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In this module

Definition of convex and concave functions

Examples

Criterion for convexity based on Gradient vector and Hessian matrix
Operations that preserve convexity

Epigraph and sublevel sets

Extended-value extensions

Restriction to a line

Quasiconvexity and quasiconcavity; examples
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Definition of convexity

A function f : R™ — R is convex if 1) its domain is a convex set; and 2) it satisfies
the following property:

flz+ (1—0)y) <O0f(z)+ (1 —0)f(y), forall z,y€ dom(f), 6 € [0,1].

0f(x)+(1-0)f(y)

f(6x + (1-0)y)

L L

z 9r+(1—0)y Y

A function f: R™ — R is strictly convex if 1) its domain is a convex set; and 2) it
satisfies the following property:

fOx+(1—-0)y) <0f(x)+(1—0)f(y), forall z,y € dom(f), z#y, € (0,1).
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A function f: R™ — R is concave if —f is convex.
Equivalently, a function f: R™ — R is concave if 1) its domain is a convex set; and
2) it satisfies the following property:

flz+(1—-0)y) >0f(x)+ (1 —0)f(y), forall z,y € dom(f), 6 € [0,1].

F(0z+ (1 0)y)

z Or+(1-0y Y

A function f : R™ — R is strictly concave if 1) its domain is a convex set; and 2) it
satisfies the following property:

fOz+ (1 —0)y) >0f(z)+ (1 —0)f(y), forall z,y € dom(f), z#vy, 6 € (0,1).
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o For affine functions, we always have equality in the definition of convex/concave
functions

Hence: all affine (and also linear) functions are convex and concave
o Conversely, any function that is convex and concave is affine

@ A convex function is continuous on the interior of its domain—it can have
discontinuities only on its boundary
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Examples on R

@

x® is convex on Ry if a > 1 or o < 0; concave if 0 < a <1

log x is concave on R 4

azr

e?* is convex

|| is convex

azx + b is both convex and concave
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Criterion based on gradient vector (1st-order condition)

A differentiable function f : R™ — R is convex if and only if 1) its domain is a convex
set; and 2) its linear approximation (1st-order Taylor approximation) at any point is a
global underestimator of the function. That is,

f(x) > f(zo) + Vf(mo)T(z — o) for all g,z € dom(f)
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Additional 1st-order conditions

A differentiable function! f: R™ — R is concave if and only if 1) its domain is a
convex set; and 2) its linear approximation (1st-order Taylor approximation) at any
point is a global overestimator of the function. That is,

flx) < f(zo) + Vf(mo)T(z — o) for all zg,z € dom(f)

A differentiable function f : R™ — R is strictly convex if and only if 1) its domain is a
convex set; and 2) the following condition holds:

f(@) > flzo) + Vf(zo)T (& — xg) for all 2o,z € dom(f), = # zo

A differentiable function f : R™ — R is strictly concave if and only if 1) its domain is
a convex set; and 2) the following condition holds:

f(@) < f(@o) + Vf(z0)T (x —z0) for all zo,z € dom(f), = # xo

LThis means that its gradient V f exists at each point in dom(f).
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Criterion based on Hessian matrix (2nd-order condition)

For a twice differentiable function, the Hessian matrix is defined as

62f(w)}

2 —
Vi) = |:8a:i8$j

A twice differentiable function f : R™ — R is convex if and only if 1) its domain is a
convex set; and 2) its Hessian matrix V2 f(z) is positive semidefinite for all
z € dom(f).

A twice differentiable function f: R™ — R is concave if and only if 1) its domain is a
convex set; and 2) its Hessian matrix V2 f(x) is negative semidefinite for all
z € dom(f).

A twice differentiable function f : R™ — R is strictly convex if 1) its domain is a
convex set; and 2) its Hessian matrix V2 f(x) is positive definite for all z € dom(f).
Converse is not true (ex: f(x) = 1/22 with domain = € {R — 0}).

©Ahmad F. Taha Episode 03 — Convex Functions



Convexity Definition Examples and Operations
00000000 @®00000000000

Examples on R”

Quadratic function f(z) = %xTPx +qTz+r
o Convex if P > 0; strictly convex if P > 0
e Concave if P < 0; strictly concave if P < 0;
o Not convex and not concave if P is indefinite
o Proof: The Hessian is V2 f(z) = P

Norm ||z|| is convex
e Proof: Use triangle inequality

o Negative entropy f(z) = zlogx for positive z is convex (domain is convex, take
first then second derivative, show it's positive for all positive x)
Max function f(z) = max{z1,...,zn} is convex on R™

o apply convex function for f(z) = max;z;, i.e.,

f(0z + (1 — 0)y) = max;(0z; + (1 — 0)y;) < ...

Log-sum-exp f(z) = log(e®! 4 --- 4 e®n) is convex on R™ (see next page)
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Convexity of log-sum-exp

1
f(z) =log(e®t + .-+ en); set z;, = ek then Vf(z) = 1>
z

The Hessian is (see differentiation rules in Appendix A, Examples A.2 and A.4, of
your textbook)
1 1
2 _ : _ T
Vif(z) = lTZdlag(z) REBE zz

where 1 is an n x 1 vector of all ones and diag(z) is a diagonal matrix with the
entries of z on the diagonal

Show that V2 f(x) = 0 by definition. For all v € R”, it holds that
vIV2f(z)v >0

n n n 2

vIV2f(z)v = ﬁ Z zi Z vfzi - Z Vi Z; >0

i=1 i=1 i=1
The latter follows from applying Cauchy-Schwarz inequality
T
(aTb)? < [al3lIbll3

to vectors with entries a; = v;\/z;, bj = \/2Z;
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Operations that preserve convexity

© Nonnegative weighted sums: If f1,..., fm are convex, and w1 > 0,...,wny >0,
then f = w1 f1 4+ -+ + wm fm is convex

@ Extension to integrals: If f(x,a) is convex in z for all a, and w(a) > 0 for all a,
then g(z) = ff(x,a)w(a)da is convex

© Pointwise maximum: If f1,..., fm are convex, then
f(z) = max{fi(z),..., fm(z)} is convex

o Note that dom(f) = ﬂ . . dom(f;) is a convex set

@ Extension to pointwise supremum: If f(xz,a) is convex in x for all a € A, then
g(x) = supge 4 f(z,a) is convex.
@ Affine transformation of domain: If f(z) is convex, then f(Az +b) is convex
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Sublevel sets

Sublevel set is the set of x such that f(z) is below a specified level a:

Co ={z € dom(f) | f(z) < o}

Superlevel set is the set ot x such that f(z) is above a specified level a:

So ={z € dom(f) | f(z) > a}

Sublevels sets of convex functions are convex sets (the converse is not true in general).
Superlevel sets of concave functions are convex sets (the converse is not true in general).
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Epigraph

Epigraph is the set “above the graph”

epi(f) = {(z,t) € R"! | f(a) < t}

Hypograph is the set “below the graph”

hypo(f) = {(z,t) e R"*! | f(x) > t}

A function is convex if and only if its epigraph is a convex set.
A function is concave if and only if its hypograph is a convex set. J

©Ahmad F. Taha Episode 03 — Convex Functions



Convexi Examples and Operations
O00008000000

00000000
Extended-value extension

For a convex function f : R™ — R, its extended-value extension f(z) is a function
taking values in R U {oo}, defined as

s ) f(x), if x € dom(f)
@) = {oo7 if z ¢ dom(f)

Definition

For a concave function f : R™ — R, its extended-value extension f(z) is a function
taking values in R U {—oo}, defined as

5 ) f(x), if x € dom(f)
@) = {—oo, if x ¢ dom(f)

o Note that dom(f) = dom(f), but f is defined over the entire R"

@ The extended-value extension is useful because it allows us to define convex and
concave functions over the entire R™
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Extended-value extension examples

o f(z) =logz, then

5 \_ Jlogz, ifx >0
f(x){—oo, if 2 <0

o f(x)= %, then

1 iz
f(ae):{w’ Ll

oo, ifz <0

o Indicator function of a convex set C: Ic(z) =0 if z € C with dom(I¢) = C.

= 0, ifzeC
1, =
c(@) {oo, ife ¢ C
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Restriction to a line

o A function f: R"™ — R is convex if and only if the function g : R — R
g(t) = f(x +tv), dom(g) ={t € R|z+ tv € dom(f)}

is convex in t for all z € dom(f) and v € R™

x + tv: Line passing through z in direction v

Advantage: Check convexity of f by checking convexity of a 1-D function
Disadvantage: May be tricky to find dom(g)

Useful formula: ¢ (t) = vT V2 f(x + tv)v
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Examples of functions of matrices

Affine function: Tr(AT X) + b is convex and concave on R™*X"
Proof: TI“(ATX) +b= m ?:1 Ainij +b

=1

log det X is concave on 57
Proof: Restriction to a line by defining g(t) = log det(X + tV') such that X + ¢tV
is a pd matrix then defining X = X1/2X1/2 then finding the derivative w.r.t. t...

logdet X~1 = —logdet X is convex on ST,

Amax (X)) is convex on $"

Proof: Amax(X) = sup| 1 ul' Xu

ull2=
o | X|lF = \/m (Frobenius norm) is convex on R™*™
rank(A) min {m,n} .
o || X|l« = Zifl oi(A) = Zi*l 0i(A) (nuclear norm) is convex on
Rm)(n - -
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Quasiconvexity and quasiconavity

A function f : R™ — R is called quasiconvex if 1) its domain is a convex set; and 2)
for all oo € R, the sublevel set So = {x € dom(f) | f(z) < a} is convex. For a
function on R, quasiconvexity requires that each sublevel set be an interval (including,
possibly, an infinite interval). An example of a quasiconvex function:

A function f: R™ — R is called quasiconcave if —f is quasiconvex.
Equivalently, 1) its domain is a convex set; and 2) for all o € R, the superlevel set
Sa = {z € dom(f) | f(z) > a} is convex.

A function is called quasilinear if it is both quasiconvex and quasiconcave
@ Convex functions have convex sublevel sets
@ So convex functions are quasiconvex (the converse is not true in general)

o Likewise, concave functions are quasiconcave
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Examples of quasiconvex and quasiconcave

Logarithm f(z) = log x is quasilinear on R4

Ceiling function is also quasilinear

aTz+b
cTx4d

o Linear-fractional function: f(z) = is quasilinear on

dom(f) = {x|cTx+d >0}

o How? First construct the sublevel set S, then showcase that S, is indeed quaslilinear

f(z) = z1z2 with dom(f) = ]R?H_ is quasiconcave, not convex, not concave, not
quasiconvex
e How? Prove it. :)
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Questions And Suggestions?

Any questions?

Thank You!

Please visit
https://lab.vanderbilt.edu/taha/
IFF you want to know more ©®
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