IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-30, NO. 5, MAY 1985

If E = I, then (4.2a) becomes, with N = n — 1,
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so that wy, = Fxp. Taking into account this and (4.2b), write the above as
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i.e., the familiar state-space result. Note that the usual definitions of
observability and reconstructibility for discrete state systems both derive
from our single definition for observability of the pair (x, X,). Hence, in
the usual terminology, X, is observable if (4.5) has a unique solution with
respect to Xy, i.€., JU(¥5) =0. On the other hand, x, is reconstructible if
(4.5) has a unique solution with respect to x,, i.e., (VY CI(E™).

Finally, the descriptor variable boundary value reconstruction problem
is solved.

Corollary 4.4: Let (2.1) be regular and #p 5,1 = 0. Then the values of
Fxy and Exy, can be uniquely determined from ¥,y for all admissible
(%o, xn+1) if and only if (4.3) holds. In this case, they are given by
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If E = I, this reduces to the known state-space result.

V. CONCLUSION

We have presented tests for reachability and observability in descriptor
systems which depend on matrices constructed from the fundamental
matrix. These matrices reduce to the reachability and observability
matrices in the state-space case. The descriptor open-loop control and
boundary-value reconstruction problems were solved. It was shown that
the reachable and unobservable subspaces should be thought of as residing
in R?", not R”, where n is the dimension of the descriptor variable.
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A General Stability Theorem for Linear Discrete-Time
Systems

C. B. SOH, C. S. BERGER, anp K. P. DABKE

Abstract—The strongest sufficient conditions for constraining zeros to
be on or within a circular region in the z plane in terms of weighted
absolute norms are derived using elementary geometry. It is shown that
the weighted L, norm yields the strongest resuit.

I. INTRODUCTION

Recently, Dabke [1], Mori [2], and Berger [3], [4] have derived
sufficient conditions for the stability of linear discrete-time systems
involving the coefficients of the characteristic polynomial. It will be
shown that the results are just special cases of a general theorem for
constraining zeros to be on or within a circular region in the z plane of
radius « using weighted absolute norms. i

If the characteristic polynomial equation of a discrete-time system is

P@)=z"+1z"" '+ <+~ £,=0 ¢y

the real vector t7 = [# - ¢,] can be represented by a point in 7-
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dimensional Euclidean space. The domain of ¢ (parameter space)
corresponding to a circular region of radius « in the z plane was derived
by Fam and Meditch [5]. This domain has the following properties:

1) it contains the origin

2) it is bounded by three surfaces.

The three surfaces are as follows.

1) An (n — 1)-dimensional hyperplane B;, which corresponds to the
real positive zero z = a, i.e., P(a) = Oor

g -s=-a" (3

where g, is the n-dimensional vector

gi=la"t: a1l 4)

2) An (n — 1)-dimensional hyperplane B,, which corresponds to the
real negative zero z = —a, i.e., P(—a) = Oor

 gm=(-D""a" Q)

where g, is the n-dimensional vector

T.

4] 3

202 —ar 1] 6)

=[-+ —a’:
3) An (n — 2)-dimensional hyperplane B;, which corresponds to the

complex zero pair on the circle of radius « in the z-plane.

II. MAIN RESULTS

We will first establish a geometrical result for the largest body
containing polynomials with maximum absolute value zero less than or
equal to « in the parameter space using weighted absolute norms.

Lemma I: Let a point in #-dimensional Euclidean space be ¢7 = [f;
-+ t,]. Then the point (#*) where the weighted absolute norm on #;, that
1s,

M- ms g>1; m>0, Q)
i=1

is a minimum subject to

E - pi=k;  pi>0; k>0 ®
i=1
is
ik
o= ©
r
where
B 1/7g-1
m;
r= Gt P

Proojf: This is a standard minimization problem:

min 3, # - m;  g>1; m>0; 520 (10)
ti=l, n i1
subject to the constraint
N t-p=k  p>0; k>0; 20, an
i=1

Using the Lagrange multiplier A, we have an unconstrained minimization
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problem for minimizing

C=3 - m—Np (12)
i=1
This minimum is found by requiring
aC a1
at,- “qtl m, )\Pl—o (13)
and atc
m:q(q—l)t?'z - m;>0. (14)
From (13),
N 1/g-1
= [M] ’ s
mgq
and substituting this #} into (11), we have
A | e
- ~r=k 1
] 0o
or
k|at?
A= [;] - q. a”n
Finally, from (17) and (15), we have
¢k
= (18)
r
which is the required result.
Theorem 1: The roots of the polynomial equation
PRy=z"+4,2"" '+ -+ 1,=0 19

lie within or on a circle of radius « centred on the origin of the z plane if

" 1/q
[2|t,—|q-m,-:| =b; g>1; g real

f—di - a”

! s
d= [“""] et
m;
s=> d;-

(20)

where

>

J=1

a”d.

Proof: Dabke {1] and Mori [2] have derived the following sufficient
condition for constraining zeros on or within a circle of radius « centered
on the origin of the z plane:

n
el - a"'=an
1

2n

i

The largest geometrical object that can be fitted on or within the convex
body described by (21) is, in fact, the object described by (20). This is
proved by using Lemma 1 for p; = «"~fand k = a”

Fam and Meditch [5] have shown that P(«) and P(—a) are the
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boundaries of the parameter space domain (f) corresponding to the
circular region of radius « in the z plane. Since P(c) and P(— «) support
the geometrical object uniquely, it represents the largest geometrical
object given by (20) containing polynomials with maximum absolute
value zero less than or equal to a.

This completes the proof.

Corollary 1: The roots of the polynomial equation

P@)=z"+ 42" '+ -+ 1,=0 22)

lie within or on a circle of radius « centered on the origin of the z plane if

(23)

n X 179
S| sy gzl g real
i=1

where

n
g=2 o™,
i=t

Proof: The special case of g = 1 is verified by comparison to (21).
Using Theorem 1, we put m; = «”~! to obtain (23) for g > 1.
Corollary 2: The roots of the polynomial equation
(24)

P@y=z"+02""'+ - £,=0

lie within or on the unit circle centered on the origin of the z plane if

2%

n 1/
[2 It.-I"] gnt-00;  gz; g real.

i=1

Proof: Use Corollary 1 for the unit circle in the z plane.

Remark: The BEuclidean norm (g = 2) was obtained by Berger [31, [4]
using Lyapunov’s second method.

Corollary 3: The strongest result of all absolute norms for the zeros to
lie within or on a circle of radius « centered on the origin of the z plane is
21).

Proof: The object described by (21) can be seen as an n-dimensional
convex body bounded by hyperplanes described by

7 og=ar (26)

where
tT=[t, -+ 1) (V1))
g;:[ia”_l el ko 211 (28)

But P(a) and P(—«) hyperplanes are also the boundaries of the
parameter space domain () corresponding to a circular region of radius o
in the z plane. This completes the proof.

III. AN EXAMPLE

Find a forward path gain K which stabilizes the discrete-time unity
feedback closed-loop system with the open-loop plant transfer function

0.5Kz
HO=" )05
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The closed-loop characteristic equation is
P(2)=7z2+(0.5K-1.5)z+0.5.
The sufficient stable range for X is given by Corollary 2(g = 1):
10.5K-1.5]+0.5<1,

thatis, 2 < K < 4.
The actual stable range for K'is 0 < K < 6.

IV. CONCLUSION

It has been shown that the strongest criterion of all absolute norms for
constraining zeros on or within a circle centered on the origin in the z
plane is the weighted L; norm. The result can be used to check the
stability of linear discrete-time systems.
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Sampling of a System with a Time Delay
BJORN WITTENMARK

Abstract—This note deals with the problem of sampling a continuous-
time system which contains a time delay. It is shown that the infinite-
dimensional continuous-time system can be represented by a finite-
dimensional sampled data system. It is shown that there are simple
expressions for the sampled data state-space representations.

I. INTRODUCTION

A continuous-time linear system with a time delay is an infinite-
dimensional system. To model the delay it is necessary to store a function
of time over a time interval equal to the time delay. The sampled data
representation of such a system is, however, finite dimensional, if we are
interested in the states at the sampling instants only. This is due to the
sampling mechanism and to the fact that the input signal is assumed to be
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