Chapter 8

Jordan Canonical Forms

8.1 Jordan canonical forms

By Theorem 6.9, if A has an eigenvalue A of multiplicity m such that
dim E\(A) < m, then A can not be diagonalizable. However, Theorem 8.1
below says that any matrix, even a non-diagonalizable matrix, is similar
to a matrix very “close” to a diagonal matrix, called a Jordan canonical
form. The columns of @ consists of a maximal set of linearly independent
eigenvectors and some more vectors, so called generalized eigenvectors. Its
proof may be beyond a beginning level, and can be found in advanced linear
algebra books.

Theorem 8.1 Let A be a square matriz of ordern, and let ), dim Ey(A) =
s. Then it is similar to a matriz J of the following form, called the Jordan
canonical form, or a Jordan canonical matrix:

J1 0
Jo
J=Q'AQ = , ;
0 Js
in which each J;, called a Jordan block, is a triangular matrix of the form
Al 0
J’i - )

1
0 A

corresponding to a basis vector of Ex(A) for a single eigenvalue X of A.
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334 Chapter 8. Jordan Canonical Forms

We will just illustrate how to find the Jordan canonical form and the
transition matrix by observing the statements in the theorem.

Remark: (1) Each eigenvalue A appears in k = dim F)(A) Jordan blocks.
Thus the total number of Jordan blocks in a Jordan canonical form is the
maximal number of linearly independent eigenvectors: i.e., Y dim Ey, (A).

(2) Thus, A has a full set of n linearly independent eigenvectors, if and
only if the number of Jordan blocks of A is equal to n, if and only if every
Jordan block is a 1 x 1 matrix. That is, a diagonal matrix is a particular
case of the Jordan canonical form.

(3) The deficient eigenvectors in the transition matrix @ are filled up
by, the so called, generalized eigenvectors, which will be discussed in the
next section. Assuming Theorem 8.1, one can first determine the Jordan
canonical form of A as shown in the following, and then try to find the
generalized eigenvectors as discussed in the next section.

Example 8.1 Let A be a 5 x 5 matrix that has a single eigenvalue A\ of
multiplicity 5. Classify all possible Jordan canonical forms of A up to per-
mutations of the Jordan blocks.

Solution: (1) If A has only one linearly independent eigenvector belonging
to A: d.e., dim E) = 1, then the Jordan canonical form of A has only one
block of the form:

JW =Q71AQ =

OO O O >
O OO >
S O > = O
O > = O O
> = o O O

(2) If it has two linearly independent eigenvectors belonging to A: i.e.,
dim E\ = 2, then its Jordan canonical form has two blocks, either one of
the forms:

P A
0 A A1 0 0

J? = A1 o0 or JG® = 0A10
0 A 1 00 X 1

0 0 A 00 0 A

These two matrices J() and J®) cannot be similar, because (J(2) —\I)3 = 0,
but (JG3) — XI)3 # 0. (One can justify this by a direct computation).
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(3) If it has three linearly independent eigenvectors belonging to \: i.e.,
dim E\ = 3, then its Jordan canonical form has three blocks, either one of
the forms:

A A
A1 A
JW = 0 A or JO) = A1 o0 |,
A1 0 X 1
0 A 00 A

4) _

Again, these two matrices J*) and J®) are not similar, because (J (
A)% =0, but (JO — XI)2 #£ 0.

(4) If it has four linearly independent eigenvectors belonging to A: i.e.,
dim E\ = 4, then its Jordan canonical form has four blocks of the form:

A

JO = A
Al
0 A

(5) If it has five linearly independent eigenvectors belonging to A: i.e.,

dim E\ = 5, then its Jordan canonical form has 5 blocks, each of which is
just 1 x 1 matrix: i.e., a diagonal matrix,

A
J0 = A

A

Thus, seven Jordan canonical forms are possible. Note that all of these
seven possible Jordan canonical matrices have the same trace, determinant,
characteristic polynomial, and eigenvalues as those of the matrix A, but no
two of them are similar to each other. O

As shown in the case (2) (also in (3)) of Example 8.1, when dim E) = 2,
two nonsimilar Jordan canonical matrices J? and J®) were possible. To
determine the right Jordan canonical form of the given matrix A, one has
to look at the ranks of (A — AI)* for k =1,2,...,n.

In general, if \ is an eigenvalue of multiplicity m) of an n x n matrix A
and J is its Jordan canonical form, then rank(A — AI)* = rank (J — AI)¥
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for all positive integer k, since they have the same eigenvalues and the same
number of eigenvectors. Thus, to decide the order of each Jordan block in
J, it is useful to examine the sequence {rank(J — A% : k=1,...,my}.

Example 8.2 (The orders of Jordan blocks) Let A be a matrix with two
distinct eigenvalues A of multiplicity my = 7 and p of multiplicity m,, = 1,
and similar to the Jordan canonical matrix J with four Jordan blocks:

S O >
S > =
> = O

J1 0

_ J2 _ A1
/= Ja - [o )\]

i (1]

This shows that A has 3 linear independent eigenvectors. Let ¢y = n — m,
(=8 =7 =1) be the total multiplicities of the other eigenvalues of A. Then

(1) rank(J—AI)—cy = 5—1 = 4 = the total number of 1’s off the diagonal
in the Jordan blocks belonging to A. The blocks of order 3 has two 1’s
and one in each block of order 2, so that there are one block of order
3 and two blocks of order 2.

(2) rank(J — AI)2 — ¢y, =2 — 1 = 1 = the number of blocks of order 3.

o O O

01
0 0
00

(J = AI)? = [0 0]

i (= N)?] ]

(3) rank(J — AI)3 —cy =1 —1 = 0. Thus, the number of blocks of order
lfor Nis7T—(2x2)—(3x1)=0. O

One can easily show that the power (J; — AI)* of the Jordan blocks .J;
belonging to A becomes a zero matrix for some k < my, and so rank(J — I )"
decreases as k increases, and stops decreasing at ¢y = n — m) for some
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k < my, while all the other blocks belonging to the other eigenvalues remain
as upper triangular matrices with nonzero diagonal entries, whose ranks will
be summed up to ¢y = n — my. This justifies that the sequence

{rank(A — XK —cy : k=1,...,my}
completely determines the orders of the blocks of J belonging to A:

(1) If k is the smallest positive integer such that rank(A4 — M) — ¢\ =
fo = 0 and rank(A — A)*=1 — ¢\ = #; # 0, then k is the order of the
largest blocks belonging to A and #; is the number of such blocks.

(2) rank(A — AI)*=2 — ¢\ — 201 = f5 is equal to the number of blocks of
order k£ — 1.

(3) rank(A —AI)*=3 — ¢y — 3¢y — 205 = {3 is equal to the number of blocks
of order k — 2, and so on.

(4) If ¢1,...,4;_1 are determined, then £; =rank(A — X\I)*~% — ¢y —il; —
(¢ — 1)ly - -+ — 2¢;_ is the number of blocks of order k — (i — 1) with
ly=0,fori=0,...,k—1

In summary, if A1, ..., A are all distinct eigenvalues of A with their
multiplicities my,, ..., my,, respectively, so that my, +---+my, = n, then
one can determine the Jordan canonical form J of an n x n matrix A by the
above procedure.

However, for a matrix of large order, the evaluation of (4 — A\I)* might
not be simple at all, while, for matrices of lower order or relatively simple
matrices, the computations may be simple.

Example 8.3 Find the Jordan canonical form of the matrix

21 4
A=10 2 -1
00 3

Solution: Clearly, the eigenvalues of A are A\ = 2 and p = 3 of multiplic-
ities 2 and 1, respectively. Hence, there are two possibilities of the Jordan
canonical form of A:

2 00 210
JW=1020| o J@=]0 2 0
00 3 0 0 3
But, for ¢ =3 —2 =1, rank(A — 21)? — ¢co = 0 and rank(A4 — 2I) — ¢y = 1.

Thus, there is one Jordan block belonging to A = 2 of order 2, and so the
Jordan canonical form of A must be J2). 0
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Example 8.4 Determine the Jordan canonical form J of the matrix

01 00

00 10

A= 00 01
-1 4 -6 4

Solution: The characteristic polynomial of the matrix A is
det(A—=M) =M =4\ 4602 -4 +1=(\ -1

Thus, the eigenvalue of A is A = 1 of multiplicity 4. Now the rank of the

matrix
-1 1 0 0
0 -1 1 0
A=1 = 0 0 -1 1
-1 4 —6 3

is 3, since the first three columns are linearly independent and they span
the last column. Hence, the dim N (A — I) = dim E; = 1, i.e., A has only
one linearly independent eigenvector so that the Jordan canonical form J
has only one block:

1 100
0110
J_O()ll
0 0 01 U

Problem 8.1 Let A be a 5x5 matrix with two distinct eigenvalues A\ of multiplicity
3 and p of multiplicity 2. Determine all possible Jordan canonical forms of A up
to permutations of the Jordan blocks.

Problem 8.2 Find the Jordan canonical form for each of the following matrices:

1110

4 1 2
oy Y] @foaz]@|gs )
1 0 0 4 0 0 11
0 0 0 2
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8.2 Generalized eigenvectors

In the previous section, assuming Theorem 8.1, we have shown how to de-
termine the Jordan canonical form of a matrix A by analyzing the sequence
{rank(A — AI)* : k=1,2,...,my}, for each eigenvalue \ of A.

In this section, we discuss how to find a transition matrix @), and provide
a theoretical basis for the validity of the method.

Example 8.5 (Transition matriz for a Jordan block) Let A be a 3x3 matrix
similar to a Jordan block of the form

QlAQ=1J=

S O >
S > =

0
1
A
L x2 x3).

Determine the transition matrix @ = [x* x* x

Solution: Clearly, X is the only eigenvalue of the two similar matrices A
and J of multiplicity 3. Since

rank(J — AI) = rank

o O O

10
01]=2,
00

dim NV(J — AI) = dim E)\ = 1. That is, J has only one linearly independent
eigenvector. To see what the columns of () are, we expand AQ = QJ as

[Ax! Ax? Ax3] = x! x! +ax? x2 4 ax3).
Thus, we get

Ax3 =x2+2x3, or (A-A)x? =
Ax? =x! +2x2, or  (A—-A)x% = (A - \)*x3 !
Ax! = \x!, or (A—-M)x!=(A-A)3x®=0.

I
»

This shows that x! is an eigenvector of A, and if we find a vector x3 such
that (A — AI)3x® = 0 and (A — M)?x® = x! # 0, then the other x'’s are
obtained from x? via (A4 — A)ix® = x37¢ for i = 1, 2, 3 with x° = 0.
Such a vector x3 is called a generalized eigenvector of rank 3, and the set
{x!, x2, x3} is called a chain of the generalized eigenvectors belonging to
A, and the columns of ) consist of chains of generalized eigenvectors. O
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Remark: Note that, in the Example 8.5, if we set Q' = [x® x? x!] = QP
where P is an orthogonal permutation matrix that reverses the order of the
columns of (), then one can get

A
Q'AQ = P YQ'AQ)P = P lyp=|1 = JT,
0

= > O
> O O

Thus, J and JT are similar and represent essentially the same Jordan canon-
ical form of A. Thus we say that any (complex) square matrix A is similar
to a unique Jordan canonical matrix up to a permutation matrix. In this
sense, it is called the Jordan canonical form of a matrix A.

In general, by expanding AQ = @Q.J, one can easily see that the columns
of @ corresponding to the first columns of the Jordan blocks of J form
a maximal set of linearly independent eigenvectors of A, and remaining
columns of () are generalized eigenvectors.

Definition 8.1 A nonzero vector x is said to be a generalized eigenvec-
tor of A of rank k belonging to an eigenvalue A if

(A=X)Fx=0 and (A—-A)1x+#£o0.

Note that if k£ = 1, this is the usual definition of an eigenvector. For a
generalized eigenvector x of rank k£ > 1 belonging to an eigenvalue A, define

xF = x,

xF1 = (A= XD)x = (A= ADx",
xF72 = (A-M)’x = (A-X)xML,
x! = (A-XDF1x = (A-XD)x2

Thus, for each ¢, 1 < £ < k, (A — A" = (A — M)Fx = 0 and (4 —
M) xt = (A — M)F~'x # 0. Hence, the vector x* = (A — A)F'x is a
generalized eigenvector of A of rank £.

Definition 8.2 The set of vectors {x!, x2, ..., x*} is called a chain of
generalized eigenvectors belonging to the eigenvalue .

Note that, x' = (A — A\I)*~!x is always an eigenvector belonging to A,
called the initial eigenvector of the chain. Sometimes the length k of a
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chain is also called the rank of this initial eigenvector of the chain. Note
also that (A — AI)’x’ = 0 for £ > i.

The following series of three theorems shows that a transition matrix
@ may be constructed from the chains of linearly independent generalized
eigenvectors of A, and justifies the invertibility of Q.

Theorem 8.2 A chain of generalized eigenvectors S = {x', x2, ... x*}
belonging to an eigenvalue X\ is linearly independent.

Proof: Let us solve ¢;x' +cox?+- - -4¢x* = 0 for scalars ¢;, i = 1, ..., k.
If we multiply (on the left) both sides of this equation by (A — AI)*~1, then
fori=1, ..., k—1,

(A=A Ix" = (A - DM (A - DX = 0.

Thus, cx(A — MI)*~1x* = 0, and, hence, ¢; = 0.

Do the same to the equation ¢;x!' +- - - +¢;_1x* 1 = 0 with (A — \I)k—2
and get cx_1 = 0. Proceeding successively, we can show that ¢; = 0 for all
1 =1, ..., k. That is, the equation has only the trivial solution. Hence,
the set S is linearly independent. O

Theorem 8.3 The union of chains of generalized eigenvectors of a square
matriz A belonging to distinct eigenvalues is linearly independent.

Proof: Let {x!, x2, ..., x*} and {y!, y?, ..., ¥’} be the chains of gen-
eralized eigenvectors of A belonging to the eigenvalues A and p, respectively,
and let A\ # . We wish to show that the set of vectors {x!, ..., xF oyl
y! } is linearly independent. To solve the linear dependence of them,

ax! -t oxP diy' -+ diy' =0,

for ¢;’s and d;’s, we multiply both sides of the equation by (A — AI)* and
note that (A — AI)*x? = 0 for all i = 1,..., k. Thus we have

(A= XD*(diy' + doy® + - -+ dgy*) = 0.
Again, multiply this equation by (A — uI)*~! and note that

(A= pD)! A=A = (A—ADMA- D),
(A-pD)y" =y,
(A—pD)ly" = 0
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fori=1,...,f—1. Thus we obtain 0 = dy(A—\I)*¥y'. Because (A—ul)y" =
0 (or Ay' = py!), this reduces to dy(pi—\)*y!' = 0, which implies that d; = 0
by the assumption A # p and y! # 0. Proceeding successively, we can show
that d; =0, i=4¢, £—1, ..., 2, 1, so we are left with

axt 4+ +ogxt =0,

Since {x!, ..., x*} is already linearly independent by Theorem 8.2, ¢; = 0
for all i = 1,...,k. Thus the set of generalized eigenvectors {x!, ..., x*,
yh ooyt } is linearly independent. O

The next step to produce @ such that AQ = @QJ is to choose chains of
linearly independent generalized eigenvectors for each eigenvalue so that the
union of the chains is linearly independent.

Definition 8.3 Let A be an eigenvalue of A. The generalized eigenspace
of A belonging to A, denoted by K, is the set

Ky={xeC" : (A-A)Px=0 for some positive integer p}.

It turns out that dim K is the multiplicity of A, and it contains the
usual eigenspace N (A — AI). The following theorem enables us to choose
a basis for K, but we omit the proof even though it can be proved by
induction on the number of vectors in S UT.

Theorem 8.4 Let S = {x', x%, ..., x*} and T = {y', y%, ..., y'} be
two chains of generalized eigenvectors of A belonging to the same eigenvalue
\. If the initial vectors x' and y' are linearly independent, then the union
S UT is linearly independent.

Note that this theorem easily extends to a finite number of chains of
generalized eigenvectors of A belonging to an eigenvalue A, and the union of
such chains will form a basis for K so that the matrix QQ may be constructed
from these bases for each eigenvalue as usual.

However, finding chains of generalized eigenvectors are not simple in
general. One may try to find them in two ways as follows:

Method 1: (1) For each eigenvalue A of multiplicity my, first find a
maximal set of linearly independent eigenvectors x,y,...,z which form a
basis for the eigenspace E), and then solve

(A= Xx*>=ax+by + - +cz=x"
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for suitable a, b, ..., ¢ that make the systems (including those systems in
step (2) below) consistent.

(2) Inductively, solve (A — A\ )x* = x*~! for i = 2, ..., until the equation
becomes inconsistent. When (A — A\I)x*+1 = x*¥ becomes inconsistent, k is
the rank of the generalized eigenvector x*.

(3) If k£ < my, then, by the same method in step (1) above, find another
suitable vector y' in E) which is linearly independent from x', and then
repeat the above process.

(4) Do this until the ranks sum up to my.

(5) An inconvenience of this method is that one does not know what the
initial eigenvectors of the chains and their ranks are at the outset.

Example 8.6 The characteristic polynomial of

5 —3 —2
A=| 8 -5 —4 |,
—4 3 3

is det(A\I — A) = A3 —3X2+3X —1 = (A —1)%, and the eigenvalue of A is
A = 1 of multiplicity 3. Its eigenvectors are the solutions of

4 -3 -2 x 0
(A-I)x = 8 -6 —4 y | =10
—4 3 2 z 0

Since the three equations are identical, one gets two linearly independent
eigenvectors u! = (1,0,2) and u? = (0,2, —3). A generalized eigenvector is
the solution of (A — I)X2 = cpu! + cou? = x! for some constants ¢;’s. In
fact, the system

4 -3 -2 T 1 0 c1
8 —6 —4 y | =c1| 0| +c 2| = 2¢o
—4 3 2 z 2 -3 2c1 — 3c¢o
has a solution if and only if ¢; = ¢z, and a solution is x? = (0,0, —1)

for x! = (2,4,—2). Since (A — I)x? = x? is inconsistent, the rank of the
generalized eigenvector x? is 2 so that {x!, x?} is a chain. Since u! = (1,0,2)
is linearly independent to x!, we may take x> = u! and so

2 01
Q=[x'x*x%=| 4 00
-2 -1 2
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1 1 0
is a transition matrix so that Q'AQ=J=]0 1 0
0 01

Method 2: (1) Determine the Jordan canonical form together with the
order of each block as explained in the previous section.

(2) For each eigenvalue A\ and each block of order k belonging to A, find
the solution (A — M\ )*x = 0, but (4 — AI)*~!x # 0, and then construct a
chain of this generalized vector.

(3) An inconvenience of this method is that one has to compute (A—\I)*
for each eigenvalue A and k, which is not simple if the order of A is large.

Example 8.7 For the same matrix A as in Example 8.6, we know that A
has only two Jordan blocks for only one eigenvalue 1. By direct computation
we find that A — I # 0 and (A — I)?> = 0. Thus, we can take any vector
x2 such that (A — I)x? # 0, which becomes a generalized eigenvector of
rank 2. Take x? = (1,1,1), then x! = (4 — I)x? = (—1,-2,1). Now find
another eigenvector of A belonging to A = 1 by solving (4 — I)x® = 0, and

-1 1 1
get x> = (1,0,2). Then for Q = [x! x? x3] =] -2 1 0 |, we get
1 1 2
1 10
Q'AQ=10 1 0 |. O
0 0 1
2 1 4
Example 8.8 Foramatrix A= | 0 2 —1 |, find a transition matrix @
00 3

so that Q71 AQ is the Jordan canonical matrix.
Solution: Write Q = [x! x? x?], and we try to find the columns x?, i = 1,

2, 3.
Method 1: In Example 8.3, the matrix J of A is determined as

J =

O O W
O N =
w O O

From AQ = @QJ, by comparing the column vectors of both sides, one can
get
Ax! = 2x!, Ax? = 2x% + x!, Ax? = 3x°.
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Thus x! and x? are the eigenvectors of A belonging to A = 2 and A = 3,
respectively. By a direct computation, they are found to be x! = (1, 0, 0)
and x3 = (3, —1, 1). By solving the equation (A — 2I)x? = x!, one gets
x% = (a, 1, 0) with any constant a, so that

1 a 3
Q=101 -1
0 0 1
It is not hard to see that x!, x2, x> are linearly independent, so that

QrAQ =J.

Method 2: From Example 8.3, the Jordan block belonging to 2 is of order
2. Thus we need to find a generalized eigenvector x? of rank 2 belonging to
the eigenvalue 2, which is a solution of the following systems:

(A-2D)x = -1 |x # 0,

(A-20)°x =

SO O O O+
w

From the second equation, x? has to be of the form (a, b, 0), and from
the first equation we must have b # 0. Let us take x? = (0, 1, 0) for a
generalized eigenvector of rank 2. Thus we have

(A-2Dx* = x' = (1, 0, 0),
(A—-20)2x* = (A-2D)x' = 0.

Thus x! = (1, 0, 0) is the only one linearly independent eigenvector be-
longing to 2. An eigenvector belonging to A3 = 3 is easily found to be
x3 = (3, —1, 1). Clearly, the set of vectors {x', x2, x3} is linearly inde-

pendent, and so

1 0 3 1 0 -3
Q=101 -1, so Q'=l01 1
00 1 00 1
Then
2 1 0
Q'AQ=10 2 0 [Jl 0},
0 0 3 0 J
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where J; = [ 2 1 } and Jy = [3]. O

0 2

Example 8.9 Find Q so that Q'AQ = J is the Jordan canonical form of
the matrix

_ o O O
- O O =
SO = O
= = O O

Solution: Method 1. In Example 8.4, we have found that

1 100
0110
/= 0011
0 001
Write a transition matrix as Q = [x! x? x? x*]. From the expansion of

AQ = QJ, one gets:

Ax! =x!, Ax? =x? +x!, Ax? = x3 4+ x2, Ax?

= x4+ x3.

There is only one linearly independent eigenvector belonging to A = 1, which
isx! = (1, 1, 1, 1). Now a solution of (A —I)x? = x'isx?> = (a, a+1, a+
2, a + 3) for any a. Take x> = (0, 1, 2, 3). Inductively, the solutions of
(A-Dx3=x?and (A—-D)x*=x%arex®= (b, b, b+ 1, b+ 3) for any b
and set x> = (0, 0, 1, 3), and successively one can take x* = (0, 0, 0, 1).
Clearly, they are linearly independent and so

1
1
Q_l
1

W N = O
w = o O
= o o o

One may check Q7 'AQ = J by a direct matrix multiplication.

Method 2: As we saw in Example 8.4, A has only one Jordan block.
Therefore, one has to find a generalized eigenvector of rank 4, which is a
solution x of the following equations:

(A-D'x =0

-1 3 -3 1
-1 3 -3 1
Bk —
(A—-1I)’x 13 -3 1 x #0
-1 3 -3 1
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But, a direct computation shows that the matrix (A — I)* = 0. Hence,
one can take any vector that satisfies the second equation as a generalized
eigenvector of rank 4: Take x* = (—1, 0, 0, 0), and then

-1 1 00 -1 1
0 -1 10 0 0

3 _ _ 4 _ _

xt = (A-Ix 0 0 -1 1 0 01"
-1 4 -6 3 0 1

x? = (A-Dx® = (1,0, 1, 2),

x! = A-Dx* = (1,1, 1, 1).

Therefore, these vectors {x', x%, x3, x*} form the chain of linearly inde-

pendent generalized eigenvectors. Therefore,

1 -1 1 -1 0 1 00
1 00 o0 4 0 -1 10
@=11 10 o 9 7] 0 1 21|
1 21 0 -1 3 -3 1
1100
0110
_1_ _
and Q'AQ=| . 4 | 4| = -
0001

Problem 8.3 Find a full set of generalized eigenvectors of the following matrices:

-2 0 -2 —6 31 —14
(1){—11—2], (2)[—1 6 —2].
01 -1 0o 2 1

8.3 Applications of Jordan canonical form

The Jordan canonical form of any square matrix A enables us to compute the
power A* and the exponential matrix e, and to solve many other problems
related to the matrix A. Let J be the Jordan canonical form of an arbitrary
n X n square matrix A such that
J1
Q'AQ=1J = ;
Js

where @ is made of generalized eigenvectors of A and J;’s are Jordan blocks.
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8.3.1 Computations of A” and e I

Note that we have
A
Ab = QI =@ Q™
e
for k=1, 2, .... Hence, for A*, it is good enough to compute J* for each

Jordan block J. Now an m x m Jordan block J belonging to an eigenvalue
A of A may be written as

A1 0 1 0 0 0 1 0
Jolo o _ o N 0 0
Al : 1 0 0 1
0 (U 0 0 1 0 0 0

= M+ N.

Since [ is the identity matrix, clearly IN = NI and
k
k .y
JE= (A +N)F = < .>)\ij].

But N* = 0 for k > m. Thus, by assuming (l;) =0if k< ¢,

m—1
k L
Jk — Z <‘>)\k_]NJ
i=o
= /\kI—I— <k> /\k_lN_|_ coe ( k >)\k‘—(m—1)Nm—1
1 m—1
i k — k — k —m -
A (R (B NR=2 (R ) e
0 A\F (’1“))\’@—1 (mk,g)Ak_mH
A (DA
L 0 0 Ak |
Example 8.10 Compute A*, k=1, 2, ..., for
1111
02 20
A= 00 20
-1 1 0 3
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Solution: The characteristic polynomial of A is det(A] — A) = A* — 83 +
2402 — 32X +16 = (A — 2)*, and A = 2 is an eigenvalue of multiplicity 4. By
a direct computation, one can see that rank(A —2I) = 2, rank(A —21)%? =1
and rank(A — 27)3 = 0. Thus, the Jordan canonical form .J of A must be of
the form

21 00
0 210
7= 00 20
0 0 0 2
Also one can easily find a transition matrix Q) to be
110 0 2 -1 0 -1
o 20 1 4 -1 10 1
Q= 001 ol and then @ = 0 01 o0l
1 0 0 —1 2 -1 0 -2
such that Q7 YAQ = J. Therefore,
2 101"
k_ o 7ko-1 0 21 0 -1
0 [2]*
where
2 101" 2 0 0 01 07\"
0 2 1| = 020(4+1001
0 0 2 0 0 2 0 00
20 0 010 001
= [0 2 o[+t ]o 0o 1|+(5)2*2]0 0 0
0 0 2F 000 000
B k — k —
2t (2
= 0 2 (12
L 0 0 2k
Hence,
k — k —
A
_ 2 2F— 0 _
Ak _ Jk 1 _ 0 1 1
ergt=ql | o 2 WZ Q
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ok _ pok—1  pok—1 k(k;1)2k72 + kok—1 Eok—1

_ 0 2k 2k2k~1 0
- 0 0 ok 0

k-1 k-1 k(k—1) 5k—2 k—1 k

—k2 k2 =2 E2F-1 42 ]
Problem 8.4 Compute A* k=1, 2, ..., for

2 1 0 0 0 -3 1 2
0210 2 1 -1 2
WA=19 020 @B=| _5 1 1 5
000 1 —2 -3 1 4

For the computations of the exponential matrix e, note that

eA _ eQJQfleeJQ—l
et 0
e’2 .
= Q . Q™
0 e’s

where J;’s are the Jordan blocks. Thus, it is enough to compute e’ for a
simple Jordan block J. Let

J =M + N,

where I and N are as in Section 8.3.1. Then, N¥ = 0 for k > n, and

_ L 1 1 -
2! (n—1)!
1
0 1 1
n—1
NF (n —2)!
J_ M_N _ A\ N7
el =eVe =e Z =€ )
k=0
1
L O 1 -
Example 8.11 Compute e for
1 1 11
0220
A= 0020
-1 1 0 3
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Solution: With the same notations as in Example 8.10,

e/l

et =T = Qe’QT =@ [ - ] QY

where
2 10 010
Jy=102 1 |=2I4]0 0 1|=2I+N and Jy=][2].
0 0 2 0 0 0
Hence,
1 1 1
5 fl
NF 2!
e‘h:eﬂN:eQZH:eQ 01 1
k=0 00 1
It gives that
L1 % 0 0 2 32 o2
2
0110 0 € 22 0
A_ . Jn-1_ 2 -1 _
€ —QGQ —GQ 00 1 0 Q - 0 0 62 0 |:|
000 1 —e? €2 %62 2¢2

8.3.2 Linear difference equations II

Let A be the companion matrix of order k£ of a linear difference equation
X, = Ax,_1, and let A\g be an eigenvalue of A with multiplicity m > 1.
Then, by Lemma 7.2, A\g has only one linearly independent eigenvector v of

the form [A™! ... Ag 17, which means that the size of the Jordan block
corresponding to this eigenvector is the multiplicity m of \g. Therefore, if
A has s distinct eigenvalues each of multiplicity mj, 7 =1, 2, ..., s so that
mi+mso+ --- +ms =k, then the Jordan Canonical form of A has s Jordan
blocks each of order m;: i.e.,
J1 Ajo 1o 0
Q'AQ =J = , where J; = 1
Js Aj
The chain of generalized eigenvectors containing v;; = [)\f_l e T
consists of m; vectors: v;;, ¢ =1, 2, ..., m;, which, from AQ = QJ, satisfy
(A - )\jI)le = 0, (A - AjI)VjQ = Vi1, ..., (A - AjI)ijj = Vj(m;—1)-
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Beginning with v;; = [)\;?_1 -+ A; 1JT, one can easily compute inductively a
chain of generalized eigenvectors: i.e., if we denote a generalized eigenvector
by v = |21 - 21 20]T, then

for vji, xp, =AY} = (g))\?, for n >0,
for vjo, x, = n)\?_l = (’11))\?_1, for n>1,
for vj3, x, = @)\?_2 = (72‘))\?_2, for n > 2,

—(mj—1
for vim,, xn= - = (mj"_l))\? (m; ), for n>m; — 1.

Thus the columns of the transition matrix () corresponding to .J; looks like:

_ )\?71 (k11)>\§k—1)—1 (kgl)Ag'k_l)_2 o (n];ill))\;k_l)_(mj_l) -
DN (A DV E B () DV S 1
: 0
A2 Aj 1
A 1 0
|1 0 0 . 0 |

Notice that the coefficients form the Pascal triangle. Therefore, the general
solution of a linear difference equation x, = Ax,_1 is of the form,

> n n n n— n n—m-;+1
T = Z(Cﬂ‘l(o)% +Cj2(1>kj 1+“'+ijf<mj—1>% ] )

J=1

for n > 0. Here we assume that (:@) =0ifn <m.

8.3.3 Discrete dynamical systems II

In Section 7.2, the discrete dynamical systems have been introduced, and
it is shown that 1 is always an eigenvalue of a stochastic matrix. We now
show that the magnitudes of all the eigenvalues of a stochastic matrix are
bounded by 1, and moreover, if a stochastic matrix has positive entries, then
its eigenvalues A are all either [A\| <1 or A = 1, and so no one is such that
[A| =1 but A # 1.

For this, we first try to estimate the bound for the magnitude of the
eigenvalues of any square matrix A (including complex matrix) in terms of
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the absolute values of the entries of A. For any square matrix A = [a;’] of
order k, let

R(A) = max{Ri(A) =) |a] : 1<i<k},

k
C(A) = max{C;(4) =) la’| : 1<j <k},
=1

S; = RZ(A)—|CLZZ|

Theorem 8.5 (Gerschgorin’s Theorem) For any square matriz A of or-
der k, every eigenvalue X of A satisfies | A — ag| < s¢ for some 1 <€ < k.

Proof: Let A be an eigenvalue with eigenvector x = [z1 22 --- x3]7. Then
Z?:l ai’x; = Ax;, for i = 1, ..., k. Take a coordinate x, of x with the
largest absolute value. Then clearly x, # 0, and

N —ad ||z = Aap — adwel = | adas| < lad|lw] = selal.
o o
Since |z¢| > 0, |\ — a/f| < sp. O

Corollary 8.6 For any square matriz A of order k, every eigenvalue A of
A satisfies |A| < min{R(A),C(A)}.

Proof: Note that |\ < |A — a/f| + |af| < so + |af| = Re(A) < R(A).
Moreover, since \ is also an eigenvalue of AT, |\| < R(AT) = C(A). O

Furthermore, if A is a stochastic matrix, then C'(A4) = 1.
Corollary 8.7 If \ is an eigenvalue of a stochastic matriz A, then || < 1.

We next give a quick explanation of the key properties of a positive
matrix.

Theorem 8.8 (Perron-Frobenius Theorem) Let A be a matriz with pos-
itive entries. If Ao is an eigenvalue of A such that || is the largest, then
Ao is real and positive, and so are the components of its eigenvector x.
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Proof: Let A and z be such that Az = Az. Then |\||z| = |4z| < Alz|,
where x = |z| is a nonnegative vector. Thus the following number exists:

M =max{t€R : Ax >tx, for some x >0, x # 0}.

Then clearly, \g > |A| > 0. We claim that Ax = A\ox, which shows that
Ap is the largest eigenvalue with a nonnegative eigenvector: Indeed, suppose
not: Ax > A\gXx, i.e., some components may be in equalities and some are in
strict inequalities. Then, since A is positive, one can easily see that we have
strict inequality:

A%x > N Ax,

Ay > Ay, y = Ax,

which contradicts the maximality of . O

Note that a stochastic matrix A has 1 as an eigenvalue by (1) of Theo-
rem 7.8. In the following, we will further show that, if a stochastic matrix
A has all positive entries, then no eigenvalue of A other than A = 1 satisfies
|A| = 1. Thus 1 is the largest eigenvalue with a nonnegative eigenvector.

Theorem 8.9 Let A be a matriz with positive entries. If \ is an eigenvalue
of A such that || = R(A), then A = R(A) and dim E) = 1 with a basis
u=[11---17.

Proof: Let x = [z1 29 --- x3]7 be an eigenvector belonging to A. Take a
coordinate x; of x with the largest absolute value. Then

k .
> lad||]
j=1

k

IMael = [Aze| = ) adx;
j=1

IN

k
< Y lad ||we| = Re(A)|al
j=1

< R(A)|z-

Since |\| = R(A), the three inequalities are actually equalities, i.e.,
k k
S| = Sloc,
i=1 j=1
k . k .
D lad ||zl = ) lad |l
j=1 j=1

Ry(A) =

=

(4).
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It is an easy exercise (see Problem 8.5 below) to show that the first equality

means that all terms ay’ xj, j = 1, ..., k, are nonnegative multiple of some
complex number z with |z| = 1. Thus agjxj = ¢jz, O xj = %, for some
nonnegative real numbers ¢, . . ., ¢;. The second equality means that a,/ = 0
or |zj| = |x¢| for all j =1, ..., k. Since a,/ > 0 by assumption, we have the
second possibility: |z;| = |z¢| = M for all j =1, ..., k. This means that,
for each j =1, ..., k, the above computation is valid: i.e., Rj(A) = R(A)
for all j. Thus one gets M = |z;| = % = % or x; = Mz for all j =1,

oo kyandsox =[z1 - o]l = Mz[11 ---1J7. Thatis,u=[11---1]T
is a basis for E), so that dim F/y = 1. Moreover,

1 >y ar Ri(A) R(A) 1

1 2;21 ay? Ri(A) R(4) 1

or Ax = R(A)x. Thus if x is an eigenvector belonging to A with |A| = R(A),
then it is an eigenvector belonging also to R(A) so that A = R(A). O

Problem 8.5 (1) Prove that |u+v| < |u|+ |v|, for any complex numbers v and
v, and the equality holds if and only if ©« = az and v = bz where a, b are
nonnegative real numbers and z is a complex number such that |z| = 1.

(2) Use induction to show | Zle zi| < Zle |z;|, and equality holds if and only
if z; = ¢;z for some nonnegative real numbers ¢; and a complex number z
such that |z| = 1.

Note that [A| = C(A) also implies A = C(A) since C(A) = R(AT). If A
is a stochastic matrix, then C'(A) = 1, and so we have the following.

Corollary 8.10 Let A be a stochastic matriz with positive entries, and let
A be an eigenvalue of A other then 1. Then |\| < 1. Moreover, dim Ey = 1.

Problem 8.6 Prove that the dimensions of the eigenspaces of a common eigenvalue
X of A and AT are equal.

Therefore, if A is diagonalizable stochastic matrix with positive entries,
then lim A™ = L always exists by Theorem 7.6 and Corollary 8.10. For a
n—oo
general (nondiaginalizable) matrix, we have the following criteria.

Theorem 8.11 Let A be any square matriz. Then lim A™ exists if and
n—oo

only if the following conditions hold:
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(1) An eigenvalue X of A satisfies |\| <1, or A =1.
(2) If 1 is an eigenvalue of A, then dim E, is the multiplicity of 1.

Proof: Let J be the Jordan canonical form of A. Then klim AF exists if

and only if klggo J* exists. Let J; be a Jordan block of order m in J of the
form as (1) in page 348. Then, for 1 <i < m, kh_}ngo(’f))\k" =0if A\ <1,
and klirlélo (’:)|)\|k_’ = oo if |A\| > 1. It follows that klirgo JF exists if and only
if either [A\| < 1 or A =1 and m = 1. In the former case, klirrolo JF =0, and

in the latter case, klim J¥ = [1] and so each Jordan block of A = 1isa 1x 1
—00

matrix, which means dim Fy = multiplicity of 1. O

In general, it may happen that dim E is less then the multiplicity of the
eigenvalue A = 1, as the following example shows. In fact, we have seen in
11

0 1
an eigenvalue of multiplicity 2, while dim £; = 1. Thus the second condition

of Theorem 8.11 does not holds, and one can easily see that lim A™ does
n—oo

Example 6.4 that the matrix A = is not diagonalizable since 1 is

not exist since A" = [ (1) 711 ]

The following theorem summarizes what have been discussed so far about
a stochastic matrix.

Theorem 8.12 Let A be a stochastic matriz with positive entries. Then
(1) The multiplicity of the eigenvalue A =1 of A is 1.
(2) kh—>n<30 AF = L exists (that is, the diagonalizability of A is not necessary
for this), and L is also a stochastic matriz.
(3) AL=LA=L.

(4) The columns of L are identical. In fact, each column of L is equal
to the unique eigenvector u of A belonging to X\ = 1 which is also a
probability vector.

(5) For any probability vector x, klim AFx = .

—00

Proof: (1) By the proof of Theorem 8.11, each Jordan block of 1 is 1 x 1,
while dim £} = 1 by Corollary 8.10: 4.e., 1 has only one Jordan block.
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(2) The first part follows directly from part (1), Corollary 8.10, and
Theorem 8.11. For the second part, since A* are stochastic matrices, each

entry of A¥ is nonnegative for k =1, 2, .... Thus [L]; = klim [A%] > 0 for
— 0
0 <i4,5 < n. Moreover, for 1 < j <n,

ULEDY [ lim [A’“]ﬂ'] — lim

B N k—>OO — 00
=1 =1

n

i=1

= lim 1 =1.
k—o0

(3) Trivial, since A( lim A¥) = (lim A*)A = lim A*! =L,
k—o0 k—o0 k—o0
(4) Since AL = L, each column of L is an eigenvector of A belonging to
A = 1. But dim £; = 1 means they columns of L are the same eigenvector
belonging to A = 1, and each of them is a probability vector by part (2).
(5) The vector y = Lx is also a probability vector by (2) and Lemma 7.7,

and Ay = ALx = Lx =y. That is, y is also an eigenvector of A belonging
toA=1,and soy = u. O

Note that (5) in Theorem 8.12 means that the eventual distribution of
the objects depends only on the sum of all the components of the probability
vector, but not the initial distribution.

The vector u in Theorem 8.12 is called the stationary vector or the
steady state of A.

Remark: Actually, in Theorem 8.12, the positiveness of the entries of a
stochastic matrix may be weakened: That is, Theorem 8.12 still holds if some
power of the stochastic matrix A has only positive entries. For example, for

0.8 0 0.6
the matrix A = 0 0.3 0.4 |, A% has positive entries. To prove this
02 07 0

assertion, it is good enough to reprove Corollary 8.10.

In fact, suppose that there is d > 1 such that A? has only positive entries.
Then it is clear that the entries of A1 = (A9)A are all positive since A is
a stochastic matrix. If A is an eigenvalue of A such that |A\| = 1, then \¢
and X! are eigenvalues of A% and A%t!, respectively, with absolute value
1. Thus, by Corollary 8.10, A4 = A**! = 1, which means A = 1. Note that
E1(A) C E1(AY), and dim F;(A?%) = 1, which means F;(A) = E1(A%) and
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8.3.4 Linear differential equations I1

Now, we go back to a system of linear differential equations
y' = Ay  with an initial condition y(0) = yo.
Its solution is known as y(t) = e’y (see Theorem 7.16). In particular,
if A is diagonalizable with n eigenvectors v!, ... ,v" belonging to the

eigenvalues \;’s, this solution can be written as

Y(t) = etAYO = Clekltvl + CgeAthQ 4+t CneA"tVn,

For an arbitrary square matrix A (not necessarily diagonalizable), find
its Jordan canonical form Q~'AQ = J. Then, the solution y(t) = e*dyy is

ey = QeQ 'y

[ et o .- 0
C1
0 etz ... 0 ¢
1.2 n 2
= [u'u® - u"] )
0 elds n
[ eMtptN1 0 .. 0 ]
1
0 er2tptNe 0 co
= [ul u? - u”] ,
0 st otNs tn
where Q7 'yo = (c1, ..., ¢,) and the u’’s are generalized eigenvectors of

A. In particular, if J is just a Jordan block with corresponding generalized
eigenvectors u’ of order k, then the solution becomes:

etAyO — e/\thtNQ—lyO
B t2 tnfl T
1 ¢ = ... =
2! (n—1)!
tn—2 c1
n — !
— 6/\1& [ul 112 un]
1
Cn
t
0 1

n—1 tk n—2 tk
= M ((Z ck-s—lE) ul + (Z Ck+2H> w4 e+ Cn“”) .

k=0 k=0
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Example 8.12 Solve the linear differential equation y’ = Ay with initial
condition y(0) = yo, where

4 -3 -1 2
A= 1 0 -1/, yo=11
-1 2 3 4

Solution: (1) The characteristic polynomial of A is det(A—A) = A\3—7\2+
16A—12 = (A —3) (A — 2)?. Since x' = (=1, —1, 1) and x® = (2, 1, —1) are
linearly independent eigenvectors belonging to A = 2 and A = 3, respectively,
one can compute the Jordan canonical form of A as follows:

210

J=Q'AQ=10 2 0 :Hl f}
0 0 3 2
where
5 1 11
J1: 5 J2:[3], and Q: -1 1
0 2 10 —

(2) Let y = @x. Then the given system changes to x’ = Jx with

1 -1 1 2 5
x(0)=Q 'y(0)=]0 1 1 1|=1|5]1,
1 -1 0 4 1
and the solution of this new system is given by
y 41 0 5 et te? 0 5
x(t) = e X(O):|: 0 eth} 501=10 €% 0 5|,
1 0 0 € 1

1 ¢
tJi _ 2t tJo _ 3t
el =e [ 0 1 ] and e"’? = e,

(3) Thus, we get

~1 1 27 [ e te?* 0 5
yt) = Qx(t)=1] -1 1 1 0 e* 0
10 -1 0 0 & 1
-1 1
= 2 (B+5t)| 1 | +5] 1| ]|+ 1.
1 0 —1 -
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Example 8.13 Solve a system of linear differential equations y’(t) = Ay(¢),
where

5 —3 -2
A= 8§ =5 —4
-4 3 3

Solution: In Example 8.6 or 8.7, we have found a transition matrix Q =

2 0 1
[x! x2 x%] = 4 0 0 | sothat
-2 -1 2
1 10 11
Q'AQ=J=]0 1 0]= {o 1] _[{)15)].
001 [1] 2

Thus, the solution y(t) = !y is

o0 1 ¢t 0
eyy = Q[ 0 o ]Q_lyO =eQ| 01 0|Q 1y
e
0 0 1
2 01 et te! 0 0 3 0 c
= 4 00 0 e 0 2 —% -1 c2
-2 -1 2 0 0 € 1 —5 0 c3
Atet + et —3te! ] —2tet
= Stet +co | et —6tel | +c3 —4tet
—4tet 3tet i 2tet 4 €t
Or, if we set Q@ 'yo = (dy, d2,d3), then
d,
y(t) = e[x! tx! +x* X% | do
L ds

= e!((dy + dot)x' + dox® + d3x3). O

Problem 8.7 Solve the system of linear differential equations y’ = Ay with the
initial condition y(0) = yo, where

2 1 -1 -1
A: _3 _1 1 5 yo = —1 .
9 3 -4 1
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8.4 Cayley-Hamilton theorem

As we saw in earlier chapters, the association of the characteristic polynomial
with each matrix is very useful in studying matrices. In this section, using
this association of the polynomials with matrices we prove one more useful
theorem, called the Cayley-Hamilton theorem, which makes the calculation
of matrix polynomials simple, and has many applications to real problems.

Let f(7) = ama™ + am_12™ 1 + - -+ a1z + ap be a polynomial, and let
A be an n X n square matrix. The matrix defined by

f(A) = am A" + am—lAm_l +--+aA+aol,
is called a matrix polynomial of A. For example, if f(z) = 2> — 2z + 2

1 2
andA—[2 1],them

f(A) = A% —24+2@

A R ERN PR R E R

Problem 8.8 Let A be an eigenvalue of A and x an eigenvector belonging to A. If
f(z) is any polynomial, then f()) is an eigenvalue of the matrix polynomial f(A).

Theorem 8.13 (Cayley-Hamilton) For any n x n matriz A, if f(\) =
det(AI — A) is the characteristic polynomial of A, then f(A) = 0.

Proof: By Theorem 8.1, any square matrix A is similar to the Jordan

J1 0
canonical form J = oo = Q7 'AQ, or A = QJQ~'. Then
0 Js
clearly f(A) = Qf(J)Q~ 1, and
JF 0 f(J1) 0
JE=1 + . and f(J) = : . :
0 3 0 F(J5)

On the other hand, the characteristic polynomial f of A is factorized by
the characteristic polynomials f;’s of the Jordan block J;’s: In fact, by
Exercise 4.21,

det(M — A) = det(A\I — J) = det(A — Jy)---det(A\ — Jy)
or  f(A) = fi(A) - fs(N),
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where f;(A\) = det(A — J;) is the characteristic polynomial of J;. Thus, it
is good enough to show that g(J) = 0 for the characteristic polynomial g(\)
of a single Jordan block J = al + N with an eigenvalue a of multiplicity m.
Note that N™ = 0 and g(\) = det(A — J) = (A — a)™. Hence

gJ)=(J—al)"=(al+ N —al)™=N"=0.
Thus, f(J]) = fl(Jj) fj(Jj) fs(Jj) = 0 for each j = 1,... , S. O

Example 8.14 The characteristic polynomial of

3 6 6
A= 0 2 0
-3 —-12 -6

is £(\) = det(AT — A) = A3+ A2 — 6, and

fA) = A*4+ A% 64

27 78 54] [ -9 —42 —18
= 0 8 O0|+| 0 4 0
27 —102 -54 | | 9 30 18
3 6 6] 000
-6/ 0 2 of|l=]000
-3 —12 —6 | 000

- O

Remark: It is interesting that the last part of the proof of the Cayley-
Hamilton Theorem 8.13 can be replaced by a direct computation of f(J) for
a Jordan block J of order m as follows: Recall that

m—1
Jk = Z (%))\k—j]\[j
=0
= )\kI —+ <k> /\k_lN 4+t < k ))\k’—(m—l)Nm—l
1 m—1
[ \F (]16))\1671 (g))\k*2 ... (m’il) Ak—m+1 7]
0 e (BN (R Y Nk
A (DA
L 0 0 )\k |
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Therefore, for any polynomial p(\) = bpA’ + by A1 + -+ by X + by,

p(J) = beJ + b JT T + b
(m—1)(\
P PO e P
m—2 by
_ 0 p(A) - P 7
0 0 p()\)

where p()) is the i-th derivative of p(\). In particular, if p()\) is the
characteristic polynomial f(\) of A, and a is an eigenvalue of multiplicity
m, then f(A\) = (A —a)™ and so f@(a) = 0 for i = 0,1,...,m — 1. Thus
f(J) =0.

8.4.1 Application to inverse matrices

The Cayley-Hamilton theorem can be used to find the inverse of a nonsin-
gular matrix. If f(A) = A" 4+ an 1 A\" "' + - + a1\ + ag is the characteristic
polynomial of a matrix A, then

0=f(4) = A" +a, 1 A" '+ + a1 A+ aol,
or —agl = (A" '4a, 1A 4t a])A

Since ag = f(0) = det(0f — A) = det(—A) = (—1)"det A, A is nonsingular
if and only if ag = (—1)" det A # 0. Therefore, if A is nonsingular,

1
A7l = —CL—(A”‘1 +an 1 A" 24+ +agd).
0

Example 8.15 The characteristic polynomial of the matrix

4 2 =2
A= -5 3 2
-2 4 1

is f(A) = det(Al3 — A) = A3 — 82 + 17X — 10, and the Cayley-Hamilton
theorem yields
A% —8A% +17A = 1015.
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Hence
1
A7l = E(A2—8A+1713)
1 10 6 —6 8 4 2 =2 17 1 0 0
= | 789 7T 8| -o 53 24510 10
| 30 12 13 -2 4 1 1 01
1 [ —5 —10 10
= 0 1 0o 2
—14 —-20 22
- O

Problem 8.9 Let A and B be square matrices, not necessarily of the same size,
and let f(A) = det(AI — A) be the characteristic polynomial of A. Show that f(B)
is invertible if and only if A has no eigenvalue in common with B.

8.4.2 Application to matrix polynomials

The Cayley-Hamilton theorem can also be used to simplify the calculation
of matrix polynomials. Let p(A) be any polynomial and let f(A) be the
characteristic polynomial of an n x n matrix A. By the Euclidean division
algorithm of polynomials, one can find two polynomials ¢(A\) and r(\) such
that

p(Y) = g (A) + 7).

where the degree of 7(\) less than that of f(A). Then
p(A) = q(A)f(A) +r(A).

By the Cayley-Hamilton theorem, f(A) = 0 and

p(A) = r(A).

Thus the problem of evaluating a polynomial of an n x n matrix A, in
particular A¥, can be reduced to the problem of evaluating a polynomial of
degree less than n.

2 1
is f(A) = A2 —2X — 3. Let p(\) = A* — 7A% — 3A%2 + X\ + 4 be a polynomial.
A straightforward calculation shows that

1 2
Example 8.16 The characteristic polynomial of the matrix A = [ }

p(A) = (A2 = 51— 10)f(\) — 34X\ — 26.
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Therefore

p(A) = (A% —5A+10)f(A) —34A — 261
—34A — 261

1 2 10 —60 —68
__34[2 1}_26[0 1}_{—68 —60]' O

Problem 8.10 For the matrix A =

OO =
o NN O

1
0 ] , evaluate the matrix polynomial
2

AP 4+ 3A% + A3 — A2 + 4A +61.

8.4.3 Computations of A* and e II

Once we have the Cayley-Hamilton Theorem, we can use this to compute
A* or e without finding the Jordan canonical form of A or a transition
matrix Q. Let f(A) = A" + a,_1A" "' +--- + a1\ + ag be the characteristic
polynomial of A. Then f(A) = 0 implies that

A" = —CLn_1An71 — v —a1A —agl.

Thus, for any k > n, the power A* can be computed by a matrix polynomial
of degree less than n. This fact implies that the computation of e? =
Y oreo é—’;, an infinite series of powers of A, can also be reduced to that of a
matrix polynomial g(\) of degree at most n — 1. However, the computation
of the coefficients of g might not be easy. This problem can be handled
if we consider a matrix polynomial g(\) of the smallest degree such that
g(A) = 0. If we require the coefficient of the highest power of A in g to be 1,
such a polynomial exists uniquely, and is called the minimal polynomial
of A. By the Cayley-Hamilton Theorem, the degree of g is less than or equal
to that of f. Moreover, by the definition of the minimal polynomial g, it is
easy to see that g(\) is a factor of f(\). The following facts are well known:

(1) If the eigenvalues of A are all distinct, the minimal polynomial is the
characteristic polynomial:

gA) =N =A=A) - (A=),

where \;’s are all distinct n eigenvalues of A.
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(2) For each eigenvalue A; with multiplicity m; > 1, g(\) has a factor
(A= ;)P of highest power p; for \;, where p; is the order of the largest
Jordan block among the Jordan blocks with A; on the diagonal. Thus,
if dim Ey, = m;: i.e., \; has m; linearly independent eigenvectors so
that p; = 1, then (A — \;) is a factor of the highest power in A; of g(\).
In particular, if A is diagonalizable, then the minimal polynomial is
g(A) = (A= A1) - (A=), where \;’s are distinct eigenvalues of A.

(3) In general, if A has s distinct eigenvalues A1, ..., A with multiplicities
mi,..., Mg, respectively, and 1 < p; < my;, ¢ = 1,...,s, denote the
orders of the largest Jordan blocks belonging to A;, then the minimal
polynomial is

gA) = (A= AP (A = A )P

so that the degree of g(\) is ¢ =7 pi < n.

Lat g(A) = A + a1 A9 + -~ a1\ + ap be the minimal polynomial of
A. Then g(A) = 0 implies that, for any k£ > ¢, we may set up

AF = xol+ A+ + mq_lAq_l, or

e = ol + 11 A+ -+ :rq_lAq_l,

for some coeflicients x;’s. We can now determine those coefficients x;’s as
follows: Let {v!,...,vP} be a maximal chain of generalized eigenvectors
belonging to an eigenvalue A. Then

AvP = \WP 4+ vP7h AV = AP 4 v, Av = vl

From the last equation, A¥v! = Myl = (xol + 1A+ - + xq—lAq_l)Vl-
Thus, we get
)\k =x0+Ax1+---+ )\qilxq_l.

Similarly from the second to the last equation, A¥v? = \ev2 4+ kA ~1yl On
the other hand, by a direct computation we get:
ARV = (zol +x A4 ag ATV
= (xo+ A1 + i + )\q_lxq,l)v
(1 + 220 + -+ (g — AT 22y )V

2

Since v and vj are linearly independent, we have

A= ao+ A + M 4+ Nz,
RN = 11 + 22z + - + (¢ — DA 22y,
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Note that the second equation is just the derivative of the first one with

respect to A. By the same computations with A*v3, ... AFvP one gets the
following additional p — 2 equations:
B\ k2 2-1 3.2 q—1\ 4-3
<2>)\ = 7$2+7)\$3++< 9 A I'q_l
k —(p— | (p—1)! P! qg—1Y\,,_
A=) My NPy o
(p—1> R e R VY

Note also that these equations are the higher derivatives of the first equation.
Thus, for each eigenvalue A of multiplicity m, we get a p equations, and so,
all together, a system of ¢ = >°7 | p; equations in ¢ unknowns z;’s. It is
easy to see that the coefficient matrix is invertible so that the unknowns
xo,x1,...,%q—1 are uniquely determined.

The same computation can be applied to

e =zl +x A+ -+, 1 AT = h(A).

For a maximal chain of generalized eigenvectors {v!,..., v’} belonging to
an eigenvalue A\, by computing both sides of

eI = (2ol + 1A+ + 2y 1 ATV
for j =1,...,p, separately, we get the following p equations

A = AN =xzo+ Az -+ N,
= W\ = T4 (g — DA 22,y

1 _ p—1 q—1Y\, ,—
.e’\ — ple 1)()\):(p_1>)\$p_1+...+(p_1>)\q Prg 1.

With the same argument as the case of A¥, one can determine the coefficients
x;’s uniquely.

Example 8.17 Compute A~', A* and e for

o O
— O N
O NN
LW o O =
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Solution: The characteristic polynomial of A is f(\) = (A — 2)%. Since, by
a direct computation, (A—2I)% = 0 and (A—2I)? # 0, the Jordan canonical
form J of A must be of the form

o O O N
S O N
NN = O
N O OO

Thus the minimal polynomial of A is g(\) = (A —2)3 = A3 — 6% 4 12\ — 8,
and so

6 -2 —1 -2

1 110 4 —4 0
-1 _ L2 _ 2t

A _8(A 6A +121) slo o 4 o

2 =2 1 2

Let AF = 20I + 21 A + 22A%. Then, for A = 2, we get

ok = x4 2z + 2%,
K2kt = T 42 229,
k(k—1)2F2 = 2.

The solution is

zo = 2V Yk —-1)(k-2),
r1 = k(2—k)2F1
g = k(k—1)2F3,

so that

AR = 2PN — 1) (k — 2)T + k(2 — k)2F YA + k(k — 1)2F 342
(2 — k)2k=1 g2k=1 2k=3(3k + k2) K2kt
0 2k K2k 0
0 0 2k 0
—k2k=1 g2kl Rk —1)2F3 (k4 2)2k!

Similarly, let e4 = zgl + 21 A + z9A2. Then, for \ = 2,

e = xo+2x1+22:1:2
1‘1+2-2.Z'2

e = 2[132.

o
I
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The solution is zg = €2, x1 = —€2, x9 =

e =e2(I—-A+ %AQ) = ¢?
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Show that if A nonsingular, then A~! has the same block structure in its

Jordan canonical form as A does.

Find the number of linearly independent eigenvectors for each of the following

matrices:

(1) , (2)

OO OO
S OO = =
SO R RFP, O
O W o oo
w = o o O
OO OO
S O O NO

Solve the system of linear equations

{(1—i)x + (Q+i)y = 2—1
1+dx + (A+4dy = 1430

Find the Jordan-canonical form for A

LetAz[i) il))] andyoz[g].
(1) Solve y" = Ay™~! with y,.
(2) Solve y' = Ay with y(0) = yo.

0 0 0 21 00
0 0 0 0 2 00
2 00(,31003°0
0 5 1 0 0 0 3
0 0 5 0 0 0O

_ |12 2 A
—[0 2],andcomputee.

—6 24 8 2
Let A=| -1 8 4 |andyy=] 1
2 —-12 -6 0
(1) Solve y™ = Ay™~! with y.
(2) Solve y' = Ay with y(1) = yo.
Solve the initial value problem
o= +2ys, y(0)= -2
y» = 21 +y2 2y, y2(0)= 0
ys = —2y +3ys, y3(0) = —1.

O O OO
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8.8.

8.9.

8.10.

8.11.

8.12.

8.13.

8.14.

8.15.
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Consider a 2 x 2 matrix A = { i fl }

(1) Find a necessary and sufficient condition for A to be diagonalizable.
(2) The characteristic polynomial for A is f(t) = t*> — (a + d)t + (ad — bc).
Show that f(A) = 0.

For each of the following matrices, find a polynomial of which the matrix is
a root.

w[i 3] el 2] ® ég j

Verify that each of the matrices below satisfies its own characteristic polyno-
mial and from these results compute A~1, if it exists.

o|fe] @] ® é%é

For f(z) = 3z 4+ 2% — 2z + 3, compute f(A) for

120 1 -1 2
MA=| -3 4 0], (24=]0 2 -1
005 0 0 3

Show that a Jordan block J is similar to its transpose, J© = P~1JP, by the
permutation matrix P = [e" --- el]. Deduce that every matrix is similar to
its transpose.
For any square matrix A = [a;/], define ||A| = max{|a;7| : 1 <4,j < n}.
Prove the followings for any square matrices A, B and ¢ € C:

1) ||A]] > 0 and equality holds if and only if A is the zero matrix.

2) [leA= [el]lA].
L i

3) |A+B| <
4) [|AB|| < nllAll- B

Let A be a stochastic matrix, and Q~'AQ = J be the Jordan canonical form
of A.

1) Prove ||A¥|| < 1 for any positive integer k.
2) Deduce that {||J*|| : k=1,2,...} is bounded.
3) Prove that each Jordan block belonging to the eigenvalue A = 1 of A is

1x1.
(4) Prove that klim A¥ exists if and only if any eigenvalue A of A such that
|A| =1 isin fact A = 1.
Compute A=, A* and e for

1 1 1 O

. 1 0 1
W% @loz21|, @ |2290
1 2 00 1 0 0 1 1
0 0 0 2
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8.16. Determine whether the following statements are true or false, in general, and
justify your answers.

(1)
(2)

Any square matrix is similar to a triangular matrix.

If a matrix A has exactly k linearly independent eigenvectors, then the
Jordan canonical form of A has k& Jordan blocks.

If a matrix A has k distinct eigenvalues, then the Jordan canonical form
of A has k Jordan blocks.

If a 4 x 4 matrix A has eigenvalues 1 and 2, each of multiplicity 2, such
that dim £; = 2 and dim F> = 1, then the Jordan canonical form of A
has three Jordan blocks.

If A1,..., A\ are k distinct eigenvalues of A with multiplicities m; and
dim E, # m;, then A is not diagonalizable.

For any Jordan block J with eigenvalue \, dete’ = e*.

For any square matrix A, A and A7 have the same Jordan canonical
forms.

The inverse of any invertible matrix A can be written as a polynomial
in A.



