
Linear Control Systems
Lecture # 7

Controllability
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Motivating Example: A rocket in vertical motion may be
modeled by

ḣ = v

mv̇ = −mg + f

h = altitude, v = velocity, m = mass, f = thrust force

x1 = h, x2 = v, u = f/m− g

ẋ1 = x2

ẋ2 = u

Can we find a (continuous) control u(t) over the period
[t0, tf ] to move the state of the system from a given initial
state x(t0) = x0 to a desired final state x(tf) = xf?
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Definition: The system ẋ = Ax + Bu, or the pair (A,B),
is said to be controllable on [t0, tf ] if given any initial state
x0, there is a continuous control u(t) that steers the state
of the system from x(t0) = x0 to x(tf) = 0. It is said to be
reachable on [t0, tf ] if given any final state xf , there is a
continuous control u(t) that steers the state of the system
from x(t0) = 0 to x(tf) = xf

Remark: For time-invariant systems, we can, without loss of
generality, take t0 = 0
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Mathematical preliminaries: Let M by an m× n matrix

Mx = 0 for x 6= 0 ⇒ rank M < n

yTM = 0 for y 6= 0 ⇒ rank M < m

If M is n× n, then

M is nonsingular ⇔ rank M = n

For a nonsingular matrix M

Mx = 0 ⇔ x = 0

xTM = 0 ⇔ x = 0
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A symmetric n× n matrix P is positive semidefinite if

xTPx ≥ 0, ∀ x

It is positive definite if

xTPx > 0, ∀ x 6= 0

P is positive definite

⇔ All eigenvalues of P are positive

⇔ All leading principal minors of P are positive

A symmetric positive semidefinite matrix is positive definite
if and only if it is nonsingular
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Controllability
The Controllability Gramian of (A,B) is defined by

Wc(0, tf) =

∫ tf

0
e−AtBBTe−A

T t dt

Wc(0, tf) is symmetric. It is positive semidefinite because

xTWc(0, tf)x =

∫ tf

0
xTe−AtBBTe−A

T tx dt ≥ 0

for all vectors x.
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Lemma: Wc(0, tf) is positive definite if and only if there is
no vector xa 6= 0 such that

xT
ae
−AtB ≡ 0, ∀ t ∈ [0, tf ]

Proof:

xT
aWc(0, tf)xa =

∫ tf

0
xT
a e
−AtBBTe−A

T txa dt

xT
aWc(0, tf)xa = 0 ⇔ xT

a e
−AtB ≡ 0, ∀ t ∈ [0, tf ]
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Theorem: The pair (A,B) is controllable (reachable) on
[0, tf ] if and only if the controllability Gramian Wc(0, tf) is
positive definite
Proof of sufficiency: Suppose Wc(0, tf) is positive definite
and let x0 be the initial state and xf be the desired final
state

x(tf) = eAtfx(0) +

∫ tf

0
eA(tf−τ)Bu(τ ) dτ

Take
u(t) = BTe−A

T tW−1
c (0, tf)v

for some constant vector v.

x(tf) = eAtfx0 +

∫ tf

0
eA(tf−τ)BBTe−A

T τW−1
c (0, tf)v dτ
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x(tf) = eAtfx0+eAtf

∫ tf

0
e−AτBBTe−A

T τ dτ W−1
c (0, tf)v

x(tf) = eAtfx0 + eAtfWc(0, tf)W
−1
c (0, tf)v

x(tf) = eAtfx0 + eAtfv = eAtf (x0 + v)

v = −x0 + e−Atfxf ⇒ x(tf) = xf

Thus,

u(t) = BTe−A
T tW−1

c (0, tf)
[

−x0 + e−Atfxf

]

steers x(0) = x0 to x(tf) = xf for any x0 and xf
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Proof of Necessity: We want to show that positive
definiteness of Wc(0, tf) is a necessary condition for
controllability (reachability) over [0, tf ]

We will us a contradiction argument. Suppose Wc(0, tf) is
not positive definite. Then, there is a vector xa 6= 0 such
that

xT
a e
−AtfB ≡ 0, ∀ t ∈ [0, tf ]

For the case of controllability, take x0 = xa and suppose
there is u(t) such that x(tf) = 0. Then,

0 = eAtfxa +

∫ tf

0
eA(tf−τ)Bu(τ ) dτ
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Multiply from the left by xT
a e
−Atf

0 = xT
a e
−AtfeAtfxa +

∫ tf

0
xT
ae
−AtfeA(tf−τ)Bu(τ ) dτ

0 = xT
axa +

∫ tf

0
xT
a e
−AτBu(τ ) dτ

0 = xT
axa ⇒ xa = 0 Contradcition
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For the case of reachability, take xf = eAtfxa and suppose
there is u(t) that steers x(0) = 0 to x(tf) = xf . Then,

eAtfxa =

∫ tf

0
eA(tf−τ)Bu(τ ) dτ

Multiply from the left by xT
a e
−Atf

xT
ae
−AtfeAtfxa =

∫ tf

0
xT
a e
−AtfeA(tf−τ)Bu(τ ) dτ

xT
axa =

∫ tf

0
xT
a e
−AτBu(τ ) dτ

xT
axa = 0 ⇒ xa = 0 Contradcition
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Rocket Example

ẋ =

[

0 1

0 0

]

x +

[

0

1

]

= Ax + Bu

eAt = I + At =

[

1 t

0 1

]

e−AtB =

[

1 −t

0 1

] [

0

1

]

=

[

−t

1

]

Wc(0, tf) =

∫ tf

0

[

−t

1

]

[

−t 1
]

dt
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Wc(0, tf) =

∫ tf

0

[

t2 −t

−t 1

]

=

[

1
3t

3
f −1

2t
2
f

−1
2
t2f tf

]

Leading principal minors:

1
3t

3
f > 0

1
3
t4f −

1
4
t4f > 0

The system is controllable (reachable) on any interval
[0, tf ] with tf > 0
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Lemma: The controllability Gramian Wc(0, tf) is positive
definite if and only if rank C = n, where

C = [B,AB, A2B, . . . , An−1B]

is the controllability matrix (C is n× nm when A is n× n
and B is n×m)
Proof:
Wc(0, tf) is singular if and only if

there is xa 6= 0 such that xT
a e
−AtB ≡ 0, ∀ t ∈ [0, tf ]

⇔ xT
a

∞
∑

k=0

(−t)k

k!
AkB ≡ 0, ∀ t ∈ [0, tf ]
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⇔

∞
∑

k=0

(−t)k

k!
xT
aA

kB ≡ 0, ∀ t ∈ [0, tf ]

⇔ xT
aA

kB = 0, for k = 0, 1, 2, . . .

By Cayley-Hamilton theorem, A satisfies its characteristic
equation

det(sI −A) = sn + an−1s
n−1 + · · ·+ a1s + an = 0

An + an−1A
n−1 + · · ·+ a1A + anI = 0

Hence, Ak, for k ≥ n, are linear combinations of
I, A, . . . , An−1

– p. 16/22



xT
aA

kB = 0, ∀ k ≥ 0 ⇔ xT
aA

kB = 0, for k = 0, 1, 2, . . . , n

Wc(0, tf) is singular if and only if

xT
a [B,AB, A2B, . . . , An−1B] = 0

⇔ rank [B,AB, A2B, . . . , An−1B] < n

Theorem: The pair (A,B) is controllable (reachable) if
and only if rank C = n

Remark: Controllability of (A,B) is independent of the
interval [0, tf ]
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Example: Investigate controllability of

A =

[

0 1

0 0

]

, B =

[

0

1

]

C = [B, AB] =

[

0 1

1 0

]

rank C = 2 ⇒ (A,B) is controllable
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Example: Investigate controllability of

A =







0 1 0

0 0 1

−1 −2 −3






, B =







0

0

1







C = [B, AB, A2B] =







0 0 1

0 1 −3

1 −3 7







rank C = 3 ⇒ (A,B) is controllable

Matlab:
C = ctrb(A,B); rank(C)
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Example: Investigate controllability of

A =







λ1 0 0

0 λ2 0

0 0 λ3






, B =







b1

b2

b3







C = [B, AB, A2B] =







b1 λ1b1 λ2
1b1

b2 λ2b2 λ2
2b2

b3 λ3b3 λ2
3b3







If bi = 0 for some i, rank C < 3

If λi = λj for some i 6= j, rank C < 3
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C =







b1 λ1b1 λ2
1b1

b2 λ2b2 λ2
2b2

b3 λ3b3 λ2
3b3







→







b1 λ1b1 λ2
1b1

0 (λ2 − λ1)b2 (λ2
2 − λ2

1)b2

0 (λ3 − λ1)b3 (λ2
3 − λ2

1)b3







→







b1 λ1b1 λ2
1b1

0 (λ2 − λ1)b2 (λ2
2 − λ2

1)b2

0 0 ∗







∗ = (λ2
3 − λ2

1)b3 − (λ2
2 − λ2

1)
(λ3 − λ1)

(λ2 − λ1)
b3
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∗ = (λ2
3 − λ2

1)b3 − (λ2
2 − λ2

1)
(λ3 − λ1)

(λ2 − λ1)
b3

= (λ3 − λ1) [(λ3 + λ1)− (λ2 + λ1)] b3

= (λ3 − λ1)(λ3 − λ2)b3

C →







b1 λ1b1 λ2
1b1

0 (λ2 − λ1)b2 (λ2
2 − λ2

1)b2

0 0 (λ3 − λ1)(λ3 − λ2)b3







The pair (A,B) is controllable if and only if bi 6= 0 for all i
and λi 6= λj for all i 6= j
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