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Domain of a function

@ Domain of a function f : R™ — R is the set of values of = such that f(x) is
defined (that is, f(z) is a number in R)

dom(f)={z € R"| — 0 < f(z) < oo}

o f(z) =aTz, dom(f) =R"
o f(z) = logx (the natural logarithm, In z), dom(f) = R+
@ In convex optimization, it is convenient to consider functions that take the value co
or —oo
@ More generally, we may have a function f : R™ — R* that returns a vector in R*

@ The domain is the set of all z such that every entry of f(z) is a number (not co or —oco
or undefined)

©Dr. Ahmad F. Taha Module 0 — Mathematical Background



Functions Open and closed sets; sup and inf Norm, Cauchy-Schwartz, Hélder Inequalities Linear Algebra
0O@00000000 0000000 00000000 0000000000000 OOO0O0O0O0000

Range; image and inverse image

Consider a function f : R® — R,
Range is the set of all possible function values f(z):

range(f) = {f(z) |z € dom(f)}
The image of a set S C R™ under f is defined as
f(8) ={f()|z € S} CR”
The inverse image of a set T C R¥ under f is defined as
fYUT) ={z €R" | f(z) €T} CR"

/ @m %K(mgc( 3 |
@ e/
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Gradient vector and Hessian matrix

Consider a function f(z) : R — R

Gradient vector of f(z) at point y (column vector of length n):

9f(y)
Oz

Vi) = :
9f(y)

Oz

Hessian matrix of f(z) at point y (symmetric matrix n x n):

% f(y) % f(y)
82z, o Ox10xy,
V3 f(y) = :
% f(y) ’f(w)
9z, 021 T 92wy,
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Linear, affine, and quadratic functions

@ Afunction f : R™ — R is called linear if it is written in the form

fz)=aTz

o Vf(z)=a;V>f(z)=0
e Forscalar z: (az)’ = a and (az)"’ =0

@ Afunction f : R™ — R is called affine if it is written in the form
f@)=aTz+0b
@ Afunction f : R™ — R is called quadratic if it is written in the form

1
flx) = ExTP:t +q Tz +r

° Vf(w):Pa:+q;V2f(m):P
(1p.2 4 1p..2 "
e For scalar x: (§Px +qa:+r) = Px + g, (EPx +qx+r) =P
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Gradient of linear function

@ Consider the column vectors a € R", z € R"

1

2
f(l’):asz ar a2 ... an}

=a1r1 +a2x2 + ... + anTn

Tn
@ Take partial derivative with respectto = (k = 1,
o T
@) _
oxy,
@ Organize everything in a vector

EICEED)
dxq a1

V(aTz) =

Il
Il
e

a(aT z)
Oxn an
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@ Matrix P has entries p;; with p;; = p;; for i # j (symmetric matrix)

7-75TP3/'7 anx + - Z Z DijTiTj

i=1 j=1,j#i
@ Take partial derivative with respectto z (k =1,...,n)
@ The double summation has two parts that will give nonzero derivative: one for
i = k (the sum has py;xi2;); and another for all i # k, where we pick up a term

PikTiTk
o (1 1 < 1«
T
— | zz" Pz ) = T + = Z iz + — Z ki
Ok (2 ) PkkZTk 3 PkjZj 2 PikZq
j=1,j#k i=1,i%k
n n n n
1 1 1 1 . .
=3 Zpkjl"j + 3 Zpikxi =3 Zpkjwj + 2 ijkxj [rename i to j]
j=1 i=1 j=1 j=1
n
= Zpijj [Pr; = pjr for symmetric matrix]
j=1
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@ Organize the partial derivatives in vector form

a 1.T n P
727 (327 Px) 21 P13 P11 ... pin| | T
1
v (5e7Pr) = : = : o )
Tgn (%CETP(E) Z?:l pnd]‘ Pnl e Pnn Tn
@ Second partial derivative
n
02 (1 Tp ) 19} Z
_ 2 (ZxTpz) = e = D = D
dz;0x, \2 0z, PkjTj Pki Dik
j=1
@ Organize everything in matrix form
82 1..T 8?2 1,.T
. 97,00, (5:1: Pz) 55,07, (5:1: Pz) P11 ... Pln
v? (5xTP:c> = = . =P
82 1.7 82 1.7
9z 071 (53” Px) Bzl (EI PI) Pnt ... Pan
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Linear and quadratic approximations of a function

Consider a function f(z) : R — R
Linear approximation (1st-order Taylor approximation) of f(x) around point zo

fiin(®) = f(x0) + V f(20)" (& — o)
Quadratic approximation (2nd-order Taylor approximation) of f(x) around point zo

Fauaa (@) = F(@0) + 9 £(20) (& = 20) + 3 (@ = 20)T V2 (w0) (@ — 20)
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Example: Gradient computation

@ Find the linear approximation of f(z1,22) = 1(z1 — 1)2 + 3 (z2 — 2)% at [8:2]

@ Quadratic function

1 1 1
f(5517x2) = 5(551 — 1)2 + 5(1‘2 - 2)2 = *CE% —+ 2:02 —x1 — 229+ 2.5
T T
1|z 1 0 x —1 T 1
== " ! + ! +25=-2TPzr+qTz+r
2 o 0 1 X9 -2 ) 2
@ Gradient vector
V(x1,22) -yl et O L] ) ol S
r1,T2) = = = = Px q
2/ (z1,22) T2 —2 0 1| |2 2
x2
@ Gradient vector evaluated at x1 = 0.5, z2 = 0.5
V£(0.5,0.5) = ol |0
AR S B
2
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Example: Linear approximation

Linear approximation around [ §:3 |

T |T1— 0.5
xg9 — 0.5

fin(z1,w2) = £(0.5,0.5) + V£(0.5,0.5)

T
-0.5 z1 — 0.5

—1.5 xo — 0.5

=125+

=1.25— 0.5(z1 — 0.5) — 1.5(za — 0.5)

= —0.5z1 — 1.5z2 + 2.25
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Interior points and open sets

The ball of radius € > 0 around z is {y|||ly — z|| < €}.
The notion of a ball is used to define open sets and the interior of a set.

Consider a set S and a point z € S. The point z is called an interior point of S if there
is a ball around z that is contained entirely in S, or in other words, if there isan e > 0
suchthat {y | ||ly — z|| <€} C S.

The set of all interior points of .S is called the interior of S and is denoted by int(.S).
Aset S C R™ is open if for every = € S there is an e > 0 such that

{yllly—zll < e} CS.

In other words, a set is open if it contains only its interior points.
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Closed sets

A set is closed if and only if its complement is open.

There are other ways to define closed sets:

Consider a set S C R™. A point z € R™ is called limit of the set S if there is a
sequence of points in S converging to x.

A set is closed if it contains all its limits.

©Dr. Ahmad F. Taha Module 0 — Mathematical Background



Functions Open and closed sets; sup and inf Norm, Cauchy-Schwartz, Hélder Inequalities Linear Algebra
0000000000 00@0000 00000000 0000000000000 OOO0O0O0O0000

Boundary and closure

Consider a set S C R™.

A point z is called a boundary point of S if every ball around z, however small,
contains a point in .S and a point not in S.

The boundary points of a set form the boundary of the set, which is denoted as bd(5).
A set is closed if it contains its boundary. A set is open if it contains no boundary points.
The closure of a set is defined as the set together with its boundary points.

c(S) = SUb(S)

A set may be open, closed, both, or neither.
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Least upper bound (supremum)

@ Consider a set on the real line, S C R

@ A number a € Ris an upper bound of Sifz < aforallz € S.
@ The least upper bound of a set S, denoted by sup S, is defined by two
properties:
@ itis an upper bound of S
@ itis less than all other upper bounds of S

@ There are three cases:

@ S is empty, and then, sup S = —co
@ S is unbounded above (e.g., S = [5, 00)), and then, sup S = co
© S is bounded above, and then sup S is a number
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Greatest lower bound (infimum)

@ Consider a set on the real line, S C R

@ Anumber b € Ris a lower bound of Sif z > bforall x € S.
@ The greatest lower bound of a set .S, denoted by inf .S, is defined by two
properties:
@ itis alower bound of S
@ it is greater than all other lower bounds of S
@ There are three cases:
@ S is empty, and then, inf S = oo
@ S is unbounded below (e.g., S = (—oo, —1]), and then, inf S = —oco
© S is bounded below, and then inf S is a number
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max and min vs. sup and inf

@ Consider a set on the real line, S C R

The maximum of S is a number z € S such that for all y € S, it holds that y < =

The thing to note: max of a set must be a number in the set

sup S and inf S are useful because they are always defined, even when max and

min are not defined
@ For example, if S = (0, 1), then max S is not defined, but sup S =1

@ If Sis closed, then max and sup are the same (likewise, min and inf)
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Optimal value of an optimization problem
We denote the optimal value of an optimization problem as follows

f* = minimize fo(x)
subj. to fi(z) <0,i=1,...,m

hi(z) =0,i=1,...,p.
We mean that we have to find the image of the feasible set
F={zeR"|fi(x) <0,i=1,...,m;hi(z)=0,i=1,...,p}

under fo,
S={fo(z)|z € F}

and then, f* is the greatest lower bound of that set: f* = inf S.
Therefore, we could write the optimization problem as

fF=inf{fo(z)| fi(z) <0,i=1,...,m;hi(z) =0,i =1,...,p}
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The norm of a vector x € R™ is a function ||.|| : R™ — R that satisfies the following
three properties for all z € R™, y € R", and a € R.

@ PFositive definiteness: ||z|| > 0, and ||z|| = 0ifand only if z = 0

Q Scaling: |lax|| = |alllx||

© Triangle inequality: ||z + yll < |lz|l + |yl

@ We will use the notation ||.|| for any norm satisfying the previous properties

@ We will use the notation ||.||,, for a specific norm, to be defined shortly

@ The norm is also called the length of the vector
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The distance, or metric, between two points in R™ is defined as
d(z,y) = llz —yll.
The distance satisfies the following three properties.
@ Positive definiteness: d(z,y) > 0, and d(z,y) = 0ifand only if x = y

@ Symmetry: d(z,y) = d(y, z)
© Triangle inequality: d(x, z) < d(z,y) + d(y, z)
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0000000000 0000000 00800000
£, norms
1
Forz= | © | andp > 1, the ¢, norm is defined as
Tn

1/p

n
el = { D el
=1

@ p = 2: Euclidean norm |[z[|2 = VaTe = /" | @2
z

° Innerproductsz = [Zl wn] . :mf+zg+..‘+:vi = Hz”g
Tn
Q p = 1: sum-abs-values ||z1 = >, |zi

@ p = oo: max-abs-value ||z||cc = max;—1,...n |7
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Cauchy-Schwartz and Hoélder inequalities

Consider vectors z = [z1,...,z,])T andy = [y1,...,yn]”.
Cauchy-Schwartz inequality:

T
lz" yl < ll=ll2llyll2

Equality holds if and only if the vectors = and y are linearly dependent, that is, if there
are a € R and b € R, not both zero, such that az + by = 0.

Hélder’s inequality: If % + % =1 withp > 1 (p =1 gives q = o), then

n
>zl < lallplylly
=1

Equality holds if and only if there are @ > 0 and b > 0, not both zero, such that

alz;|P? = bly;|? for all .
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Dual norms

Consider a norm ||.|| on R™.

The dual norm is defined as
llll« = sup{z"z | ||| < 1}

For example, the dual of the Euclidean norm is the Euclidean norm:
sup{z"z | |lzll2 < 1} = ||2[|2

Proof: Use Cauchy-Schwartz inequality

The dual of £, norm is the £, norm, where  + = = 1.
Proof: Use Hdlder’s inequality
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Matrix norm is a function || - || : K™*™ — R that must satisfy the following properties
for all scalars « and matrices A, B € K™*™

[[A]l > 0 (positive-valued)

|A =0 <= A= 0ym,n (definite)

llaAll = |a|||All (absolutely homogeneous)

[|JA+ BJ| < ||A]| + || B|| (sub-additive or satisfying the triangle inequality)

JAB|| < ||A||||B|| (sub-multiplicative property—super useful)
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Specific Matrix Norms

@ Frobenius-norm:

S a2 = /iwace (474) =

lAllr =
i=1 j=1
m
@ 1-norm: ||A|l1 = max Z |aij|: max absolute column sum of the matrix
1<j<n
i=1

@ 2-norm: ||All2 = v/ Amax (A*A) = omax(A) where omax (A) is the largest

singular value of matrix A and A* denotes the conjugate transpose

1
m n
o Note that [|Al2 = omax(A) < |Allr = § E laiz|?

2
i=1 j=1

n
@ Infinity-norm: ||Al|cc = max E |aij|: maximum absolute row sum of the matrix
1<i<
<i<m =
@ Max-norm: ||Al|max = max;; |a;|
min{m,n}
@ Nuclear-norm: [|A||« = trace (\/A*A) = Z oi(A)

i=1
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For matrix A € R™*™ of rank r, the following inequalities hold

o [Allz < [IAllF < V7l All2
o [Allr < [lAll < VrllAllp
© [[Allmax < [|All2 < v/mn[|Allmax

o =llAllee < llAll2 < viml| Al
o —=llAllh < llA4ll2 < vall Al

Al < /1Al ][ Alloo
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Interpretation of matrix-vector multiplication: Column version

Consider a matrix A € R™*™ with columns a; € R™,:=1,...,n:
A=la1-an].

The matrix-vector multiplication Az, where = € R™, can be interpreted as a linear

combination of the columns of A, weighted by the entries of x:

Ar =101 + ...+ Tnan
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Interpretation of matrix-vector multiplication: Row version

,p, Where b; € R™:

Consider a matrix B € RPX™ with rows b7, 4 =1,...

The matrix-vector multiplication Bz, where « € R™, can be interpreted as a column
vector where each entry is the inner product between a row of B and z:
bfa:
Bx =

T
bpx
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Interpretation of matrix-matrix multiplication: Outer product

@ Consider a matrix A € R™*? with columns a; € R™,i=1,...,p:

A=la1-ap)
@ Consider a matrix B € RP*™ with rows bl.T, i=1,...,p, where b, € R™:
of
B=
by

@ The matrix-matrix product AB can be interpreted as a sum of matrices, where
each matrix is the outer product between one column of A and one row of B:

p
AB =" aib]
i=1
@ Example

1 215 6 1 2
=1 1[5 o]+ ][ ]
8 3 4
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Symmetric matrices

@ Consider the n x n matrix

ail a2 v Aln
a1 a “ee a2n
A=
anl an?2 e Ann
@ Matrix A is symmetric when
ail  aiz ... Gln ail a1 ... Qnl
az1 a2 ... daz2n al2 a2 ... an2 -
A= = =A

anl an2 «..  Qnn Aln A2n ann
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Positive/negative definite and indefinite matrices

@ Consider a symmetric n x n matrix A

@ In the following definitions, x is a vector n x 1 (z € R™)

Definition Eigenvalues
Positive semidefinite zT Az > 0 forall = allare > 0
Positive definite zT Az > 0forallz # 0 allare > 0
Negative semidefinite 2T Az < 0forall z allare <0
Negative definite zT Az < Oforall z # 0 allare <0

o T Az > 0 for some z and some are > 0 and
Indefinite
zT Az < 0 for some other = some are < 0

©Dr. Ahmad F. Taha Module 0 — Mathematical Background



Functions Open and closed sets; sup and inf Norm, Cauchy-Schwartz, Holder Inequalities Linear Algebra
0000000000 0000000 00000000 00000@000000000000000000

Submatrices and minors

@ For an n x n matrix A, any matrix created by taking diagonal entries of A together
with the corresponding off-diagonal entries is called a principal submatrix of A,
and its determinant is called principal minor

@ The upper left & x k corner (for k = 1,2,...,n) of Ais called a leading principal

submatrix of A, and its determinant is called leading principal minor

Leading principal submatrices

a b ¢ d
a b ¢
A= e f g h a b ¢
i koI a b e 9
J a, sle f gl .
m n o p e f Pk i j k1
m m o p
Other principal submatrices
J ; a ¢ d
a c a g
a7f7k’p7 b b PR 1/ k l b
ik m p ik
m o p
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Criterion on definiteness using minors

@ A symmetric matrix is positive definite if and only if all its leading principal minors

are positive

@ A symmetric matrix is positive semidefinite if and only if all its principal minors are

nonnegative

@ A symmetric matrix is negative definite if and only if all its leading principal minors
of odd order (1 x 1, 3 x 3, ...) are negative and all its leading principal minors of
even order (2 x 2, 4 x 4, ...) are positive

@ A symmetric matrix is negative semidefinite if and only if all its principal minors of
odd order are nonpositive and all its principal minors of even order are

nonnegative
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A couple of reminders about the inverse matrix

Suppose matrix A is invertible
@ The transpose and the inverse can be taken in any order, so sometimes we write
the resultas A=7
(AT =T = AT

@ If the eigenvalues of symmetric matrix A are );, then the eigenvalues of A~ are
1

Ai

@ Soif A is positive definite, then A~ is also positive definite

@ If A is negative definite, then A~ is also negative definite
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Rank of a matrix

Consider a matrix A € R™*",

rank(A) = maximum number of linearly independent rows of A
= maximum number of linearly independent columns of A
= number of nonzero eigenvalues of A, if A is symmetric

= number of (positive) singular values of A (more on this later)

rank(AT A) = rank(4AT)

@ For a rectangular matrix A € R™*"™, we have that rank(A4) < m and rank(A) <n

@ A square matrix A € R™"*" is invertible if and only if rank(A) = n (full rank)
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Positive semidefiniteness of A7 A and AAT

Consider a rectangular matrix A € R™m*"
Matrix A7 A is symmetric and positive semidefinite, for any A ¢ R™*"

@ Indeed, for any z € R™, it holds that
2T (AT A)z = (A2)T(Az) = || Az] > 0

o Likewise, AAT is symmetric and positive semidefinite for any A

If rank(A) = n, then AT A is positive definite
@ Matrix AT Ais n x n, and we have that rank(AT A) = rank(A) = n
@ Therefore, AT A is full rank and cannot have any zero eigenvalues

@ Already proved that AT A is positive semidefinite, so AT A must be positive

definite
o Likewise, if rank(A) = m, then AAT is positive definite

If A is square and full-rank, then A” A and AAT are positive definite
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Cholesky decomposition

@ For a positive definite matrix A, the Cholesky decomposition is given by
A=LLT

where L is a lower triangular matrix which is unique
@ Matlab implements the Cholesky factorization with the command R=chol (a) and
returns an upper triangular matrix R such that

A=RTR

@ If you want a lower triangular matrix, the command is R=chol (A, ' lower’)

@ The Cholesky factorization A = LLT is applicable to positive semidefinite
matrices as well (L is not unique in this case)

@ Matlab’s command does not work in this case; to compute L use the algorithm

provided in Golub and Van Loan, Matrix Computations, Sec. 4.2.8
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Range and nullspace of a matrix
by
Consider matrices A = [a1...ap] ER™*"and B= | | | € RPX"
T
bP

The range of A is defined as the set of all vectors that can be obtained as multiplication
of A and some vector:
range(A) = R(A) = {Az |z € R"}
={z1a1 + ...+ znan |z, € R} =span(ai,...,an)

Therefore, the system Az = b has a solution if and only if b € range(A)
The nullspace of B is defined as the set of all vectors whose multiplication with B gives
the zero vector:

nullspace(B) = N(B) = {z | Bz =0} = {z | bTz =0,... ,bz;z =0}

(solution set of homogeneous system of linear equations)
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Symmetric matrices and eigenvalue-eigenvector properties

Set of symmetric n x n matrices: S™.
A symmetric n x n matrix always has n real eigenvalues.

@ Eigenvalues may be repeated though (not a problem).

@ A general square but nonsymmetric matrix may have complex eigenvalues.

A symmetric n x n matrix always has n linearly independent eigenvectors
(QL S 7(1n)-
@ In particular, the eigenvectors can be chosen so they are orthonormal.

@ This means that they are mutually orthogonal (¢} g; = 0 for i # j)
@ ...and they have unit norm (||g;||2 = 1)
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Implications of eigenvalue-eigenvector properties for symmetric

0000000000 0000000 00000000

matrices

Let \;, 2 =1,...,n, be the (real) eigenvalues of A € S™.

Letg;, i =1,...,n, be the corresponding n orthonormal eigenvectors.

@ The set of eigenvectors forms a basis of R™. That is, for any = € R™, we can write

T = p1q1 + $292 + ... + fngn

for some coefficients p; € R.

@ Eigendecomposition of matrix A:

n
A= Naal = QAQ"

=1
where A = diag(X1,...,An) and Q is an orthonormal matrix (that is,

QTQ = QQT = I), with the eigenvectors of A as columns:

Q:[Q1~~-Qn]'
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Bound on quadratic forms

Suppose we order the n (real) eigenvalues of A € S™ as follows without loss of
generality:
)\max(A) = A1 2 )‘2 2 e 2 A'rL—l 2 )\n = Arn1n(14)

@ Forany z € R™, it holds that
Amin(A)||2]3 < 27 Az < Amax(A)||z[13

Proof: Write z = Z?:l ¢;q;, for some coefficients ¢;, and use the orthogonality of
the eigenvectors.

@ The right inequality holds as equality if you choose x = tq; for any t > 0.

Note that the property holds regardless of the signs of the eigenvalues.
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A formula for the maximum eigenvalue

Consider the previous two properties when = is a unit-norm vector u, that is |Ju||2 = 1:

(equivalently, set uw = z/||z||2). We have that

Q@ uT Au < Amax(A), for any v € R™ such that |ull2 = 1

@ uT Au = Amax(A), if u = g1 (unit-norm eigenvector corresponding t0 Amax)
By definition of the sup, we have that

Amax(A) = sup ul Au.
[Jull2=1
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Singular value decomposition (SVD)

A matrix A € R™*™ with rank(A) = r can always be written as

r
A=Y cuplf=U1 5 Vv = U o VT
where
@ we have r singular values, which are all positive:
Omax(A) =01 >02>...20, >0

% 0 _

@ ¥, = diag(o1,...0,)and X = ! rx(n=r)
O(m—r)xr O(m—r)x(n—'r)

@ U; € R™*" has columns called left singular vectors of A; and UL Uy = I

@ Vi € R™X" has columns called right singular vectors of A; and VlTV;l =1

@ U and V are orthonormal (m x m and n x n, respectively) and in addition,

U=[ U Us ] v=] Vi Va o]
~~ ~~~ ~~ ~~
basis of R(A) basis of N'(AT) basis of R (AT') basis of N'(A)

o A=U;,V{ is sometimes called “thin” SVD
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Relationship between SVD and eigendecomposition

Suppose that A € R™*",

ATA =iz ufui s vE =3yl =ve2yT

Since V is orthonormal, we conclude that V32V T is the eigendecomposition of AT A.
Therefore,

Q M(ATA)=02(A),i=1,...,r;and M (ATA) =0,i=r+1,...,n

@ V contains the eigenvectors of AT A
Considering AAT, we likewise have that

Q \(AAT) =02(A),i=1,...,r;and N (AAT) =0,i=7r+1,...,m

@ U contains the eigenvectors of AAT

When A is symmetric, then o;(A) = 1/ Xi(A2) = |\ (A)]
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Pseudoinverse (Moore-Penrose inverse)

For any matrix A € R™*™ with rank(A) = r, the pseudoinverse AT € R"*™ ig

defined using the SVD as
At =wsrtuf =vstuT

—1
where T = 1 Orx (m—)

O(nfr)xr O(nf'r)x(mf'r)
The pseudoinverse At = B is the unique matrix B that simultaneously satisfies the
following properties:

ABA=A (AB)T = AB

BAB =B (BA)T = BA
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Bounds using omax

@ Forany A € R™*"™ and z € R™, it holds that
[Az[l2 < omax(A)]|z([2

The bound is achieved when x = tv; (right sing. vector corresponding to
Omax(4))
Proof: [|Az(|3 = 2T AT Ax < Amax(AT A)[|2]13 = 02, (A)||3

@ Forany A € R™*", z € R™, and y € R™, it holds that

yTA:D < O'max(A)”a:H?Hy”2
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Formulas for o2 and the spectral norm

Based on the previous two inequalities, we obtain that

T Ax
omax(A) = sup |Aull2 = sup _y AT
llullz=1 z#0,y70 |Zl2]lyll2

The maximum singular value is a norm on R™*"™, called spectral norm or £2-norm, and

is sometimes denoted by p(A):
p(A) = HAHQ = Umax(A)
(it can be verified that it satisfies the 3 properties of norm)
Special cases:
@ When A € S™ (i.e., A is symmetric), p(A) = maxj—1,....n |Ai(A4)]|

@ When A € R™*1 (i.e., Ais a vector), p(A) becomes the Euclidean norm

(¢2-norm)
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Explicit solution of a linear system of equations

With A € R™*"™ and b € R™, consider the system of equations
Az =D
The general solution is written in the form
T =xp+v

where
@ x, is any solution if Ax = b;

@ v is any vector v € nullspace(A)
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Schur complement

Consider the symmetric block matrix X € S™ (so A = AT, C = CT)

A B
BT ¢

@ Suppose A is invertible: S = C — BT A~1B is the Schur complement of A in X
@ Then the following hold:

Q@ X -0 A>0andS >0

QIfA>=0,thenX >0& S >0
@ Suppose C is invertible: S = A — BC~1 BT is the Schur complement of C in X
@ Then the following hold:

Q@ X>-0«<=C>0andS >0
QIfC~0,thenX =0 S >0
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Any questions?

Thank You!

Please visit
https://lab.vanderbilt.edu/taha/
IFF you want to know more ©

©Dr. Ahmad F. Taha Module 0 — Mathematical Background


https://lab.vanderbilt.edu/taha/

	Functions
	Open and closed sets; sup and inf
	Norm, Cauchy-Schwartz, Hölder Inequalities 
	Linear Algebra

