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Abstract—It has been shown that a large number
of computationally difficult problems can be equivalently
reformulated into quadratically constrained quadratic pro-
grams (QCQPs) in the literature of power systems. Due to
the NP-hardness of general QCQPs, main effort of this stream
of problems has been put into deriving near-optimal solutions
with low computational complexity. Recently, semidefinite pro-
gramming (SDP) relaxation has been recognized as a promising
technique to solve QCQPs from various applications such as
the alternating current (ac) optimal power flow (OPF) problem.
However, this technique has not been guaranteed to achieve a
rank-one solution, which is a necessary condition to recover a
feasible solution of the original QCQPs. In this paper, instead
of investigating the conditions under which a rank-one solution
exists, we propose a general solution framework to derive near-
optimal but rank-one solutions for the SDP relaxation of QCQPs.
In the proposed algorithm, all the parameters are provided in a
systematic manner. In order to demonstrate the effectiveness of
our method, the proposed algorithm is applied to solve the ac-
OPF and state estimation problems in various settings. Extensive
numerical results show that our method succeeds in obtain-
ing rank-one solutions in all our case studies and only small
optimality gaps are induced by our approach.

Index Terms—Quadratically constrained quadratic pro-
gram (QCQP), semidefinite programming (SDP), rank
approximation.

I. INTRODUCTION

ANY problems in power systems can be formulated as
M quadratically constrained quadratic programs (QCQPs).
One example is the alternating current (AC) optimal power
flow (OPF) problem [1]-[3], which is the core problem of
power system operation and control. It can be formulated as
a QCQP since the power flow equations are quadratic in bus
voltages when the rectangular form of the complex voltage
is used [1]. Another example is the strategic bidding problem
in the electricity market with a bi-level optimization formula-
tion [4], [5]. This bi-level problem can be equivalently trans-
formed to a single-level QCQP by replacing its lower-level
problem, which is a linear program, with its Karush-Kuhn-
Tucker (KKT) optimality conditions. In general, QCQPs are

Manuscript received March 4, 2017; revised June 18, 2017; accepted
July 17, 2017. Date of publication July 18, 2017; date of current ver-
sion December 19, 2018. This work was supported by the Hong Kong
Research Grants Councils General Research Fund under Project 16209814
and Project 16210215. Paper no. TSG-00316-2017. (Corresponding author:
Tian Liu.)

The authors are with the Hong Kong University of Science and Technology,
Hong Kong (e-mail: tliuai @ust.hk; bsunaa@ust.hk; eetsang @ust.hk).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TSG.2017.2729082

known to be NP-hard [6] and computationally difficult. Thus,
a main stream of literature has been focusing on developing
low-complexity algorithms to achieve near-optimal solutions
instead of searching for the optimal solutions.

Recently, the semidefinite programming (SDP) relaxation
technique has been used widely to solve QCQPs [7]-[9].
Chen et al. [7] propose a spatial branch-and-cut (SBC)
approach to solve QCQPs with complex bounded vari-
ables (CQCQP). They use a complex SDP formulation
strengthened with valid inequalities that are derived from the
convex hull description of a nonconvex set of 2 x 2 pos-
itive semidefinite Hermitian matrices subject to a rank-one
constraint. Their proposed branching methods based on the
rank-one constraint can result in better performance compared
to the benchmark reliability branching method. In [8], a sys-
tematic study of the quadratic convex (QC) relaxation for AC
optimal power flow problems is presented. Their main theo-
retical result shows that the QC relaxation is stronger than the
second-order cone (SOC) relaxation and neither dominates nor
is dominated by the SDP relaxation. Hijazi et al. [9] introduce
an exact reformulation of the SDP relaxation for OPF prob-
lems in order to deal with the issue that SDP solvers usually
suffer from a lack of scalability. The proposed formulation
is constrained by a set of polynomial constraints defined in
the space of real variables. The new constraints can be seen
as “cuts”, strengthening weaker second-order cone relaxations
and they show that a significant gain in computational effi-
ciency can be achieved by their method compared to a standard
SDP solver approach.

By solving the SDP relaxation problem of a QCQP, a lower
bound of the original minimization problem can be achieved.
Furthermore, it has been shown that the gap between the
lower bound and the optimal objective value is bounded under
specific conditions [10]-[12].

However, one important issue of the SDP relaxation tech-
nique is how to recover a feasible solution of the original
QCQP from the solution of the SDP relaxation problem.
Particularly, if the optimal solution of the SDP relaxation
problem is rank-one, the optimal solution of the origi-
nal QCQP can be reconstructed accordingly by a standard
method [12]. Nevertheless, it is not guaranteed that the SDP
relaxation problem can achieve rank-one solutions. In the
example of OPF-based optimization problems [13], [14], the
sufficient conditions for the existence of rank-one solutions
by SDP relaxation have been studied. However, these condi-
tions cannot always be met, especially when there are strict
line-flow limits [15]. In that case, how to obtain a rank-one
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solution with a small loss of optimality is an inevitable yet
challenging problem. An intuitive approach is to project the
high rank solution to the nearest rank-one matrix, but the
quality of the resulting solution is not guaranteed. Another
technique is to enforce the SDP relaxation problem to achieve
low-rank solutions by incorporating a rank penalty term into
its objective [16]. In the literature, the rank penalty functions
are chosen as the total reactive power generation [16], the
apparent power loss [2] or the functions derived from the
network Laplacian matrix [17]. However, these methods are
just heuristics to enforce low rank solutions, and thus, they are
not guaranteed to yield rank-one solutions. Molzahn et al. [18]
apply a high-order moment relaxation method, which is a
generalization of the SDP relaxation, to solve OPF prob-
lems. But feasible solutions can only be obtained in the cases
with sufficiently high relaxation orders, which are computa-
tional challenging. You and Peng [19] try to obtain a rank-one
solution of the OPF problems in a heuristic way based on
alternating direction method of multipliers (ADMM). In each
iteration, they propose to solve a convex program without the
rank constraint, followed by a polishing step to enforce rank-
one solutions through singular value decomposition. However,
their method cannot be guaranteed to converge because of the
non-convexity of OPF problems.

In this paper, a solution framework is proposed to obtain
rank-one solutions for the SDP relaxation of QCQPs. Our
basic idea is also to add a rank penalty to the objective of
the SDP relaxation problem to enforce a low rank solution.
Instead of using the heuristic penalty functions in the exist-
ing works [2], [16], [17], we propose to approximate the rank
penalty with some smooth functions, which are controllable in
accuracy, and apply the majorization-miminization (MM) tech-
nique to iteratively solve the approximate problem. Compared
with those penalization methods for OPF-based problems in
the literature, the main advantages of our approach can be
summarized as follows.

1) Our framework is generic and not limited to OPF prob-
lems because we directly approximate the rank function,
which is not problem specific at all. In fact, any problem
that can be equivalently formulated into QCQPs can be
solved by the proposed method.

2) Both feasibility and convergence are guaranteed by our
method. In particular, the optimal solution of the SDP
relaxation with the approximate rank penalty converges
to that of the original problem as the approximation
parameter goes to zero. Moreover, it is ensured that
our proposed algorithm converges to a feasible rank-
one solution, which is at least a stationary point of the
original problem.

3) The penalization parameters are provided in a systematic
manner, which facilitates the use of this method, in con-
trast to those methods requiring the choice of appropriate
penalization parameters [17].

4) A global exploration method is proposed to improve the
solution quality by a local smoothing technique.

The rest of the paper is organized as follows. In Section II, the
SDP relaxation for QCQPs is provided. The proposed rank-
one solution framework based on rank penalty approximation
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and the MM technique are provided in details in Section III.
The global search based on the local smoothing technique is
introduced in Section IV. Case studies with application to OPF
problems are presented in Section V and the application of our
method on the state estimation problems is given in Section VI,
followed by conclusions in Section VII.

Notations: R", R}, §" and S denote the n-dimensional
real space, the set of n-dimensional non-negative real vec-
tors, the set of real symmetric n X n matrices and the set
of real n x n positive semidefinite (PSD) matrices, respec-
tively. Superscripts 7 and * denote the transpose operator
and conjugate transpose operator, respectively. Tr denotes the
matrix trace operator and the inner product on matrix space
is denoted by (W, V)=Tr(W'V). Re{x} and Im{x} denote
the real and imaginary part of x, respectively. The Frobenius
norm and the nuclear norm are denoted by [|W||r=+/ (W, W)
and ||W||,=Tr(v W*W), respectively. The standard basis vec-
tors in R" are denoted as ey, e2,...¢, and diag(x),x € R"
is a diagonal matrix whose diagonal entries are the ele-
ments of x. The Euclidean norm for x € R" is denoted by

|lxl| = /x] + -+ 22,

II. SDP RELAXATION FOR QCQPs
A QCQP is an optimization problem whose objective
function and constraints are both quadratic functions. For sim-
plicity, we focus on the SDP relaxation for homogeneous
QCAQPs since all the inhomogeneous problems can be homog-
enized (as shown in Appendix A). The standard form of
homogeneous QCQPs is as follows:
minimize xTon
xeR"
subject to xTAix <b;, i=1,...,m, (1)
where b; € R and Ag,A; € S". In general, QCQPs are non-
convex and they are convex only when all the A; > 0,i =
0, ..., m, which means they are PSD matrices.
By noting that
xTA,-x = Tr(xTA,-x) = Tr(AixxT)
we introduce a new matrix variable W = xx” and Problem (1)
can be equivalently formulated in terms of W:

minimize Tr(AogW)
WeSt
subject to W >0, Tr(A;W) <b;, i=1,...
rank(W) = 1. (2)

By removing the nonconvex rank constraint, Problem (2) is
relaxed into an SDP, namely,

, M,

minimize Tr(AoW)
Wesn
subject to W >0, Tr(A,W) <b;, i=1,...,m. (3)

Note that being the SDP relaxation of Problem (2),
Problem (3) is convex and can be solved efficiently by exist-
ing commercial solvers. In general, the optimal objective value
of the SDP relaxation (3) is a lower bound of the optimal
value of the original Problem (2). If the optimal solution of
the SDP relaxation, W, is rank-one, the optimal solution
of the original QCQP, x%, can be recovered from W' by
solving W' = x°P!(x°P")T . However, if the rank of W' is
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larger than one, it is a critical issue to convert WP into the
optimal solution of the original QCQP. In fact, it is even non-
trivial to transform W into a feasible solution of the QCQP.
In the following section, we will introduce our rank penal-
ization method to induce a rank-one near-optimal solution of
Problem (2).

III. RANK-ONE SOLUTION FRAMEWORK
FOR SDP RELAXATION

In this section, we first introduce the approximation
approach for the rank function and then, leverage the MM
method to solve the approximate problem.

A. Approximating the Rank Function

In order to enforce a low rank solution of the SDP relax-
ation, we add the rank of the matrix variable into the objective
function with a weighting factor n > 0 and the resulting
problem is as follows:

minimize Tr(AgW) + n - rank(W)
Wes"

subject to W >0, TrA,W) <b;, i=1,...,m. (4)

By defining Problem (4), we move the difficulty brought by
the nonconvex rank constraint to the objective. Note that this
approach can be considered as a Lagrangian relaxation of the
rank-one constraint if we take n as the dual variable of the
rank-one constraint [20], [21]. This can be clearer if we real-
ize the implicit fact that rank(W) > 1, and we only need to
enforce the constraint rank(W) < 1. However, rather than rely-
ing on any strong duality condition, we are considering our
approach as the penalty method [22], where we just require
n to be sufficiently large, but not necessarily to be the dual
variable. Moreover, it can be easily shown that for a large
enough 7, the optimal solution of Problem (4) is the same as
that of Problem (2) under very mild conditions: i) Problem (3)
is bounded; ii) there exists a rank-one feasible point and iii)
n is sufficiently large. However, Problem (4) is still hard to
solve due to the fact that the rank function is non-differentiable
and discontinuous, which will be shown later. Therefore, we
propose to approximate the rank function by a summation of
parameterized concave functions and show that the optimal
solution of the approximate problem converges to the opti-
mal solution of Problem (4) as the approximation parameter
approaches zero [23], [24].

Note that for any W € S", rank(W) = Y 7, u(co;(W)),
where o;(W) denotes the ith largest singular value of W and
u(x) denotes the unit step function for x > 0 defined by
u(x) = 1if x > 0 and u(x) = 0 if x = 0. u(x) is discontinu-
ous, non-differentiable, and thus difficult to minimize directly.
In order to handle this, we approximate it by a continuous
and differentiable function 6(x, ¢), in which the parameter
e > 0 is used to control the accuracy of this approxima-
tion. There are many choices of the approximate function,
among which we choose 6(x,¢) = 1 — e*/¢ because it is
not only differentiable but also a lower bound of u(x) and
11m9(x &) = u(x). These good properties facilitate the design

of our solution framework. In Fig. 1, it can be seen that
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Fig. 1. Illustration of the approximated function of the unit step function.

As the approximation parameter & approaches zero, 6 (x, €) gets close to u(x).

when ¢ decreases, the exponential function 6 (x, ¢) approaches
the unit step function very well. In Fig. 1, only the non-
negative part of the unit step function and its approximation
are shown. This is because the singular value of any matrix is
non-negative, the definition of the matrix rank is only related
to the non-negative part of the unit step function. Moreover,
since 0 (x, &) = 1 — e™*/% can approximate the unit step func-
tion very well when x is non-negative, we propose to use
this function for the rank approximation. In addition, there
are other interesting candidates that are worthy of attention.
One candidate is 1 — 1/(x + 1). In fact, this function has the
same properties as 6(x, &) = 1 — e~¥/E 23, Proposition 2.1].
Therefore, our convergence result to be presented also holds
for this function. Another candidate is the (offset and scaled)
sigmoid function: 1/(14e7%). This function also approximates
the unit step function well. However, since its gradient is more
complicated to calculate compared to 6 (x, &) = 1 — /%, we
prefer to use 0(x, &) = 1 — e /¢ for the rank approxima-
tion. Thus, we find that 6(x,&) = 1 — e/ has a twofold
good property: i) the convergence of our method derived from
this approximate function is provable and ii) it facilitates the
calculation in the algorithm.

Then we define the approximation of the rank function asso-
ciated with parameter ¢ as: rank(W, &) = Y 7, 6(ci(W), ¢),
and we establish the approximate problem of Problem (4) as
follows:

minimize Tr(AoW) + n - rank(W, ¢)
Wwest

subject to W =0, Tr(A;W) <b;, i=1,....,m. (5

Denote the optimal solution of Problem (5) given ¢ > 0 as
WOp The relationship of the optimal solutions of Problem (4)
and its approximate problem, Problem (5), is established in the
following theorem.

Theorem 1: For any decreasing sequence g — 0, if WOP '
W W is an optimal solution of Problem (4).

Proof: See Appendix B. |

Theorem 1 shows that we can get the optimal solution of
Problem (4) by first solving Problem (5) with a fixed param-
eter ¢, whose initial value can be a large number. Then, we
gradually decrease &; to make the rank approximation more
accurate, and solve a sequence of Problem (5) for different
parameters &;. Finally, the solution will converge to the opti-
mal point of Problem (4). Though 6(x, &) with a small ¢ is
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closer to the unit step function, its concavity is very large and
may lead to computational difficulties in numerical calcula-
tions. This is because large concavity means that the slope
of the curve decreases sharply as x increases and there may
be a large number of local minimum points for the approx-
imate problem. Thus, it is reasonable to solve Problem (5)
with decreasing values of g to gradually approach the optimal
solution of Problem (4).

Although Problem (5) is still nonconvex (i.e., minimization
of a concave objective), it is a continuous and differentiable
problem compared to Problem (4). In the following subsection,
we will focus on solving Problem (5) by leveraging the MM
technique. Note that it is hardly possible to achieve the optimal
solution of Problem (5) due to its non-convexity. Thus, our
target is to find a stationary point that is close to the optimal
solution. Moreover, the performance of our method will be
demonstrated by numerical results.

B. Majorization-Minimization Method

The MM algorithm [25]-[27] (a.k.a. successive upper-
bound minimization) tries to minimize f(x) over x € X, where
X is a closed convex set. This problem is difficult when the
objective function f(x) is nonconvex. The idea of the MM
algorithm is to transform the original difficult problem into a
series of simple problems, which is a generalization of many
well known algorithms, such as the expectation maximization
algorithm (EM) and the difference of convex functions (DC)
algorithms [25]. In iteration k 4 1, the algorithm minimizes a
surrogate function g(x, xk), in which x* is the solution obtained
from the kth iteration. This is to say that the following step is
carried out to update the solution:

k+1

X7 = arg min g(x, xk)

xeX

The MM algorithm solves the problem with surrogate objec-
tive functions iteratively until convergence. The difficulty of
the MM algorithm lies in the construction of the surrogate
functions, which is highly nontrivial and requires a care-
ful design to facilitate the computation of each iteration.
Moreover, in order to guarantee the convergence of the algo-
rithm, the surrogate functions need to satisfy the following
conditions as shown in [25].

Cl:g,y)=f(), Vyed;
C2:g8(x,y) =f(x), Yx,yeX;
C3: ¢, y; d)xmy =f'(v;d), Vd withy+d e X;

C4 : g(x,y) is continuous in (x,y).

C1 and C2 require that the surrogate function is a tight upper
bound of the original objective function. Define the directional
derivative by

rd) —

£ d) = liminfl & FAD =/
A—0 A

Then C3 requires the same directional derivative of the original
and surrogate functions at the point x = y.
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C. MM-Based Rank-One Solution Method

In Problem (5), the feasible set is a closed convex set
and the objective function is composed of a convex function
Tr(AoW) and a nonconvex one 1 'rgn/k(W, ). In order to solve
Problem (5) by leveraging the MM algorithm, we continue to
construct the surrogate function of rank(W, ¢) satisfying con-
ditions C1-C4. More importantly, to ensure the computational
efficiency after the substitution of the surrogate function, we
tend to design the surrogate function as a linear function of
W so that the resulting problem is an SDP problem in each
iteration. Denote rank(W, ¢) = Z?:l 0(ci(W), &) = h(a(W))
where (W) = [01(W),...,0,(W)]T, and the eigenvalue
decomposition (EVD) of W € §'} is Pdiag(a(W))PT, in which
the ith column of P is the eigenvector of W. The choice of
the surrogate functions is based on the following proposition.

Proposition 1: rank(W,¢) is concave and its gradient
at W is:

arafk(W, €)
ow
where 8 = Vh(a(W)) denotes the gradient of i at a(W).

Proof: The proof follows [24, Propositions 2 and 3]. |

Note that for a PSD matrix, the eigenvalues are equal to
the singular values, which means o;(W) is also the ith largest
eigenvalue of W € §'}. Proposition 1 shows the concavity
of the approximate rank function rank(W, ¢) and its gradient.
According to this, for some feasible matrix Wy obtained at the
kth iteration, we have

rank(W,g) < rank(Wy,e)+(Vrank(Wy, ), W—=Wy), (7)

where the gradient is given by the following equation:

= Vrank(W, &) = Pdiag(8)P’, (6)

—~ 1
Vrank(Wy, &)=-P diag(e_‘”(Wk)/S, e, e_””(Wk)/s)PT,
e

for O(x,e) =1— e /e, Consequently, we choose to use
g(W, Wy) = Tr(AoW) + n - (Vrank(Wy, £), W)

as the surrogate objective function for Problem (5) at a spe-
cific point Wy, where the constant term n(rank(Wy,¢e) —
(Vrank(Wy, ¢), Wy)) from the right-hand side of (7) is ignored
because it will not affect the optimal solution.

As a result, if we denote the optimal solution obtained by
the MM algorithm at the kth iteration as sz t, at the k+1th
iteration, the following problem is solved in order to update
the solution:

minimize g(W, sz t)
Wesr
subject to W >0, Tr(A;W) <b;, i=1,...,m. (8)

Note that based on the surrogate function g(W, W;"),
Problem (8) is an SDP problem and can be solved efficiently.

Next we will explain how to get an initial point for our
iterative algorithm. It is well known that the nuclear norm
[I[W]|« is a convex approximation of the rank function and
[IW|l. = Tr(W) for W € S.. Thus, we solve the follow-
ing problem to initialize our algorithm and denote its optimal
solution as W l,

mivr‘llinslize Tr(AgW) +n - Tr(W)
€ n
subject to W >0, Tr(A,W) <b;, i=1,...,m. (9)
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Algorithm 1 MM-Based Rank-One Solution Method
for QCQPs
Imput: n>0,¢60 >0, > 1, >0, § > 0 are given
1: Solve Problem (9) to get ng !
2:1=0,e6=¢9,d =6 +1,
3: while d; >~51 do
4 k=0,Wo=W" dy=6+1,
5: while d» > §> do -
6: Solve Problem (8) at point Wy to get the optimal
7
8
9

solution Wy,
dy = ||Wig1 — Willp /IIWillF,

: k=k+1,
10: end whilg
11 W?ﬁ’l = Wx,
12:dy =W = W R IIW I,

13: I=1+1,e=¢/a.

14: end while

15: if rank(W;”") > 1 then

16: n = 2n, and go back to Step 1.
17: end if

Output: W'

Finally, our solution framework is summarized in Algorithm 1.
For a given rank penalty coefficient n, there are two layers
of loops in the algorithm. The inner-loop (Step 5 to Step 10)
carries out the MM algorithm for a fixed approximation param-
eter ¢ and the outer-loop (Step 3 to Step 14) decreases ¢ at each
iteration with a factor of «, in order to make the approximate
function gradually approach the exact rank function. Based
on our numerical tests, & can be chosen within the range
[2, 10]. After the outer loop terminates, the algorithm checks
the rank of the solution. If the rank is larger than one, the
penalty coefficient will be increased (here we double it as an
example) until a rank-one solution is output by the algorithm.
When the penalty coefficient is large enough, this algorithm
can guarantee to yield a rank-one solution eventually.

The stopping criteria for the two loops are based on d; and
d>, which are the relative distances of solutions obtained by
successive iterations in the outer and inner loops, respectively.
Moreover, 81 and §, are two small numbers, which can be set
to be 1073 as an example.

The convergence of Algorithm 1 is ensured by the following
theorem.

Theorem 2: The solution obtained by Algorithm 1 is a
stationary point of Problem (2).

Proof: See Appendix C. |

IV. GLOBAL SEARCH BASED ON LOCAL SMOOTHING

With Algorithm 1, we are able to find a stationary point,
which is usually a local minimum point of Problem (2) if it is
not a saddle point. Therefore, Algorithm 1 can be considered
as a local search method for the SDP relaxation of QCQPs. In
order to further improve the result, our method can be com-
bined with any other global search algorithm. We propose to
use the local smoothing technique [28] in this section.

A. Local Smoothing Transformation and Its Approximation

Consider a general optimization problem as:

minimize f(x), subjectto x € &, (10)

xeR
where f(x) is nonconvex and has many local minimum points.
Suppose that there is a local search algorithm LS(x), which
is a mapping from R” to R”, such that y = LS(x) is a local
minimum point. Furthermore, if we denote the composed func-
tion c(x) = f(LS(x)), the following problem is equivalent to
Problem (10):

minimize c(x),

subject to x € X.
xeR”

(1D
In fact, many global optimization techniques (such as
Multistart and clustering method) reduce to the uniform ran-
dom sampling applied to c(x) [28]. Because the new objective
function c(x) is piecewise constant and hard to solve, a local
smoothing transformation is applied to c(x) such that the
information of descent directions can be captured.

Given a Gaussian smoothing kernel ¥ () : R — R,
defined as ¥ (t) = exp(—zt—z) where the multiplicative con-
stant is ignored, the ¥ -transform of c(x) on a local region
B(xo,r) = {x : |lx —xo|| < r} is

Jso.ry €@V (112 — X[)dz
Jso.r ¥z —xl)dz

The effect of this smoothing transformation is similar to a fil-
ter, which replaces the value of each point by the weighted
average of its neighbors and the degree of smoothing is
controlled by p. Leveraging the smooth function cg (%), the
information of the descent direction of the original piecewise
constant function can be obtained. Since the analytical expres-
sion of ¢(z) is not available, an estimation of (12) is calculated
based on K sample points zi,...,Zx, which are uniformly
drawn from B(xg, r):

cg (x) = (12)

YK ey lz —xll)
YK vz —xl)

Note that both the one-dimensional and high-dimensional
Gaussian kernel smoothing techniques have been widely
used for signal and image smoothing [28]-[30]. Moreover,
a n-dimensional Gaussian kernel smoothing can be done by
applying one-dimensional smoothing n times in each direc-
tion [29]. Therefore, for the high-dimensional x, the Gaussian
kernel smoothing can still be applied to get a qualitative
description of very complex functions.

& = (13)

B. Global Search Algorithm

For Problem (5), we have found a local minimum point x"
where xgp ! (xgp N = W?P !, which is the output of Algorithm 1.
In order to conduct a global exploration, a uniform ran-
dom sampling is carried out in the neighborhood region
of x’": B(x(",r), and the sampling points are denoted as
x;,i=1,..., K. Each point x; is considered as a starting point
and Algorithm 1 is applied to find a local minimum z;, with
the corresponding objective value denoted as c(z;). Then, the

estimated local smoothing function is constructed by Eq. (13).
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Algorithm 2 Global Search Based on Local Smoothing
Input: r,J, K are given
I: Use Algorithm 1 to find a local minimum x{”" where

xgpl(xgpt)T _ W?pt;
2: j=0;
3: while j < J do
4: i=1
5: while i < K do
6: Randomly sample a point x; in B(xfp ‘),
7: Take x; as a starting point and use Algorithm 1 to
8: find a local minimum z;; i =i+ 1;
9: end while
10: Use z;,i=1, ..., K to construct Ei (x) based on (13);
11: For Gi (x), find a local minimum x;f] s j=j+1;
12: end while

opt

Output: x;

. e A t . . .
Denote a local minimum of cg(x) as x(l'p , Which is consid-

ered as a new center and the procedure is repeated until the
maximum number of iterations J is reached. The global search
algorithm is summarized in Algorithm 2.

V. APPLICATION TO OPF PROBLEMS
AND CASE STUDIES

A. Classical OPF Problem Formulation and SDP Relaxation

OPF is a generic term that describes a broad class of prob-
lems in which we seek to optimize a specific objective function
(e.g., generation cost or power loss) while satisfying network
and operational constraints of power systems [31]. In this sec-
tion, we will first introduce the conventional and the rank
constrained formulations of OPF problems. Then, case studies
are carried out for power grid testbeds.

Consider a power network of n buses. We denote the set
of buses and the set of generator buses as A" = {1,2,...,n}
and G C N, respectively. Also, the set of transmission lines is
denoted as £ € N x N. The m-model is used for transmission
lines, in which the series impedance of the line (i, j) is z;; and
vij = 1/zjj. The shunt admittance at both ends of the line
(i,) is denoted as 0.59;; and the total admittance-to-ground at
bus i is y;;. We denote the admittance matrix of the network
as Y whose (i, j)th element is y; + Zke/\/(i) yik if i = j and
—y;; otherwise. Then, the OPF problems can be formulated as

follows.
minimize fi(Pg,)
Pg,06.V gg: t
_ 3 2 k * k
st. Pg,—Pp=Re(|Vil) + Y Re{Vi(V;=Vi)yj}.
JEN (i)

Vie N, (14a)
06, —Qp,=Im(; Vi) + Y Im{Vi(V; —Vi)yi).

JEN (i)

Vie N, (14b)
PEn < Pg, < PA™, Vieg, (140)
Q" < 06, < 0B, Vieg, (149)
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v < |vi| < v,

max
1S4 < S5,

Yie N,
V(i,j) €&,

(14e)
(14f)

where Pg, + jOg; is the complex generation output at
bus i and it is zero for i € N\G. Pp, + jOp, is the
load at bus i. Also, S; = Pj; + jO; is the complex
power flow on line (i,j) and V; is the complex voltage
at bus i. The vectors of {Pg,}icg, {Qc;}icg and {Vi}ien are
denoted by Pg, Q¢ and V, respectively. In addition, N (i)
denotes the set of all buses that are directly connected
to bus i. In Problem (14), the objective function is a
summation of all the generation cost. As for constraints,
Eq. (14a) and Eq. (14b) are power flow balance constraints.
In addition, Eq. (14c)-Eq. (14f) require that the active power,
reactive power, voltage magnitudes and apparent power flows
are within the corresponding operating limits, respectively.

It can be noted that Problem (14) is indeed a QCQP and it
can be reformulated as a rank constrained SDP problem [1]
by defining

Yi = eie] Y. Y; = (0.5% + ypeie] — (jeie] .

v — 1[Re{Y; + Y/} Im{y] — Y,»}:|
T 2[Im{Y; — Y[} Re{Yi+Y/}]|
¥— 1 [Im{Y,AT—i— Y’} RefYi— Y,.; }}
2[Re{Y! — v} Im{Y;i+Y]}]
v 1[Re{Y; + Yi}  Im{y] — Y,j}}
Y7 2[Im{Y; — Y]} Re{Y;+ YUT.} ’
7 _ _l[lm{y,-j +Y[} Re{¥;— YI.T.}:|
T 2(Re{Y) — ¥y} Im{Yy+ Y]

T
| eie; 0
Mi = |: 0 eieTj|’

i

X = [Re{V}T Im{(V}"1", W =Xxx".

With this, Problem (14) can be equivalently converted to:

minimize gg:fi(PGi)
s.t. Pg,—Pp,=Tr(Y;W), VieN, (15a)
06,—0p,=Tr(Y;W), VieN, (15b)
PE" < Pg, < PR, Vieg, (15¢)
" < Qg, < O, Vieg, (15d)
(VIMmE < Te(M;W) < (V)2 Yie N,  (15e)
I Te(Y W)+ Tr(Y; W) <SF, V(. j) € €, (150)
W >0, (15g)
rank(W) = 1. (15h)

It can be easily shown that when each cost function f;(Pg;) is
linear or quadratic in Pg;, Problem (15) can be transformed to
a standard SDP problem together with a rank-one constraint.
Therefore, our algorithm can be applied to solve the OPF
problems. In the following subsections, we will show the sim-
ulation results of applying our method to the OPF problems
associated with different power system testbeds.

Since the general QCQPs are NP-hard (so are the OPF prob-
lems [1]), it is difficult to show whether the rank-one solution
obtained by our method is globally optimal or not. However,
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TABLE I
SIMULATION RESULTS OF OPF PROBLEMS

LB fort fMP ¢ SLE rank n ne | ny | Run. time (sec)
System 1 [1] 0.2259 0.2259 0.2259 0 3.4E-10 1 1 6 1 54
System 2 [1] 0.1588 0.1588 0.1588 0 9.9E-10 1 1 7 1 44
System 3 [1] 0.3877 0.3877 0.3877 0 6.2E-10 1 1 7 1 5.0
32-bus system [32] 202.68 202.68 202.68 0 1.3E-9 1 1 9 1 226.8
34-bus system [33] 12.92 12.92 12.92 0 7.5E-9 1 1 9 1 228.5
IEEE-14 8081.53 8081.53 8081.53 0 4.5E-11 1 20 8 1 22.1
IEEE-30 576.89 576.89 576.89 0 2.8E-6 1 20 10 1 192.3
IEEE-57 41737.8 41737.8 41737.8 0 3.3E-5 1 20 10 1 3015
IEEE-118 129654.4 | 129660.7 | 129660.7 | 0.0046% 6.3E-7 1 320 | 11 1 436331
Case 1 5789.9 5812.6 5812.6 0.39% 1.4E-12 1 320 6 4 36.4
Case 2 5869.9 6038.3 6038.3 2.79% 7.5E-14 1 320 9 4 46.4
Case 3 5793.6 5831.4 5831.4 0.65% 8.4E-10 1 640 8 5 60.5
New England 39-bus 41862.1 41864.2 41864.2 0.005% 3.8E-7 1 320 | 10 4 1716
. . . . P.,+iQq, P +jQ
we can measure the sub-optimality by comparing the objec- 110. MW 2% 110 MW
tive value of the optimal solution obtained from our method +j40. MVAR +]40. MVAR
(denoted as f°P") with the lower bound (denoted as LB) [13],
which is obtained by solving the SDP relaxation problem (3), 1 2
without the rank-one constraint. The sub-optimality degree is
Fopt __ A .
calculated by ¢ = { prtLB x 100%. In case f’" = LB, i.e.,
¢ = 0, it means that the solution is globally optimal and the
relaxation is exact. It has been shown that for OPF problems,
the SDP relaxation is exact if and only if the duality gap is
zero [1].
B. Zero Duality Gap Cases
Nine power system testbeds are considered in this subsec-
tion. The first three are small systems with three or four buses 95' MW
(Systems 1, 2, and 3 in [1]), for which the objective function 0+jQ, +j50. MVAR
is the power loss. The detailed specifications and constraints
for these systems can be found in [1, Tables I and II], respec-  Fig. 2. A three-bus system [15].

tively. Another two radial systems are also considered. One is
32-bus [32] and another is 34-bus [33]. For both systems, the
objective is to minimize the power loss and there is no limit
on the apparent power flow. In addition, we have conducted
simulations on IEEE systems with 14, 30, 57 and 118 buses,
which are archived at [34] and the data are extracted from the
software toolbox MATPOWER [35]. In these IEEE systems,
the objective functions are the total generation costs, which
are quadratic functions in the amount of active power genera-
tion. The simulation results for these nine systems are shown
in the first nine rows in Table I, where we denote the objec-
tive value obtained from MATPOWER as f*” and the second
largest eigenvalues of the final solutions as SLE, respectively.
For Algorithm 1, the parameters are set as follows: §; = 1074,
S = 10~% and o = 2. As for the initial value of n, it is set as
1, 1,1, 1, 1, 20, 20, 20 and 320 for the nine systems, respec-
tively. Note that we set a large initial  for some systems just
for reducing the number of iterations until a large enough n
can be reached.

From Table I, it can be seen that for all these nine cases,
our method can always yield a rank-one solution (thus fea-
sible), and the performance of our method is as good as
that of MATPOWER. Additionally, all of them achieve the
global optimal solution except for the IEEE 118-bus system,
where the sub-optimality degree is extremely small. This small

sub-optimality degree for the IEEE 118-bus system is also
observed in [2]. Note that even when the duality gap is zero,
there may exist a large number of high rank infeasible solu-
tions [1], while our method can find the rank-one feasible
solution without suffering any optimality loss. Moreover, for
all these cases, we are able to find the global optimal point by
Algorithm 1 and thus, there is no need to apply Algorithm 2
here.

C. Non-Zero Duality Gap Cases

In the previous part, we have shown the practicability of our
method for power systems with zero duality gap. Although the
OPF problems for a significant number of practical systems
have been tested to have zero duality gap, Lesieutre ef al. [15]
explored a counterexample: the duality gap could be non-zero
in case of strict line-flow constraints. In this regard, additional
simulations are conducted.

Consider a three-bus system whose topology and load
demands are shown in Fig. 2. Each bus has active and
reactive power demands with the base of 100 MVA. Also,
Buses 1 and 2 both have generators which can produce active
and reactive power, while a synchronous condenser which
can only produce reactive power is connected to Bus 3. It is
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TABLE I

CASES WITH STRICT LINE-FLOW LIMITS

Line-flow limits (MVA)
l12 113 l23
Case 1 +oo +oo 50
Case 2 +oo +o00 45
Case 3 25 +o0 50

‘ '@ Case 1
*@-Case 2
. 4= Case 3
. ~* New England 39-bus

.,

Second Largest Eigenvalues

.
i i i i i i
0 100 200 300B 400 500 600

n

Fig. 3. Second largest eigenvalues for different 7.

assumed that there is no power limit for all the condenser
and generators. For Buses 1 and 2, the generation cost is
quadratic: f;(Pg;) = ciszGi+ci1P(;,+cio, where the coefficients
¢, ci, and cjp are $0.11 per (MWh)2, $5 per MWh and
$0, respectively for Bus 1 and $0.085 per (MWh)?Z, $1.2 per
MWh and $0, respectively for Bus 2. Bus 3 has no genera-
tion cost and the allowable range for voltage magnitudes at all
the buses is [0.9, 1.1] in p.u. As for the parameters in p.u. in
the -model of the transmission lines, z;3 = 0.065 + j0.620,
223 = 0.025 4 j0.750, and zj2 = 0.042 + jO.900 are the
series impedances. What’s more, y13 = j0.450, y,3 = j0.700
and y12 = j0.300 are the total shunt susceptances for each
line. Then, we will impose constraints on the line-flow lim-
its. According to the different apparent power flow limits on
both ends of the transmission lines, we have generated three
different cases denoted as Cases 1, 2 and 3 shown in Table II,
where the transmission line connecting Bus i and Bus j is
denoted as [;;. In addition, we have conducted a simulation
for a larger system: the New England 39-bus [34] and com-
pare the performance of our algorithm with MATPOWER in
Table II. The parameter setting in Algorithm 2 is as follows:
J =10, K =1000 and r € {0.1, 0.2, 0.3}.

The simulation results for these four cases are shown in
the last four rows of Table I. Furthermore, the changes of
the second largest eigenvalues (SLE) of the solutions with
increasing n are shown in Fig. 3. In Fig. 3, it can be seen
that with the increase of 7, the second largest eigenvalues
decreases. Also, when n becomes large enough, the SLE is
very small such that the solutions are rank-one. From Table I,
we observe that the sub-optimality degrees are all very small
and more importantly, for all the cases, our method is suc-
cessful to find rank-one solutions which are as good as the
performance of MATPOWER. Note that compared with the
penalization method in [2], our method is more general and
there is no need to fine tune any specific parameter in contrast
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to that in [2]. Therefore, we have shown that the performance
of our method is good for these non-zero duality gap cases.
In addition, for these four cases, we observe that the global
search algorithm yields the same result as that of Algorithm 1.
This means that for the cases we have tested, the solutions are
not further improved by Algorithm 2, which can be considered
as a support for the good performance of Algorithm 1.

Note that although SDP is convex, its computational com-
plexity is still high for large systems. Therefore, the largest
systems considered in our experiments are the IEEE 118-
bus system and the New England 39-bus system for zero and
non-zero duality gap cases, respectively. If larger systems are
considered, a distributed algorithm for solving the large scale
SDP problems should be studied such as in [36].

D. Computation Information

The problems in the case studies are solved by the CVX
solver on a single machine with an i5 dual-core processor. The
computation information are shown for the OPF problems in
the last three columns of Table I. Specifically, we show the
total running time for the rank-one solutions to be obtained as
well as two numbers of iterations: i) the number of iterations
for increasing n, which is denoted as n; and ii) the number
of iterations for decreasing ¢ with a fixed 5, which is denoted
as ng. From the table, it can be seen that the running time
varies from several seconds to tens of thousands of seconds.
While for the interior point solver in MATPOWER, it takes
less than one second for all of these cases. Therefore, we admit
that before any distributed algorithm is designed for our rank-
constrained SDP algorithm, the computational complexity is
higher than the interior point solver in MATPOWER.

We have to emphasize that although in this section we have
shown the different cases of applying our method to OPF
problems, we never state that our method is superior to any
state-of-the-art OPF solvers. In contrast, we want to underline
the generality of our solution framework. That is, whenever a
problem is formulated as a QCQP, our method can be readily
applied to get a practically meaningful solution, which has a
great chance to be at least locally optimal. As a result, the solu-
tion obtained by our method can be regarded as a good starting
point for more sophisticated algorithms which can explore the
specific structures of different problems.

E. Other Update Rules for the Penalty Parameter

In Algorithm 1, the penalty parameter n is doubled at each
iteration and from Table I, it can be seen that the “large
enough” values of 7 for Cases 1, 2 and 3 are equal to 320, 320
and 640, respectively. In comparison, we have tried another
update rule that is linear. Specifically, the initial values of
n are also equal to 20, but at each step, we increase n by
a constant step size of 20. After the rank-one solutions are
obtained, we find that the 5 values are equal to 220, 240 and
380, respectively for the three cases. It can be seen that the
linear update rule has found smaller n values. This is normal
because the doubling update rule is more aggressive to find the
large 1. However, an important finding is that both rules can
obtain the rank-one solution with the same objective value.
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Therefore, we can know that as long as the penalty parameter
is large enough, the solution is not very sensitive to the value
of 1. According to this, the doubling update rule can be a good
way to get a rank-one solution with less iterations.

We have shown the successful application of our method
to the OPF problems. In the next section, we will show the
application of our method to the state estimation problems.

VI. APPLICATION TO STATE ESTIMATION
PROBLEMS AND CASE STUDIES

First, we will briefly introduce how our method can be
used to solve the state estimation problem and then show the
numerical results on the IEEE 14-bus system.

The goal of state estimation (SE) problems is to compute
the complex bus voltages from a set of redundant measure-
ments such as the active power injection, reactive power
flow and voltage magnitude, etc [37], [38]. To formulate the
SE problem, we follow the same notation in the example
of OPF problems. Consider a power network with n buses.
Denote the complex voltage at bus i as V; and the vector of
{Vi}i=1...n as V. A subset of the following system variables are
measured: o

1) The active and reactive power injections at bus i Pi-n‘/

and Ql:"j ;
l
2) The active and reactive power flows at both ends of line
@, )): Pij, Pji, Qi and Qj;;

3) The voltage magnitude at bus i: |V;].

Suppose that there are M number of measurements denoted
as Kk = («k1,k2,...,kp, ). Then, the m-th entry of k can be
modeled as [39]:

km = hp(V) + €m, (16)

where h,, denotes the quadratic dependence of k,,(-) on V.
Each ¢, is assumed to be an independent Gaussian random
variable with zero mean: i.e., €, ~ N(0, v,z,l), where v, denotes
the corresponding standard deviation. Then, the SE problem
aims to find an estimate V of V that best matches the measure-
ment set k according to the relationships in (16). The general

formulation for SE problem is as follows:
M 1/p
min J(V) = <Z‘K’”—hm(v)‘p> ’ (17)

\4 el Vm

where the different choices of p can result in different estima-

tion criteria. For example, in this paper we choose p = 2 and
this is the Weighted Least Square (WLS) estimation:

M

min J(V) =Y viz(xm — (V)

m

2

. (18)

m=1

From the OPF example, we know that %,,(V) is a quadratic

function of V and by defining X, W, Y, I_/,-, Yy, 7,]- and M;

as in the OPF problem, all the measurements can be modeled
by a linear relationship with the matrix variable W:

km = Tr(H,, W) + €,

where H,, denotes the corresponding measurement matrix for
each «,. Therefore, the SE problem can be converted to a

TABLE III
SE MEASUREMENTS OF IEEE 14-BUS SYSTEM

Bus index of measurements Vm,
Pl.m] 1,2,34,5 0.015
Q;"y 1,2 0.015
Vil 2,3,6,8,10,14 0.01
Line index of measurements
P (1,2),(2,3),(4,7),(4,9),(5,6),(6,13),(7,9),(9,10), 0.02
& (9,14),(12,13),(4,2),(5,2),(5,4),(11,6) ’
Qi (1,2),(2,3),(4,7),(4,9),(5,6),(6,13),(7,9), 0.02
vJ (12,13),(4,2),(5,2),(5,4),(11,6) :
TABLE IV
SE RESULTS OF IEEE 14-BUS SYSTEM
Sample index 1 2 3 4 5
LB 15.30 3.34 17.12 5.22 10.50
fort 15.42 3.38 17.73 5.42 11.01
¢ 0.75% 1.11% | 3.46% | 3.52% 4.65%
SLE 1.9E-9 | 1.1IE-8 | 6.3E-9 | 4.1E-9 | 6.6E-10
n 640 640 640 640 640
Sample index 6 7 8 9 10
LB 15.54 5.50 5.67 1.46 1.71
fort 16.46 5.85 6.11 1.57 1.86
[§ 559% | 6.20% | 7.23% 7.5% 7.69%
SLE 6.4E-9 | 3.1E-9 | 2.8E-9 | 4.6E-9 2.9E-9
n 640 640 640 640 640

problem with W as the decision variable:

. N 2
min J(W) = 3 V—Z(Km — Tr(HmW)>

m=1 ™M

subject to W > 0, rank(W) = 1. 19)

Based on the Schur’s complement lemma [39], this problem
can be further converted to a standard SDP form with a rank-
one constraint:

. T
i e
Tm tm—Tr(H,, W) _
s.t. |:/cm—Tr(HmW) 1 >0, m=1,...,. M
rank(W) =1 (20)
where p = [l/vlz,...,l/v,%,l]T and T = [1,..., %

Therefore, our algorithm can be applied to solve SE prob-
lems. Next, we will show the simulation results for the SE
problem on the IEEE 14-bus system.

The measurements available are listed in Table III. The
data of these measurements are generated in the following
way. First, the OPF problem of this system is solved by
MATPOWER (or our proposed method) to get the true values
of these variables without noise. Then, based on the variance
v,zn for each measurement, we add some randomly sampled
Gaussian noise to the true values to get the vector k. We
have generated 10 different samples of the vector k to see
the performance of our method and the results are shown in
Table IV. From the table, we can see that for each measure-
ment data, our method is able to find the rank-one solutions
with very small sub-optimality degrees. Therefore, we have
shown the performance of applying our general solution frame-
work to different QCQP problems in power systems and find
that it can always obtain rank-one solutions.
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VII. CONCLUSION

This paper has proposed a solution framework for the
QCQPs in power systems. Different from existing works
that apply SDP relaxation to QCQPs, our proposed method
has been guaranteed to obtain a rank-one feasible solution.
Moreover, it has been shown that our proposed algorithm can
converge to a stationary point with a small gap of optimality. In
addition, a global search algorithm based on local smoothing
technique has been introduced to further improve the quality
of solutions. In the case studies, we have successfully applied
our method to OPF problems and SE problems, in which our
proposed solution framework has achieved good performance
based on the extensive numerical results and find that rank-one
solutions can always be obtained.

APPENDIX A
INHOMOGENEOUS QCQPs
The standard form of general inhomogeneous QCQPs is:

minimize xTon + 2agx
xeR”

subject to xTAix + ZaiTx <by,i=1,...,m. 21)

According to [12], Problem (21) can be homogenized as:

minimize [xT t] [AO ‘z)o] |:xi|

xeR" teR ag t
. T A,‘ a; || x .

subject to [x" ¢ <b;,i=1,...,m,
pevio Tl 7] <o =

2 =1.

Therefore, the SDP relaxation technique is applicable to
general inhomogeneous QCQPs by homogenization.

APPENDIX B
PROOF OF THEOREM 1
The proof of this theorem is mainly from
[23, Proposition 2.4 (c)] and here we briefly introduce

the key steps. First, it can be easily shown that the approx-
imate function 0(x,&) = 1 — e /¢ satisfies 0(x, &) < u(x)
and linz)e(x, g) = ulx), VYVx > 0. Therefore, we have
P —_~

rank(W,e) < rank(W) and linz)rank(W, g) = rank(W)

—_— E—>

since rank(W, &) = Y 7, 0(0i(W), &) < Y ' u(oi(W)) =
rank(W). Then let W be an optimal solution of Problem (4),
then, for each k, it holds that

Tr(AgW") + 1 - rank(W?")
> Tr(AgW") + 1 - rank(WP", &)
> Tr(AOVV;’f’) . .rﬁk@;’fﬂ sk)
kiio TI'(A()W) +n- rank(‘TV)
> Tr(AgW") + 1 - rank (W),

where the last inequality comes from the feasibility of W and
the optimality of W, so we get the result.
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APPENDIX C
PROOF OF THEOREM 2

Our algorithm is based on the MM technique and in this
technique, the limit point of the iterates has been shown to be
a stationary point when the surrogate functions satisfy con-
ditions C1-C4 [25]. In Problem (5), the original objective
is Tr(AoW) + n - rank(W, ¢), where the first part is convex
while the second part is concave based on Proposition 1.
Then from Eq. (7), we use the first order derivative of the
concave part to construct the surrogate function Tr(AoW) +
n- (rank(Wk, g) + (Vrank(Wy, e), W — Wk)) for some feasi-
ble point Wy. According to this, it can be easily verified that
the surrogate functions satisfy conditions C1-C4, which guar-
antees that a stationary point of Problem (5) can be found
by Algorithm 1. Based on Theorem 1 and that the rank of
the solution is one, this solution is also a stationary point of
Problem (2), which is our original problem. Consequently, we
can get the result in Theorem 2.
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