)
X2 4 x3 —2x; —2x <0 (inequality constraint) (84)
X2 4+ x5 —2x;+2x <0 (inequality constraint) (85)
A,u >0 (Lagrange multiplier) (86)
* A=0,u=0.
= x1 =0, xp =0. Not optimal.
L :O,X%—I—X%—le +2x, =0,A £0:
= x1 = 0, x = 0. Not optimal.
= x1 = 2, xp = —2. Inequality constraint not satisfied.
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o AzO,x%+x§—2x1—2x2:0,y #0:

= x1 =0, xp =0. Not optimal.

= x1 = 2, xp = 2. Inequality constraint not satisfied.
. x%+x§—2x1 —2xp = 0,x%+x§—2x1 +2x, = 0.

= x1 = 0; xp = 0. Not optimal.

= x1 =2; xp =0. OPTIMAL! = f(x) =4

Hence, x{ =2, x; =0, f(x*) =4

14



. For this given SDP
(LMI-1) min trace(P) subjectto A'P+PA—-C'Y' —YC~<0, P=P' =0,

(where matrices P and Y are the optimization variables and matrices A and C are constant) derive
the SDP form in the LMI form. This form can be written as x € R"

min ¢'x

n
subject to 2 xiFE+G =0
i=1
Dx=1b
where Fy,...,F,,G € §" (ie., F,...,F,, G are symmetric constant matrices). Essentially, I want
you to derive these constant matrices for (LMI-1) given above.

Solutions:
Rewrite the strict inequalities to “greater than or equal”,

—p 0 el 0
<
[ 0 ATP+PA—CTYT - YC] + [ 0 ezl} =0 ®7)

where €1, €3 > 0 and are very small.

_BP APy PA} - [(0) YTy YC} + [6(1)1 (?2] 30 (88)
[ xy xo . X
P= x:Z xm:H X2":1_1 € R™*m, m(m +1) elements. (89)
x.m x2n.171 x@
v1 Y2 cer Ym
Y = ym.ﬂ ym.+2 . ]/Z'm € R™™, m? elements (90)
Ym2—mt1 Ym2—mi2 -+ Ym2
1 0 0 01 0 0 0 0
- 00 0 e 10 0 o 00 ? , :m(m2+1)
0 0 0 0 1
1)
10 0 0 1 0 0 0 0
0 0 ... 0 00 ... 0 00 ... 0
F=. | R= e B= = (92)
0 0 0 0 0 1

The problem is equivalent to the following SDP:

"~ | Ei 0 Lo 0 el 0
‘ - ‘ <
LU 0 ATE+EA ]; Yilo cTR+rc | T 0 —er |20 9

15



In summary, the SDP problem of (LMI-1) can be organized as follows:

min ¢’ x (94)

n l
. _E 0 0 0 el 0
subject to;xz 0 ATE,+EA } _];y] [ 0 C'F+FC ] + [ 0 —el ] =<0 (95)

1

wherec = [1 0, 1 0, --- 0, 1] € R", which help pick up the diagonal value of the
matrix P.
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8. Solve the previous problem but for a different SDP given as follows

ATP+PA PB-CT

LMI-2 i P i
(LMI-2) min ||P||; subjectto BTP-C DTD_1I

<0, P=P" =0,

where matrices B, C, and D are all constant. Matrix P is the only matrix variable. Note that for
this problem you need to utilize the epigraph trick to model the L1 norm objective function into
a linear objective function with some constraints.

Solutions:

Rewrite the strict inequalities to “greater than or equal”,

—-pP 0 0 al 0 0
0 A'P+PA PB-C'|+ |0 —el —el| =0 (96)
0 B'P-C D'D-I 0 —e4l —esl
10 0 0 1 0 00 ...0
00 0 10 0 00 0 mim +1
El - IEZ - : ’ /E'rl = 1= ( 2 )
0 0 0 0 0 1
97)
The SDP problem of (LMI-2) can be organized as follows:
min ¢ (98)
" —E; 0 0 el 0 0
subjectto ) "x; | 0 ATE;+EA EB-C' |+ | 0 —el —e3] =<0
i=1 0 BT 0 0 —ed D'D—(14¢)l
(99)
x =<7 (100)
x= —17 (101)
t>0 (102)
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9. Show that the following bilinear matrix inequalities (or in general any BMI) are nonconvex.
(BMI-1) find P,a subjectto A'P+PA—aP <0, P=P' > 0,a >0
where « is a scalar.
(BMI-2) find P,Y subjectto A'P+PA—Y'P—-PY <0, P=P' =0

where P and Y are matrix variables.
Solutions:
BMI-1:
AP+ PA—ayP; <0

AP+ PyA— ;P < 0
Consider P = 6Py + (1 — 0)P, and & = 6aq + (1 — 0)asp.

AT[OP; + (1 —0)Py] + [0Py + (1 — 0)P2]A — [fay + (1 — 0)ao][0P, + (1 — 0)Py]

(103)
(104)

(105)

=0(ATP+PLA—a1Py) + (1 —0)(ATPy+ PyA — apPy) — [fay + (1 — 0)ao][0P; + (1 — 6)Py]

< 0 Py + (1 —0)apPr — [90&1 +(1- 6)062] [9P1 +(1- G)Pﬂ #0

Hence, BMI-1 is nonconvex.

BMI-2:
ATP1 + PA — Yl—rpl — P11 <0

AP+ P A=Y, Py — PYs <0
Consider P =60P; + (1 —0)P,and Y = 0Y; + (1 - 0)Y>.

AT[OP 4+ (1 —0)Py] + [P, + (1 —6)P,]A

—[6Y] + (1-0)Y, |[0Py + (1 — 6)Pa] — [6Py + (1 — 0)Pa][6Y1 + (1 — 0)Y3]
<0(Y] PL+P1Y)) + (1-0)(Y, P, + PY,)

—[6Y] + (1 - 0)Y; |[0Py + (1 — 6)Pa] — [6Py + (1 — 0)Pa][6Y1 + (1 - 0)Y3)]
#0

Hence, BMI-2 is nonconvex.

(106)
(107)

(108)
(109)

(110
111
(112

113
(114

~— — ~— ~— —
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