VANDERBILT UNIVERSITY HOMEWORK # 6
CE 5999 Junyi Ji
INTRO TO OPTIMIZATION May 5, 2023

Please find the code for this assignment in the folder here: Python code.
1. You are given the following optimization problem
minimize f(x) = x3 + x5 — 8x; +2x, + 10
(a) Analytically, and via the computation of the gradient and Hessian of f(x), compute x* the

optimal solution of the unconstrained optimization problem.

(b) The iterates of the gradient descent and Newton’s method can be written as Gradient-
Descent : xp1 = xx — V[ (%) Newton : X3, = x — tkH,:1Vf(xk) where £ is the
step size and Hj is the Hessian matrix at iteration index k. Starting from an initial guess
xo=1[83 }T, code using Matlab/Python 100 iterations of the two algorithms. Use a
constant step-size ty = 0.1,0.2,...,1 and apply the algorithm accordingly. Then plot the
direction/path towards the optimal solution for each of these time-steps. You might wanna
use a logarithmic plot to show the convergence as we did in the module.

(c) What do you conclude here?

Solutions:

(@) The gradient of the objective function is as following:

Vi) = Eﬁ;ﬂ M
The Hessian matrix:
V() =[5 5| =0 ®

It is obvious to tell that the Hessian matrix is positive-semidefinite since all principal minors
are nonnegative.

o 23(1 —8 o
Vi) = 5| =0 ©
forx*: x1 =4, x, = -1
(b) See Figure 1 and Figure 2 for details.

(c) Conclusion:

e For this particular problem, the optimal step size for Gradient Descent (GD) is 0.5, while
the optimal step size for Newton’s Method (NM) is 1.0.

* Gradient Descent might overshoot the optimal value if the step size is not properly
chosen, whereas Newton’s Method does not overshoot the optimal value during the
convergence process.
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Figure 1: Step size (0.1 to 0.5) for the Gradient Decent and Newton’s Method
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Figure 2: Step size (0.6 to 1.0) for the Gradient Decent and Newton’s Method




2. You are given the following optimization problem
minimize f(x) = cosh (0.0Sx% + x%) .

(a) Can you analytically, and via the computation of the gradient and Hessian of f(x), compute
x* the optimal solution of the above-unconstrained optimization problem?

(b) The iterates of the gradient descent and Newton’s method can be written as Gradient-
Descent : xp.1 = xx — V[ (%) Newton : X3, = x — tkH,:1Vf(xk) where f; is the
step size and Hy is the Hessian matrix at iteration index k. Starting from an initial guess
xo=[—-2 09 }T, code using Matlab/Python thousands of iterations of the two algo-
rithms until convergence is achieved. Use a constant step-size t; = 0.1,0.2,...,1 and apply
the algorithm accordingly. Then plot the direction/path towards the optimal solution for
each of these time-steps. You might wanna use a logarithmic plot to show the convergence
as we did in the module.

Solution:

(a) The gradient of the objective function is as follows:

_ [0.1x; sinh (0.05x% + x3)
Vi) = 2x; sinh (0.05x2 + x3) @
The Hessian matrix:
2 0.01x2 cosh (0.05x% + x3) + 0.1 sinh (0.05x% + x3) 0.2x7x, cosh (0.05x% + x3)
Vif(x) = 2 4 .2 2 2 4 .2 ; 2 4,2
0.2x71x cosh (0.05x7 + x3) 4x5 cosh (0.05x1 4 x5) + 2 sinh (0.05x7 + x5)

©)
Again, although it seems complicated, the Hessian matrix is positive-semidefinite since all
principal minors are nonnegative. We can evaluate this using principal minors:

0.01x7 cosh (0.05x7 + x3) + 0.1 sinh (0.05x] + x3) > 0 (6)

423 cosh (0.05x2 + x3) + 2sinh (0.05x2 + x2) > 0 7)

0.2[sinh (0.05x% 4 x3)]? + (0.02x3 + 0.4x3) sinh (0.05x% + x3) cosh (0.05x3 +x3) >0 (8)
Let the gradient be zero:

_ [0.1x; sinh (0.0Sx%—i-x%)} _ m

V) = | 2y sinh (0.05x2 + 22) | — |0 ©)

forx*:x1 =0, xp =0.

(b) See Figure 3 and Figure 4 for details.
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Figure 3: Step size (0.1 to 0.5) for the Gradient Decent and Newton’s Method
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Figure 4: Step size (0.6 to 1.0) for the Gradient Decent and Newton’s Method




3. You are given the following function
f(x)=15 (x% + x%) + (1 4+a)xxa— (x1+x2)+0b

where 4 and b are unknown parameters.

(a) Find the largest set of values for a2 and b such that a global minimizer exists for this function
and compute x* in terms of these two parameters.

(b) Apply
Gradient-Descent : x4, 1 = x; — 0.4V f (xy)

to the above optimization problem to find the largest set of values for a and b for which the
above gradient-descent algorithm converges to the global minimizer for any initialization
point.

Solutions:

(a) The gradient of the objective function is as follows:

B+ (14a)x—1
V) = [3x; +(1+ u)xi - 1} (10)
The Hessian matrix:
V2 f(x) = [1 P ”} a1

In order to guarantee that this function has a global minimizer, we need to make the objec-
tive function convex, which means the Hessian matrix should be positive-semidefinite:

3>0 (12)
3>0 (13)
32— (1+a)>>0 (14)
which leads to:
—4<a<2 (15)
We note that when a = —4 the gradient is :} , which leads to an unbounded problem.

Also, we will get an infinite number of solutions when let the gradient is equal to zero if
a = 2. Therefore, the largest set of values foraand bis —4 <a <2,b € R.
Let the gradient be zero, we can get:

w0 = [t e

which leads to:

["1 _ H 7)

a+4



4. Go through the Model Predictive Control module I posted on Brightspace. Then, if you want to
make your life easier for the next problems, read the first two chapters of Liuping Wang’s Model
Predictive Control System Design and Implementation Using MATLAB. The book is available as
a PDF online.

5. You are given this dynamical system that represents a discrete-time direct current (DC) motor:

[ xi(k+1) ] _ [ 0.9048 0 } [ x1(k) } N [ 0.0952 ]u(k)’ R =0 1] [ x1 (k) ]

x(k+1) 00952 1 || x(k) 0.0048 ‘ L1 x(k)
_\/_/ -4 C
A B

where the two states are x1 (k) and x;(k); the control input is u(k); the output is y(k) = xp (k).

(a) Starting from any zero initial conditions, create a model predictive control that ensures that
the control input and its deviation are constrained as follows

0<u(k) <06, —02<Au(k)=ulk)—ulk—1)<02

Use a prediction horizon equal to a control horizon N, = N, = 30. The objective function of
your MPC minimizes only your control input through the R-matrix which is setto R = I. I
have to point out here that are so many ways to solve this problem. The first way is to dump
everything into CVX/Yalmip as I mentioned in class. The second way that I want you to
pursue is via the approach in the slides/textbook mentioned above.

(b) We now want the states to be both constrained within the values 1 and -1 . Re-solve the
optimization MPC and include a tracking signal for x,(k) = y(k) to be set as r(k) = 0.5.
Initially, use a Q-matrix equal to identity, then tune the weight of the Q and R matrices to
achieve better results.

Make sure to include your Matlab/Python codes, not as screenshots but rather in the latex
environment (like verbatim for example).

Solutions:

(a) The optimization problem is written as follows:

min J(AU) = %AUTRAU (Problem5.1)  (18)
-1 0 0 0] [—Au™mn]
1 0o ... 0 O Au’”“’f
0o -1 ... 0 0 —Ay™min
subjectto | 0 1 0 0 ]aux< | du™ (19)
0 o ... 0 -1 —_ Aymin
| 0 0 ... 0 1] | Au™e* |
[—H —u™" 4+ Eu(k —1)
| H } AU < [ u™ — Eu(k —1) (20)
Au(k) 1 1
Au(k+1) 1 1 1 ,
where we have AU = . ,R=IH=1|. . ,E=|.|, Au™" =
Au(k+ N, —1) 11 ... 1 1
Au™* = 0.2, u™" = 0, " = 0.6.
Dumping everything into CVX, AU* = 0.
 [Ax(k+1)
(b) Letxa(k+1) = [ y(k+1) },
Xu(k + 1) =Dyx, (k) + ruAl/l(k) (21)
Ax(k)}
k)y=C 22
v =c Sl @)

8



CA 1 CB
we can write the predicted outputs as:

where@a:[A "],rﬂ:[B},c,,:[oT 1],0=1[0 o]"

Y = Wx, (k) + ZAU

y(k+1) Pq &

y(k+2) a Pal
where Y = W=Ca| . |,Z2=C .

y(k+ Np) qDZ]\Ip q)fl\lp_ll_,a

Then the optimization problem is written as follows:

min J(AU) = %(1’ -VIQr—Y)+ %AUTRAU

-1 0 0 0] [—Au™n]
1 0 ... 0 0 Aumax
0 -1 ... 0 0 — Aymin
subject to 0 1 0 0] au< | du™
0 0 0 -1 — AyMin
|0 0 0 1 | Aumex |

u" — Ey(k —1)

[-Z —y" Wxa(k)}
AU <
] - [ Yy — Wx, (k)

——H} AU Su[u"”'” + I—Su(k - 1)}

[0.2]
0.2
0

Dumping everything into CVX, AU* ~ | o |, where Q = diag(30), and R = diag(1).

o, T,

(Problem 5.2)

(23)

(24)

(25)

(26)

(27)



6. Planning an autonomous lane change. A vehicle is traveling down a highway with two lanes, sepa-
rated by L meters. At time t, its position is p(t) = (x(t),y(t)) € R3. We require that y(t) € [0, L],
for all t. When y(t) = 0, it means the vehicle is in lane 1, when y(t) = L, it means the vehicle is in
lane 2, and when 0 < y(t) < L, it means the vehicle is passing between lanes. (Notice that since a
lane on a highway has traffic moving in a single direction, we require that x(f) is nondecreasing
int.)

For simplicity, we discretize the problem. We will consider the position of the vehicle every
second, so pr = (x,yt),t = 0,1,...,T, denotes the vehicles position from 0 to T seconds (in
particular, this means p; = p(t)). Initially (+ = 0), the vehicle lies in lane 1, and we assume
x9 = 0. Between t and ¢ + 1 seconds, we assume the vehicle travels at constant speed, measured
in meters per second (m/s). The speed from time ¢ to t + 1 is simply ||p;1 — pt||,. We require
that these speeds never exceed 5™ (for example, the speed limit plus, say, 4 or 5m/s ).

The goal of this problem is to plan a lane change. In particular, after time T3 | the vehicle may
initiate a lane change from lane 1, and by time Tend | the vehicle should have fully entered lane
2.

The vehicle should always travel at a speed of at most S™®*, measured in meters per second.
Additionally, when the vehicle is not allowed to lane change (before T5?'™ and after Tend ), the
vehicle must be driving with at least a given minimum speed, S™", which is also given. (You
may assume that T%™ and T*"¢ are integers.)

Your goal is to determine the smoothest possible lane change, subject to the constraints described
above. By smooth, we simply mean that you should minimize the total acceleration of the vehicle,
which can be approximated by

T-1
Y (P — pe) — (pr — i) 13-
=1

(a) Explain how to plan this autonomous lane change using convex or quasiconvex optimiza-
tion, given T, Tstart end gmin gmax and [ [f you introduce new variables or make any
transformations you must justify them.

(b) Carry out this method on the data below,
T=30, 1%t =15 7T =p0, gmMn_p5 gMX_35 [ =37

Produce a plot the speed of the vehicle against time, as well as the position of the vehicle
in R? for the plan you produce. Remark. In fact, many highways have lanes separated by
3.7 meters. Additionally, on average, a lane change for a vehicle on a standard US freeway
takes 5 to 6 seconds, and the speed limits we impose here correspond to a vehicle driving
between 55mph, and 75mph, which aren’t unreasonable for a standard US highway.

Solutions:

(a) QCQP modeling and explanation.

Notations Meaning
Xt longitudinal location of the vehicle at time ¢
Yt lateral location of the vehicle at time ¢

Table 1: Notations of the decision variables of the lane-changing problem

10



Notations Meaning
Smin the minimal speed during lane-changing
Sinax the speed limit
L the road width
T lane-changing starting time
T lane-changing ending time
T Total time

Table 2: Notations of the parameters of the lane-changing problem

T-1 ’
Yo (pesr — i) — (pr — pe-1)l3
t=1

T-1 )
=Y llpis1 +po1 —2pel5
=1

1
((xp1 + xpm1 = 2x6)2 + (g1 + Yeo1 — yxr)?)

I
H"T ~
D g

T-1
xTDfTDfx + Z yTDtyTDtyy

t t=1

Il
—_

1 =210 (T-2)xT
0 0 0 O}G]R

Based on the property of D}, where Df = [
DY "D} = diag(6,0,---,0) € R™T
DD; = Df ' Df = diag(0,- - - ,6 (the £ element), - - - ,0) € R™*T

The same property can be applied to the speed matrix B.

BY' By = diag(2,0,---,0) € R™*T
BB; = BY ' B; = diag(0,- - - ,2 (the " element), - - - ,0) € R™*T

The optimization problem can be written as follows, which is a QCQP problem:

T-1
min Y (xDDix" +yDDwy ") (Problem 6.1)
t=1
subjectto yr =1L, t€ [T+ 1,T] (lane change constraint)
vy =0tell,Ts—1] (initial condition constraint)
0<y; <L, te|T;T (transient condition constraint)
x"BBix +y' BBy < S2.. (speed limit constraint)

x"BBix +y BBy > S2..  (minimal speed constraint, non-convex!!!)

Xpp1— x>0 (no backwards constraint

(28)

(29)

(30)

(1)

(32)
(33)

(34)
(35)

Problem 6.1 is elegant. Obviously Equation 41 is a non-convex quadratic constraint since

matrix —BB; < 0 (negative semidefinate).

11



7. Optimal racing of an energy-limited vehicle. We have an energy-limited vehicle, such as a solar car,
moving along a fixed straight track. We’d like to design a control system to move the vehicle
from the starting point to the finishing point using minimum energy in the time interval [0, T].
(There are other related natural formulations of this problem, such as traversing the track in the
minimum time subject to a maximum energy usage. We will not consider these here, but the
same techniques are applicable.) At time t the car has position x(t) € R, velocity v(t) € R
and acceleration a(t) € R. The car starts with x(0) = 0 and v(0) = 0 and must finish with
x(T) > xfinal " At time f the kinetic energy of the vehicle is k(t) = Jmv(t)?, where m is the mass.
Let the energy delivered from the battery to the drivetrain be p(t), which is nonnegative (there is
no regenerative braking.) Then

(1) = p(t) — Pk () = o= (1)

where p > 0 is an input that the control system (i.e., your optimization) chooses, and
losses due to drag are modeled via

brake ( t)

Ploss (t) — Closs Z)(t)3

Here ' is a positive constant that depends on the shape of the vehicle and the density of the air.

The vehicle must move according to the following requirements. Tire traction limits acceleration
so that v(f) < a™®*. Note that there is no lower bound on the acceleration. The vehicle cannot
move backwards and must stay within the speed limit, and so 0 < v(t) < v™@. The final velocity
of the vehicle must satisfy v(T) < vfi"al | We will use period & > 0 and sample position according
to x; = x(ih), and similarly for velocity, acceleration and kinetic energy. The vehicle dynamics
x(t) = v(t) and 0(t) = a(t) are then discretized according to

h
Xip1 =X+ 5 (vi +viy1), Vip1 =0; +ha;

and the rate of change of kinetic energy is discretized according to

1
7 (kit1 — ki) = p; — pbrake — ploss

We would like to minimize the total energy used, which is discretized as

n
E=h Z p,’
i=0
where T = nh. The parameters are

m=10 xfl =10 ofirdl =1 =10 M =2 =2 p=01 T=5

(a) Formulate this problem as an optimization problem with variables p;, x;, v;, k; (and others if
necessary) fori =0, ..., n. If this problem is not convex, explain briefly why.

(b) By relaxing the energy constraint k(t) = Jmv(t)? to
1 2
k(t) > Emv(t)

state a convex optimization problem whose solution provides an optimal trajectory x, v, p,
and k for part (a). Explain why the relaxation is tight. By tight, we mean that the solution to
your problem has the same optimal value as that of part (a).

(c) Carry out your method from part (b). Report the optimal value of the total energy E. Plot
the position x, velocity v and power used p of the vehicle as functions of time.
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Solutions:

(a) Optimization problem.

Notations Meaning
v; velocity of the vehicle at time i
pf’”’ke energy consumed on brake at time i

Table 3: Notations of the decision variables of the problem

Notations Meaning
m the mass of the vehicle
h time interval
Closs the coefficient describes the friction

Table 4: Notations of the parameters of the problem

n n n
1
E=h) pi=) hpi=Y), h(ﬁ(ki-&-l — ki) + plroke + piess) (43)
i=0 i=0 i=0
n
= 1Y (P + pi™*) + ka1 — ko (44)
i20
1 n
= EmviJrl +h Y (phrake - clossy3y (45)
i20

The optimization problem can be then written as follows. Noted that in this problem, only

the v; and pf’mke are the decision variables.
n
min %mvﬁﬂ + 1 Y (prke 4 clos3)  (Problem 7.1) (46)
i=0
subject to 0 < M < Apay, foralli € [0,n] (47)
0 < v; < Uyyay, foralli € [1,n] (48)
0 < Vny1 < Vfinal (49)
n
Zvih > Xfinal (50)
i=0
Pibmke >0 (51)

The problem is actually a convex optimization problem. The 3" order term is convex with
the constraint that is greater or equal to (>) 0.

13



(b) Relaxation with inequality constraints.

n
min k,4q+h 2(;7?”’]“’ + clos593)  (Problem 7.2) (52)
i=0
subject to 0 < w < gy, foralli € [0, n] (53)
0 < vnt1 < Vfina (55)
n
Ol > Xfina (56)
i=0
p?ruke 2 0 (57)
1
kni1 2 Emviﬂ (58)

Proof:
Take the objective function Equation 52 and the inequality constraint Equation 58.

1

n
E>infE = %mv% Y (phreke 4 closspd) (59)
i=0

1=

Hence, min E is equivalent to min inf E when the equal ”=" is satisfied. That holds the tight
constraint.

(c) E* = 97.061.

2.5

2.0
31.5
E
> 1.0
0.5
2 3 F
t(s)
10
8
__ 6
£
X 4
2 3
t(s)
25
20 /[
15
® /
o
10
5
0 T 2 3
t(s)

Figure 5: Velocity v, position x, and energy g plot
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import cvxpy as cp
import numpy as np

= 50

= 0.1
_loss = 2
_max = 2

oA 5B

v_max = 10

v_final =1

x_final = 10

m = 10

v = cp.Variable(n + 1)

= cp. Variable(n)

o
|

objective = (0.5 sm+ v[-1] =x 2
+ h+np.ones(n)@p +hxc_loss+*np.ones(n)@(v[:50]+%3))
Gl = np.zeros([n,n+1])
for i in range(n):
Gl[i][i] = -1
Gl[i][i+1] =1

G = np.concatenate ((GI1,
np.diag(np.ones(n+1)),
-np.diag (np.ones(n+1))),axis=0)
h = np.concatenate ((a-max+h*np.ones(n),
v_max+np.ones(n+1),
np.zeros(n+1),),axis=0)
Gp = -np.diag(np.ones(n))
hp = np.zeros(n)
prob = cp.Problem(cp.Minimize(objective),
[G@v <= h,Gp @ p <= hp, v[-1]<=1,
v[0]==0,np.ones(51)@v[:51] >=x_final+h])
prob.solve (solver=cp.ECOS)
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8. Well that was a bit roundabout. You're late for the last lecture of Convex Optimization and you
need to get the lecture hall. You get on your bike, and proceed directly to class.

At time t the bike has position x(t) € R?, velocity v(t) € R?, and acceleration a(t) € R2. You
start at position x(0) = x™ital and finish at time T with x(T) = xf" . Your initial velocity is
Z)(O) — pinitial

We will use period i > 0 and sample position according to x; = x(il), and similarly for velocity
and acceleration. Fortunately your bicycle is a point mass, and so the vehicle dynamics are x(t) =
v(t) and o(t) = a(t). These are then discretized according to

h
Xip1 = Xit+ 5 (vi + vi41)

Vi1 = U; + ha;

Despite your desire to arrive at class on time, you cycle somewhat leisurely, avoiding unnecessary
exertion. So you choose to minimize

n
2
J=h) llail;
i=0
where T = nh. We have

initial _ { —05 ]/ Lfinal _ [ ? ]/ Jinitial _ { 3 }, T=12, h=01

(a) Find and plot the optimal trajectory of the bicycle. Report the optimal value J.

(b) Unfortunately, somebody has built a roundabout in the way. The roundabout is a disk of
radius 1 centered at the origin

R={xeR|[lx|» <1}

The constable observing your path advises you that he fears that your trajectory has the un-
fortunate property of failing to correctly circumnavigate the roundabout. Unfortunately, the
constraint that you should avoid the roundabout is not convex. After considering this, you
arrive at a new strategy. Let the previous solution be xP™" . You construct a new optimiza-
tion problem, where at each time step i you add the constraint that c] x; > 1, where

rev
x;

rev
¢ = xf /‘

Give a brief interpretation of these constraints. Solve the optimization problem again, with
these new constraints. Plot the optimal trajectory and report the optimal cost.

(c) Repeat part (b) until the trajectory converges. Plot the final trajectory along with the the
trajectories from part (a),(b) and the roundabout R. Note that each optimization only uses
constraints generated by the previous solution. What is the final cost | achieved?

Solutions:

@) J; = 0.30
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Optimal Trajectory

S - Optimal Trajectory
0.8
0.6
0.4

0.21

0.01 eeeee .

X

Figure 6: Optimal trajectory of the bicycle

(b) The normalized vector of the previous solution, denoted by c;, is used to form a new con-
straint. This constraint requires that the inner product of ¢; and the new solution vector be
greater than or equal to 1. By imposing this constraint, the algorithm ensures that the new
solution always lies outside the roundabout, effectively avoiding it. [, = 1.47

Optimal Trajectory
—e— Optimal Trajectory
31
2 4
>
l _
0 4
—4 —2 0 2 4 6
X
Figure 7: Optimal trajectory of the bicycle with constraint
(C) ]2 = 0.46
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Optimal Trajectory

1.51 —*— Optimal Trajectory

0.01

X

Figure 8: Converged optimal trajectory of the bicycle with constraint
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