Linear Control Systems
Lecture # 7
Controllability



fMotivating Example: A rocket in vertical motion may be T
modeled by

h
mv = —mg-+f

(¥

h = altitude, v = velocity, m = mass, f = thrust force

x1 =h, xo =v, u=f/m—g

d)lzwz

Zi)z u

Can we find a (continuous) control w(t) over the period
[to, t¢] to move the state of the system from a given initial
- state x(to) = zo to a desired final state x(ty) = z;? o
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fDefinition: The system # = Ax + Bu, or the pair (A, B), T
is said to be controllable on [to, t¢] if given any initial state
xg, there is a continuous control w(t) that steers the state
of the system from x(to) = xo 10 x(t¢) = 0. It is said to be
reachable on [to, t¢] if given any final state x ¢, there is a
continuous control w(t) that steers the state of the system
from x(tg) = 0 to :c(tf) =Xy

Remark: For time-invariant systems, we can, without loss of
generality, take tg = 0

o -
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fl\/lathematical preliminaries: Let M by an m X n matrix

Mzx=0forx #0 = rank M <n

y!'M =0fory#0 = rank M <m
If M is n X n, then

M is nonsingular <& rank M =n
For a nonsingular matrix M
Mxr=0 <% =0

eIM=0< 2=0

.
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fA symmetric n X n matrix P is positive semidefinite if T
' Px >0, Va
It is positive definite if
el Px >0 Va#0
P is positive definite
& All eigenvalues of P are positive

& All leading principal minors of P are positive

A symmetric positive semidefinite matrix is positive definite
If and only if it is nonsingular

o -
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fControIIabiIity T

The Controllability Gramian of (A, B) is defined by

ty
W.(0,t;) = / e~ A'BBTe~A"t gy
0

W.(0,tr) is symmetric. It is positive semidefinite because

ty
! W.(0,ts)x = / 2Te A'BBTe~A g dt >0
0

for all vectors «.

o -
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fLemma: W.(0, 1) is positive definite if and only if there is T
no vector x, # 0 such that

a:z;e_AtB =0, Vte]l0,ty]

Proof:

ty
W, (0,t1)xq = / e 4*BBTe 4 tz, dt
0

I We(0,t5)xe =0 & x e AB=0,Vtc 0, t¢]
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fTheorem: The pair (A, B) is controllable (reachable) on T
0, t¢] if and only if the controllability Gramian W,(0, t¢) is
positive definite
Proof of sufficiency: Suppose W, (0, t¢) is positive definite
and let xq be the initial state and x ¢ be the desired final
state

ly
x(te) = eA72(0) - eAtr—7) Bu(1) dr
d 0
Take T
u(t) = BTe ™ 'W1(0,t;)v
for some constant vector v.

ly
x(ts) = eAtme + eAltr—T) BBT o= A Ty —1 O,t¢)v dr
f 0 c I
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ty -
x(ty) = eAtf:cO—I—eAtf/O e A"BBTe 4 T dr W 0,ts)v

r(ty) = e axg + e WL(0,t )W 1(0,t4)v
x(ty) = e axy 4 e v = e (xg 4 v)
v = —x0 + e_Atfa:f = x(ty) = xy
Thus,

u(t) = BTe_ATtWC_l(O, tr) |—xo + e_Atfa:f}

steers £(0) = xo to x(tf) = = ¢ for any ¢ and = ¢

o -
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fProof of Necessity: We want to show that positive T
definiteness of W.(0,t¢) is a necessary condition for
controllability (reachability) over [0, ¢ ]

We will us a contradiction argument. Suppose W,(0,t¢) is

not positive definite. Then, there is a vector x, # 0 such
that

wZe_Ath =0, Vte|0,tf]

For the case of controllabllity, take o = x, and suppose
there is u(t) such that z(t¢) = 0. Then,

ty
0= et x, + / eAtr=7) Bu(r) dr
0

o -
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fMuItipIy from the left by 2T e=Ats -

by
0 = wz;e_AtfeAtfma + / :cz:e_AtfeA(tf_T)Bu(T) dr
0

by
0==xlz,+ / QZZ‘ZB_ATB’U,(T) dr
0

0 = :Bz;wa = x4, = 0 Contradcition
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fFor the case of reachability, take = f = eAts ¢, and supposeT
there is u(t) that steers £(0) = 0to =(t¢) = =¢. Then,

t
et g, = / f eAtr=7) Bu(r) dr
0
Multiply from the left by 1 e=Ats

ty
e~ AtreAls g, =/ mge_AtfeA(tf_T)Bu(T) dr
0

Ly
T _ T —AT
T, Tq = /0 r,e " Bu(T) dT

a

L rl'e, =0 = x, =0 Contradcition J
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fRocket Example




o .

ty t2 ¢ lt?) _lt2
We(0,1y) :/ 1| = .0, 27
o | —t | i _§tf ly |

Leading principal minors:
1,3
1,4 1,4
sty —aty >0

The system is controllable (reachable) on any interval
[0,t¢] Withty > 0O

o -
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fLemma: The controllability Gramian W, (0, t¢) is positive T

definite if and only if rank C = n, where
C =[B,AB, A’B, ..., A" 'B]

Is the controllability matrix (Cisn X nmwhen Aisn X n
and B isn X m)

Proof:

W.(0, tr) is singular if and only if

there is ¢, 7 0 such that m;";e_AtB =0, Vte|0,tf]

r~ (=B*
& ozl Y x A*B =0, Vtco,t4]
k=0 )

.
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— (=D 1 .k
= T A"B =0, Vt € [0,1]
k=0 )

& xztA*B =0, fork =0,1,2,...

By Cayley-Hamilton theorem, A satisfies its characteristic
equation

det(sl — A) = s" + a, 18" ' +.--+a;s+a, =0

A"+ a, A" 1 +...+aiA+a,l =0

Hence, A*, for k > n, are linear combinations of

n—1

I, A, ..., A
| -
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r’A*B=0,Vk>0< 2l'A*"B =0, fork =0,1,2,...,n
W.(0, 1) is singular if and only if

xI'|B,AB, A®B, ..., A" 'B] =0

& rank [B,AB, A’B, ..., A" !Bl <n

Theorem: The pair (A, B) is controllable (reachable) if
andonly ifrank C = n

Remark: Controllability of (A, B) is independent of the
interval [0, ¢ ¢]

o -
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4|01
00
C = [B, AB] =

9

fExampIe: Investigate controllability of

B =

rank C =2 = (A, B) is controllable
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fExampIe: Investigate controllability of T

0 1 0 0
A=| 0 0 1 |, B=]0
-1 —2 -3 1

0 0 1 |

C=[B, AB, A’°B]=|0 1 -3

1 -3 7

rank C =3 = (A, B) is controllable

Matlab:
\— C = ctrb(A, B);rank(C) J
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fExampIe: Investigate controllability of

A =

A1 0 0
0 X O
0 0 Xz

C =[B, AB, A’B] =

b1 A1b;
bo A2bo

b3 Asbs

A2by
A2b,

A2bs

If b, = 0 for some 7, rank C < 3
If \; = Aj for some 1 # 3, rank C < 3
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The pair (A, B) is controllable if and only if b; % 0 for all ¢

= (A3 = ADbs — (A3 — A7)

= (A3 — A1)(As
by A\1bq

0 (A2 — A1)bs
0 0

and \; # Aj forallz # j

.

(As —

)\1)

(A2 —

A2b,

)\1)

(A3 — A1) [(A3 + A1) — (A2 4+ A1) b3
— A2)bs

(AZ — A7)b2

(As — A1)(As

— A2)bs

=

-
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