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In this lecture

@ Convex hull relaxations of mixed integer linear programs (MILPs)

@ Semidefinite relaxation of nonconvex QCQPs and MILPs

See Z.-Q. Luo, W.-K. Ma, A. Man-Cho So, Y. Ye, and S. Zhang, Semidefinite Relaxation of
Quadratic Optimization Problems, in IEEE Signal Processing Magazine, May 2010 (and references

therein).
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Hard problems

@ Traditional view: Linear is easy; nonlinear is hard
@ Modern view: Convex is easy; nonconvex is hard

@ We can use convex optimization to approximately solve nonconvex
problems
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Nonconvex QCQP

Nonconvex QCQP with variable z € R"”
minimize z” Pox + qu

subject to TP+ qla>ib;, i=1,...,m

@ Symbol >; means >, <, or =, potentially different for each ¢
@ P, €S" (i=0,...,n) but not necessarily positive semidefinite

@ Quadratic constraint becomes linear if P, =0
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Example: Boolean Least Squares

minimize ||Az —b|)3

subject to mf:l, i=1,...,n

@ Allowonly z; =1 or x; = —1

o Basic problem in digital communications
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Mixed Integer Linear Program (MILP)

Variables x € R", u; € {0,1} (i =1,...,q), optimal value f*
f* = minimize ¢’z +eu
subject to Fx 4+ Gu < h
Ar+ Bu=4d
z€R (i=1,...,n)
u; € {0,1} (i=1,...,q)

o If we ignore the integrality constraint u; € {0,1}, the resulting problem is
an LP
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Convex hull relaxation of MILP

@ Only nonconvex constraint in MILP is u; € {0,1}
@ Trick: Relax to 0 < u; <1 to obtain an LP

f = minimize ¢z +e"u
subject to Fx + Gu < h
Ax+ Bu=d
ze€R(GE=1,...,n)
0<u; <1(i=1,...,q)
@ New problem is called a relaxation of the original MILP

o It has a larger feasible set than the original MILP

@ We have for the optimal values of the original and relaxed problems:

f<r
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Advantages and disadvantages

Solving the LP is very easy (and fast)
Suppose that solution of the LP is (Z, )

Lower bound on MILP optimal value: f = c¢'% + %@

Main challenge: we don't know if (&, @) is feasible, that is, if (&, ) satisfies

Ft+Gu=<h
A+ Bu=d
ﬂiE{O,l}(i=1,...,q)
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Recovering an integer solution

o Straightforward idea: Slice 4; to get binary u;
o Specifically, set
. 1, ifa; >1/2
U; =
0, otherwise
@ Still challenging to ensure Fz + Gu < h, Az + Bu = d (may need to
adjust %)
o For example, after having determined 4, solve the following LP with
variable z € R"

A S T T,
f = minimize ccx+e u

subject to Fz+Gu < h
Az + Bu=d
z€R (i=1,...,n)

@ Optimal value f is an upper bound to the optimal value f* of the MILP:

<y
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Assessment of the suboptimality

Lower bound f < f*
Upper bound f > f* with &, 4 feasible for the MILP
What we return to the user is &, 4

How good is that solution?

Approximation ratio: f/f*

Upper bound on approximation ratio: f/f > f/f*
e Approximation ratio is always > 1, we want it to be as close to one as
possible

Optimality gap: f —f

e Optimality gap is always > 0, we want it to be as close to zero as possible
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Some general remarks

In general, all convex relaxation approaches involve two steps:
© A method to obtain a convex relaxation of the nonconvex problem
@ A method to recover from the solution of the convex problem a solution
that is feasible for the nonconvex problem
o Both steps are largely problem-dependent
@ We will see the basic tricks in this lecture

@ For example, one method for MILPs is to convert the constraint
u; € {0,1} into u; € [0, 1]

@ Another method is given next
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MILP as (nonconvex) QCQP

Main trick:
u; € {071} < ul(ul — 1) =0

So MILP is equivalent to the following nonconvex QCQP with variables
reR", ueR?

minimize 'z + e’ u

subject to Flox+Gu =< h
Az + Bu=d
ul—u;=0 (i=1,...,9)

Next: Let's see relaxation methods for nonconvex QCQPs.

[N)
N
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Homogeneous nonconvex QCQP

Homogeneous nonconvex QCQP with variable x € R™:
minimize mTPom

subject to xTPim >; 0

Symbol >; means >, <, or =, potentially different for each 4

@ P; € 3" but not necessarily positive semidefinite

e Homogeneous: we don't have the term ¢f =

Generalization to nonhomogeneous case is easy and will be shown later
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Equivalent formulation of homogeneous nonconvex QCQP

o Semidefinite relaxation relies on the following very important trick:

2" Pyx = trace(z” Pox) = trace(Poza”)

T

QCQP constraint and objectives are linear in zx

@ So let's define a matrix optimization variable X = za € 8"

Require X to be positive semidefinite and have rank 1

Equivalent reformulation of the QCQP

minimize trace(PoX)
subject to trace(P;X) >; 0
X*>0
rank(X) =1

@ Because of the rank constraint, the solution can always be written as
X = 22", and z will be the solution of the QCQP
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Implication of rank constraint

o If we have a matrix X > 0 with rankX = 1, we can always write it is as
X = zzT for some vector x

@ Indeed, by eigendecomposition of X, we have that
X =Maqq

where A1 > 0 is the only nonzero eigenvalue, as we assumed rankX =1

@ Therefore, we can take

r =V )\1q1
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Semidefinite relaxation (SDR) of homogeneous nonconvex QCQP

minimize trace(PoX)
subject to trace(P;X)>; 0
X>0
rank(X) =1

@ Where is the nonconvexity in the above formulation? rank(X) =1
@ Semidefinite relaxation (SDR): Drop the rank constraint to get an SDP

minimize trace(PoX)
subject to trace(P;X)>; 0
X=0
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From the SDR solution to the QCQP solution

o Let X be the solution of the SDR problem

If it happens that rank(X) = 1, then we readily obtain the solution of the
nonconvex QCQP. It is always possible (e.g., by eigendecomposition) to
find & so that

X =zx”
What if rank(X) # 17?

o We need to to use X to obtain a vector %, and we need to ensure that & is
feasible for the QCQP constraints

TPz 0
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Recovery of a feasible solution

There are two main ways to (hopefully) to recover a feasible solution:

o (Prmc:pal Elgenvector) Using the eigenvalue decomposition
X =" Niqigl, select the maximum eigenvalue (say, it is j) and set

&= Vg
@ (Randomization) Draw samples
&~ N(0,X)
and from the ones that satisfy the constraints
#TP&>;0, i=1,....,m

select the one yielding the smallest objective value

©
N
8
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Interpretation of randomization

@ z is a random vector from the Gaussian distribution with zero mean,
covariance X
Elzz"] = X

@ The expected value of the objective function is
E[z" Pyz] = E[trace(z” Pyx)] = E[trace(Pozz”)] = trace(PyE[zaz"]) = trace(P

@ SDR looks for the covariance matrix that minimizes the original noncovex
objective in expectation
@ Likewise for the constraints

o It seems reasonable to use samples x ~ AN(0, X) to generate an
approximate solution to the QCQP
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Implementation of randomization

Generate random vectors z ~ N (m, C) for given mean m and covariance
matrix C
@ Generate a random vector y € R™ from the standard normal N (0, I,,)
o In Matlab: y = rand(n,1)
o Find a matrix R such that X = RR”

e C = 0 because it is a covariance matrix, so eigenvalues (A1,...,An) are
nonnegative

o Eigendecomp. C = QAQT; set R = QvAQT with
VA = diag(VAL, - - vVn)

RRT = QVAQTQVA' QT = QVAVAQT = QAQT =C

where we used that Q is orthonormal: QQT = QTQ =1
o Matlab [Q,D] = eig(C) returns orthonormal eigenvectors in Q if C' is real
symmetric

o A simpler option is R = Qv/A, because

RRT = QVAVA' QT = QATQT = C
o Another option is Cholesky decomposition C' = LLT (see Lecture 0)

@ Then, z =m + Ry ~ N(m,C)
Elz] = E[m + Ryl = m + RE[y| =m
Cov([z] = E[(z — Elz])(z — E[z])"] = E[Ryy" R"] = RE[yy"|R" = RI,R" =«

(©Ahmad F. Taha Module 09 — Relaxations of Nonconvex Problems 20 /28



Suboptimality bound

Relaxation Nonconvex problem Feasible point
f=min trace(PyX) f*=min 2" Pz f=2"Pi
subj. to trace(PiX)>; 0 subj. to 2" Piz>; 0  where 27 P32 >; 0

X>0

o If f — f is small, we have approximately solved the problem

o If we generate the feasible & via randomization, draw many samples
attempting to make f — f small
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Nonhomogeneous QCQP: Method 1

Nonconvex QCQP with variable z € R™ (P; € 3" not necessarily positive
semidefinite):

. T T
minimize x~ Pox + gy ©

subject to acTPl-m—i—qiTler,-,i =1,...,m
Az =b; Cx <d

o Same trick [27 P,z = trace(P;z2T)] but now also keep vector z as variable

@ We have the following equivalences (the latter is using Schur complement)

(X = z2”, rank(X) = 1) <= (X = 22", rank(X) = 1)

— ([f "ﬂ = 0, rank(X) = 1)
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SDR of nonhomogeneous QCQP: Method 1

minimize LETP().II + qOTx
subjectto z' Pz +qlari,i=1,...,m
Az =b; Cx <d
SDP relaxation with variables X € §" and z € R"
minimize trace(PoX) + qg

subject to trace(P;X) + Ggrr,i=1,...,m

Az =b; Cx <d
X =z
BN
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Nonhomogeneous QCQP: Method 2

Nonconvex QCQP with variable z € R™ (P; € 3™ not necessarily positive
semidefinite):
minimize z” Poz 4 ¢f x (P1)
subject to 2T Pr+qlzr,i=1,...,m

Introduce auxiliary variable t € R and form the following homogeneous
nonconvex QCQP:

minimize ["f]T[Z% %)] m (P2)

subject to ¢t =1

T
T 9 []eimtm

o Let (z*,t") be the optimal solution of (P2)

@ Then z* is the solution of (P1) if t* =1, and —z* is the solution of (P1)
if t* =—1

@ We can now form the SDR of (P2) as we did in the homogeneous case
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Randomization for Method 1

SDP relaxation with variables X € $™ and x € R"

minimize trace(PoX) + qg ©
subject to trace(P;X) + @gxr,i=1,....,m
Az =b; Cx <d

@ Let the solution be (X, %)
o Generate x ~ N (&, X — &i7)

@ Still not obvious how to make x feasible; see an example next
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SDP Relaxation of Boolean Least Squares

minimize ||Az —b|)3

subject to m?zl, i=1,...,n

o As before, introduce variable X = zzT

o Notice that X;; = x?
o Equivalent problem with variables X € §", z € R"

minimize trace(A” AX) — 20" Az +b"b

. . X
subjectto X;; =1,i=1,...,n; LUT 1

CL} = 0,rank(X) =1
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SDR of Boolean Least Squares: Randomization and recovery of feasible

solution

minimize trace(ATAX) — 2b" Az +b"b

. . X
subjectto X;i=1,t=1,...,n; L:T ﬂto

o Let the solution be (X, )
o Generate samples = ~ N (&, X — &&7)

o Obtain feasible solution as

1, ifz; >0
—1, if{Ei<0

Z; = sign(z;) = {

o Select the & that yields the smallest objective
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SDR of Boolean Least Squares: Example

o A e R pc R with Gaussian A(0, 1) entries
@ Solve SDP relaxation and use randomization to obtain a feasible solution
o We get the following histogram for f/f

o f=|A& — b||2 from randomization; f = SDP objective

10 samples 100 samples

Relative frequency
Relative frequency

22 24 26 24 26 28 3
[|Ax-bl3/(SDP objective value) [|Ax-b][3/(SDP objective value)
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