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L. (15 total points) Assume that ¥(t) = Ax(t) is an asymptotically stable continuous-time LTI
system. For each of the following statements, determine if it is true or false. If it is true,
prove why; if it is false, find a counter example.

(a) (3 points) The system %(t) = —Ax(t) is asymptotically stable.
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(b) (3 points) The system x(t) = A" x(t) is asymptotically stable.
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(c) (3 points) The system x(t) = A 'x(t) is asymptotically stable.
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(d) (3 points) The system x(t) = (A + AT)x(t) is asymptotically stable.
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2. (40 total points) Answer the following miscellaneous questions.

(a) (10 points) In networked control systems, there are two types of controls. Control of
networks, and control over the networks. Explain the differences between the two. Give
examples.
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(b) (10 points) Define the separation principle we discussed in class. Give a sumple high-
level example 7 [ P

— -
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(¢) (10 points) Represent the following inequality as a linear matrix inequality, given that
A,b,0 are given quantities:

|| Ak —b]| = 8,
Hint: you should square both sides, and then use Schur complements.
NAx =Ll < g
NAx-bI™ £ ¢

[Ax-L)T(Ax-b) £ ¢ /
(A b (Ax-b) £ 67
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(d) (10 points) Using Schur complements, represent the following inequalities as a single
big LMI, where A, B, Q, R are given matrices and P is the LMI variable:

ATPA+Q—-P—A"PB(R+B'PB)"'BTPA~0, P=P" »0

By asfming R +TTPG >0 A applying Schor (omploment Jields
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3. (55 total points) The objective of this problem is to show you how LMiIs are nothing but
nonlinear (but still convex) optimization problems. You are given the following optimization

problem:
OP1: minimize trace(P)=p; + p2
subjectto AP+ PAT + Q=0 @)
PP T i) (2)
where A = {_O :ﬂ and Q = 3 SJ For the above problem, assume that P = E ; g ﬂ is

the optimization variable. In other words, you have three variables to solve for, since P is
symmetric and positive definite.
: : . i . : :
(a) (15 points) Define a new variable x = [ p1 P2 p3] and write the first constraint as a
linear system of equations, i.e.,, Ax = b, where A € R**3 and b € R**! are matrices you

should determine. {25: < |Q"’” wd be ’R'Bﬁl
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(b) (5 points) Write the second positive definiteness constraint on P as a nonlinear set of
equations. Remember that a matrix is positive definite if and only if all of its leading
principal minors are positive. You should obtain two inequality constraints here.

_ P i SO0, hee V70 aad V\\%“le'?’o
P= M Ny

P\
oC , i K:&:;:] jwe have

7
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(c) (10 points) Using the above transformations, write OP1 as an simple optimization
problem with a linear cost function, linear equality constraints, and quadratic inequality
constraints. You should get something like this:

OP2 = OP1 minimize c'x
s

subjectto  Ax=1b (3)
x1 >0 (4)

T T8
X' Qx+x'b+c>0 (5)

where ¢, A,b,Q,b, and ¢ are constant matrices and vectors that you should have already
determined.
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(d) (25 points) Derive the KKT conditions for the developed optimization problem (OP2)
and solve for pj, p2 and p;.
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4. (30 total points) Solve the following problems, given the augmented MPC dynamics,
xk+1) = Ouxa(k) + TpAu(k) + ¥oAw(k)
y(k) = Caxq(k),
where
xﬂ = RH+}?’ rn c Rli‘+p><1?lrcﬂ = IRPXJT+;J-
and Aw(k) is the rate of change of disturbances that are all assumed to be known for all k.

(a) (10 points) For a predicted horizon N, derive an equation that relates the predicted
outputs to x,(k) and the MPC variables Au. That is, derive matrices W,Z, M in this

equation:
y(k +1[k) Af}:(k)1 . Azz(k)]
Au(k + +
v [ Y6 | gz | SMEED | ARERD
y(k + Nplk) Au(k+ Ny —1) Aw(k+ Ny —1)

= Wx,(k) + ZAU + MAW.
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(b) (10 points) Derive the optimal AU* if the given cost function is (without constraints):

J(alU) = ;(r =Y Ok — ¥ 4 ;AUTRAU, Q=Q">0R=RT>0.

S YT Wrl) + 24U + MAW e

32U =5 (- Wetetw) -2 8U - MAWY (LU - W) - 40U <Maw) + 4 40T R a1

- v
The sphmel AU 31 obhied e %?O  Fhes

23 sv)
W - %(‘%T)G\(r—wafam—%auzmbw)*%C”Wﬁ&%%U’MMf& (-2) ¥ Rav

() & -%TGL((' Wxgm),ZAU,MAM/) + R av //'

07 - T {r-wxelk) ~maw) +37 (A AU + R4V

%T& (r- W¥a ) -'MZS\/\/) - (27@% ,\—Q) AU | snce >0 ad Q >0 " {hen
(FQr +R) dgs ok, Ths

FElr +)! (L (-waw -Maw) = A




EE 5243 — Spring 2017 Final Exam Page 11 of 28

(c) (10 points) Suppose that you're given the following constraints on the rate of change of
the control action: _
1gin <AU< g max.

Write the corresponding optimization problem in the following form:

minimize  [(AU)
subjectto  g(AU) <0,

where g(AU) is a linear set of constraints.
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5. (30 total points) Consider the following CT-LTI model of a dynamical system:

w0 =[o s+ O]un, w0 =7,

with the following cost function:

J=r [ (27 (hx() + Va2 at.

(a) (25 points) Find the linear state-feedback control law that minimizes .
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(b) (5 points) Find the value of the performance index for the closed-loop system.
%
/J = Yo \l( ®

N | .
J= o™ e [()

j =[ mr ) ’amﬂwﬂh}
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6. (35 total points) The plant (p) and controller (¢) dynamics of a networked control system
(NCS) are given as follows:

Xp = Apxp+ Bpil (6)
y = Gy (7)
Xe = Acxe+ B.y (8)
# = Cx+ Dl 9)

where the state-space matrices are constant with appropriate dimensions and zero-order
hold (ZOH) is considered to the exchanged signals through the network. The NCS
architecture is shown in the below figure.

Plant

h 4

Comm.
Network

A

&>
I~

N

Controller or
Observer

Figure 1: NCS architecture.
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Assume that the network effect is modeled as pure time-delay to the exchanged signals, i.e.,
JE)=y(t—7), 4() =u(t - ).
Define x(t) = [1”((:)) ] to be the augmented state of the networked control system.
Ae
(a) (15 points) Obtain the closed-loop dynamics of time-delay based NCS:
X(t) =Yox(t) + ¥1x(t — 7).

In other words, you’ll have to derive ¥y and ¥;.
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%) = Acxke®) + TGy Xp (6-)

. £ pik
i xmz[ rt}} e

W)
N I iR A o
b @ )~ ) Ac Y &) GCCF b | Xe (4=

It Y= Y Xt & o 1) whee

U - Ao By (e el Cp 0 .
“ " 10 Ac bl LVI: D.tr o
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(b) (15 points) Using the second order Taylor series expansion of x(t — T):

x(t— 1) Z( 1)’

n=0

and the fact that 1, (f — 7) = 2.(t — 7) = 0 for NCSs, obtain the closed loop dynamics of
this form:
(E) =TT, 7)),

where I'(7, 72) is a matrix which is a function of T and 72 that you should determine.
=T 3 (—l)“ﬂv(w({f)’ X | T _l,"i“%{
L n = XU = TRy + 4 X&)
from llqg Pm\/‘ous' Ct»{tvk“lb", lug '»mw.
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(c) (5 points) What happens when T = 0? In high-level terms, analyze the stability of the
NCS as T increases.
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7. (45 total points) For the following dynamical system under unknown inputs,

a sliding-mode observer (SMO) can be designed with the following dynamics:

x(t) = AR(t)+ Bun(t) + L(y(t) — 9(t)) — B2E(D,y,1)
g(t) = Cz(t),

where E(-) is defined as (17 is SMO gain):

F(j—y) o
H——-—=—, if F(§)] —1 0
EGyn) =4 "TFg -yl TFU-97
0, if F(§ —y) =0.

(a) (15 points) The SMO design objective is to find matrices P=P " » 0,F and L that satisfy
the following equations for a predefined Q = Q' » 0:

FC=B,P

(A-LC)"TP+P(A-LC)=-Q

Are the above two equations linear matrix inequalities? If they are not, formulate the
above equations as a set of linear matrix inequalities.

s o o LM g (A-LO)'PHP(A-LC) =~k i¢ Lhe
howeVer
(A-LCYP =(AT-CL)P= ATP —CTUP
Grd P(a-LC) = PA-YLC choe e eond conshuinl Leomes
APAPA - TP - pLe =70k
Fowe b PL=Y ek 3k Y e L(p ¢ Pe. e hove

ATPAPA - Y=L F-00
w FC =plp
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(b) (15 points) Write a CVX script to solve the SMO design problem, written as an LMI.

VX _Yegin QéP

P VO\r;b\uL(h{/\) S\jmr;.e,‘vl‘(_,

Y voadole (n,9)
{: Vﬁv{u\o]l. (M.] N )

o te (0)
subjeck Lo
AT]’),} A _C'TYTP\"C == (L,
FC=019
P2L p

Cvk-od o
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(¢) (15 points) If your state-estimates are converging, how can you reconstruct (or
estimate) the vector of unknown inputs from the system dynamics? You only need
this equation. Think about it—the solution is very simple.

x(t) = Ax(t) + Byuq(t) + Baua(t)

Hint: You should first discretize the above dynamical system and then use £(t) to obtain
us(t).
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8. (25 total points) The plant (p) and controller (¢) dynamics of a networked control system
(NCS) are given as follows:

Xp = Apxp + Byl + Byw (10)
y = Cpxp (11)
X = Agxe+ B+ Byo (12)
u = Cexc+ Dcy, (13)

where the state-space matrices are constant with appropriate dimensions and zero-order
hold (ZOH) is considered to the exchanged signals through the network. The NCS
architecture is shown in the below figure.

Plant

Yy U

4

Comm.
Network

A

~

Controller or
Observer

Figure 2: NCS architecture.
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The network-induced error state is defined as follows:

o-[o]- 2]

(a) (25 points) Derive the dynamics of the combined NCS state:
(t

IREZ:

(t

i.e., derive

Z(t) = Az(t) + Ba(t)

where A, B are matrices you should determine in terms of A prBp, Buw,Cp, A¢, B, By, Ce, D

only, given that ZOH is considered for signals § and 7, and a(t) = {w(f)} :

o(t)
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\X‘?:APXF +ﬂp6+$ww VEL:AQ\K‘_* ﬂcg«{—ﬂ’vv
Y= Co¥p e Lathe + Dr.g

Se €ul)z U W) =V, thea
Xp= Dprp + Bp (e +U) 40w

Xp = ApXp + Bpev + BeUafiow = Apxp + Bey +Tp (L X +D.9) +0bow
Gie Byt = 9UL) Y, Hhem

Yo = bop Bo& + BpCXe & TpDc (&g ¥ 94 By
Yo = ApYp+ Doew ¥ Dploke + DDy + BeDe oy +0uW

Xp = (Ae +900.Co) Xp + Dok + Bphety +Bplv + D™ //f!
. %oz Akt beleyry) 4o,v = Acke + Beey x B lpxXp 1BV /

Xe = Blovp 4 Acke £ Doy 40V
dio 8= GU-YUW= ~IW) = — (p Yplt) /
wd e, - ij _Uy s~ = - CoXelo+ 05t = — (e Xe & )

herce i(‘E] -~ Ar W) +1% /S€3 Lfbnhcf

—kp('” A’]’ X ﬂPOC CP ﬂp Cc, ﬂp DL BP [ {p({’)/ \. 15“’ ’o

\{C(H = VN,CP AL (B,/ 0 Le &) + 0 Bv i)
?j{t\] 'CPA‘P’(pﬂPOLCp “(ptele ’{Pﬂr’\()t '(Pﬂf) Q‘Jl“(') ’(PUW . Vi)
] _CC&(,(JP ’(L(—\(_ "CLG(. 0 l QUUK) J ._O “CLE\/
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9. (25 points) The following optimization problem is given:

.. XTQx
minimize ———,
X x! Px

where
20

10
e=[5 3 #=[o 5
(a) (25 points) Solve the above minimization problem.

Minim, 1€ x"&%
X
ek bo xTPx—l =0

Minm e f_@_ﬁ 7 egva{ L
TI\Q qu% % KTP'WC-

The Legtmngion v
L (x2) > xClx + A0Px 1)

YL(X ,’k) = L6 % 2’&!9-&

Lagrngen ophrolily
LLOE =0 & 2l & 22 Px* =0 ¢ (260 + 227V )x*=0
»* — - 1 0 2110 _ . ’2_-1’%* 0 _

e Mo 14820 & =-L  ar T442* =0 = »n*-=--2
1

Then | iF WA= ,”&L we hove
1) 1 \ o Bl
@\+'?\|P» [O’S]*Gﬂ[o 2]:[03]+[0 ,?}:[gi_]
' %
nd 2(6{{_7\7\9)7&& 2 2[8 ,?] ] [g_i)][:l} D - AR g ol

“ -l fﬂ”[:cl 2][21‘/' S 4’”[:} =4

- " o "
=X AT~ =0 & F =0 Hhe X s |
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4)\;\\? —l}o =) (}(:\7*:_ { = ”I; - Jq_ 459 {1“ _ i‘z"—
\ £ 0
Pue " Z ) #d
-5,
'(‘. /"
Cosderng, flo o5t e hove p %

K XTGLX. it 1=K 0 & =1

* D \ ~ ~
= ‘(1&?( = [‘ff.\ )‘1»_\[0 1][:2'5 7(?—7<1 X?{w’k[\i] = 2\1(, +'B7<\,

\

oz 2{i)4 0= L

wd Lo, B ')_\(,N.f\{l: fot '}\*: ~'% mu*\k
1oz 3N = 3

G Yo <, ke {x.*I :/[Ox o adibk of Vel i

Ugsmm
T = 216G 24P =1 (Q44P)

‘\f?f"—'l%]\a\ LLgilq%O-f/o

L5
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